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Abstract

The paper studies the dynamic nature of optimal solutioeuoommitment
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librium values of target variables. The implied targetsyareonsistent with the
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delegates to the central bank short-term, state-contirigegets, which guide dis-
cretionary policy to evolve along optimal paths as thesgeti@rconverge to their
long-run implied targets. For the Barro-Gordon model withtput persistence,
the correct delegated targets eliminate the constant geexad state-contingent
inflation biases, and a weight-liberal central bank remdhesstabilization bias.
For the new-Keynesian models, delegated targets, comhiitedhe appropriate
weight-liberal or -conservative central bank, can elingnall three biases. The
delegated targets may reflect backward- or forward-lookielgavior, depending
on the model.
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1. Introduction

The economic literature contains a strand that focuses on the inconsistency of optimal policy.
Kydland and Prescott (1977) launch this whole literature by arguing that optimal policy proves
inconsistent and showing that the inconsistency results from rational expectations. Afterwards,
the literature proposes various solutions to the problem of the inconsistency. Using the
Barro-Gordon (1983a,b) model, Rogoff (1985) suggests a conservative central banker, who puts
more weight on inflation stabilization than output (employment) stabilization. Walsh (1995)
proposes linear inflation contracts for central bankers to induce the socially optimal policy.

Later, the study of commitment and discretion in monetary policy moved beyond the
static Barro-Gordon framework to models that introduce persistence in output and employment.
Using an employment-persistence model, Svensson (1997) considers several different types of
delegation (e.g., a state-contingent inflation target coupled with a weight-conservative central
bank). The delegation scheme in Svensson (1997) induces the central bank to follow the optimal
policy rule. Beetsma and Jensen (1999) argue that the state-contingent nature of the delegation
scheme may undermine its credibility. They propose a nominal income growth target for the
central bank, which although state-independent, nevertheless attains the optimal rule in
Svensson's model. With general consensus on the forward-looking nature of macroeconomic
models, Jensen (2002), Walsh (2003), Svensson and Woodford (2005) and Vestin (2006) among
others, tackle the inconsistency issue in a new Keynesian model.

In each case, the proposed solution imposes two assumptions -- the central bank in

practice operates with discretion and the central bank loss function must differ from the social
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one to mitigate or eliminate the inconsistency of optimal policy. This paper also imposes these
two assumptions, and focuses on designing the central bank loss function. That is, the central
bank loss function may differ in functional forms with different variables and parameters from
those of the social loss function. For instance, the central bank loss function in Rogoff (1985)
adopts the same functional form and target variables as those of the society, but different
parameters, specifically more weight on inflation stabilization. Walsh (1995), Beetsma and
Jensen (1999) and Svensson and Woodford (2005) modify the functional form by adding a term
to the social loss function. According to the nature of the added term, the central bank loss
function includes a linear inflation contract, constant nominal income growth targeting, and a
“commitment to continuity and predictability.” The central bank loss function in Vestin (2006),
involving a price variable, adopts price-level targeting. Accordingly, the literature suggests that
various central bank loss functions can replicate optimal policy by using discretionary policy.
This paper designs central bank loss functions by adopting the same functional form and
target variables as those of the society, but with possibly different parameters (i.e., the targets for
the inflation rate and the output gap, and the weight on output stabilization relative to inflation
stabilization). First, the loss function explicitly incorporates the central bank’s two target values
and their relative importance. Second, the government delegates to the central bank short-term,
state-contingent targets. The optimal solutions suggest two interesting parameters — the implied
targets and the persistence parameter that governs the adjustment toward the implied targets. The

implied targets exhibit a trade-off between targets and equal the long-run equilibrium values of



target variables. The implied targets prove consistent with the models. Moreover, the implied
targets generally differ from the social targets. Accordingly, we conjecture that the central bank’s
delegated targets, if consistent with the model and jointly achieved, should differ from the social
ones. In addition, the implied targets emerge in the long run according to the persistence
parameter. This suggests that the government delegates to the central bank short-term,
state-contingent targets, which converge to the long-run implied targets at a rate controlled by the
persistence parameter. Though the delegated targets are state-contingent, they only depend on the
model’s structural parameters and, thus, are feasible. Third, for the Barro-Gordon model with
output persistence, the correct delegated targets eliminate the constant average and
state-contingent inflation biases, and a weight-liberal central bank removes the stabilization
bias.! For the new-Keynesian models, however, the delegated targets cannot eliminate the
constant average and state-contingent inflation biases, until combined with the appropriate
weight-liberal or —conservative central bank. At that point, all three biases disappear. In sum,
based on the implied targets and the persistence parameter as well as the expectations nature of
the Phillips curves, we design the target values and the weight of the central bank loss function to
achieve optimal solutions. The next three sections will use three models to illustrate the
approach.

The main results of the paper include the following. For the new-Keynesian models, the

inflation target is forward-looking, if the Phillips curve is principally forward-looking, and vice

' Svensson (1997, p104) shows that discretionary policy exhibits three biases -- constant average and state-
contingent inflation biases as well as stabilization bias. Once the three biases are removed, discretionary policy
proves socially optimal.
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versa.” Reversing the nature of the inflation target, optimal policy is forward-looking in a
backward-looking model, and vice versa. This argument corresponds to Woodford (1999b), who
demonstrates that optimal policy imparts inertia in a forward-looking model. In addition, the
central bank weight may reflect conservatism or liberalism, depending on the structural
parameters of the model as well as the persistence of the external shocks.

We organize the paper as follows. Section 2, 3, and 4 illustrate the approach to
determining the delegated targets and the weight of the central bank loss function in a
Barro-Gordon model with output persistence, a purely forward-looking new-Keynesian model,
and a hybrid new-Keynesian model with forward- and backward-looking aspects. Section 5
summarizes.

2. Designing Central Bank Loss Function When Output Is Persistent
The Model and Its Socially Optimal Solution
The model follows Svensson (1997).° Society minimizes the following intertemporal loss

function

2.1 E, (iﬂ"lgj,

where (0 < < 1) is the discount factor and £ is the expectations operator. The period loss

function equals the following

? A critical value exists that divides the Phillips curve into principally forward-looking or backward-looking
specifications. See more details in Section 4.

 We take a pragmatic stand on the model, and simply adopt it without much description. Please read Svensson
(1997) for more detail.
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(2.2) L E%[(ﬂ,—ﬂ*)z +/”L(x,—x*)2},
where 7 is the inflation rate, x is the output gap, 7z is the socially desirable inflation rate, x°
is the socially desirable output gap, and A is the social weight on output stabilization relative to
inflation stabilization around their respective targets.

The economic structure includes an expectations-augmented Phillips curve with output
persistence and rational expectations
(2.3) X, =1nx,_, +a(7rt —ﬂf)+u,, and
(2.4) n.=F
where 77 (0<7<1) measures the degree of output gap persistence, « is the response of output gap
to unexpected inflation, 77 denotes inflation expectations in period #-1 of the inflation rate in
period ¢, and u, is an independently and identically distributed supply shock with mean 0 and
variance .

The central bank minimizes the social intertemporal loss function (2.1) with period loss
function (2.2) subject to equations (2.3) and (2.4). The socially optimal solution under

. 4
commitment equals

(2.5a) 7, =n +du,,and
(2.5b) x, =nx,_, +(+ad u,,
where d” = —*.

1-6n" +a

The optimal solutions in equations (2.5a) and (2.5b) consist of two parts — the systematic

* See Svensson (1997).
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evolution paths of the inflation rate and the output gap, {ﬂ*,an} 1’ and reactions to supply

=

shocks. The systematic evolution paths converge to (ﬂ*,O). So we interpret 7" and 0 as long-
run implied targets of the inflation rate and the output gap, which we specify as 7z“ and x“,
respectively. Moreover, the rates of convergence differ. That is, the inflation rate hits its implied
target, 7, immediately with zero persistence, and the output gap converges to its implied target,
0, with persistence 7. To understand zero implied output gap target, which differs from the social
target, x', consider the Phillips curve (2.3) and the rational expectations assumption in equation
(2.4). The equilibrium output gap requires that

(2.6) xX=nx,ie x=x"=0,

where X denotes the equilibrium output gap. That is, the implied target (x“) in the optimal
solution equals the equilibrium value, and proves harmonious with the Phillips curve.

As is well known, the optimal solution is time-inconsistent. Implementing the optimal
policy requires either commitment or mechanism design. A central bank loss function that differs
from the social loss function may serve as a mechanism to reduce or even eliminate the
inconsistency. Accordingly, the next sub-section designs the central bank loss function.
Designing the Central Bank Loss Function
We adopt a central bank loss function, which adopts the same functional form and target
variables as those of the society but with possibly different inflation rate target 7z, output gap
target x”, and weight A”. We permit state-contingent targets for the inflation rate and the

output gap, but not for the weight. That is, the central bank period loss function equals



2.7 L= %[(ﬂ't —r’ )2 +A" (xt —x! )2}
The central bank minimizes the intertemporal loss function (2.1), but with period loss function
(2.7). That is, we assume both society and the central bank weight the future with same
importance, f.

The optimal solutions suggest that the realized values of target variables in the long-run
equal the implied targets, 7" and 0, that differ from the social targets, 7" and x". That is, the best
outcomes that we can achieve equal the implied targets, which are consistent with the model.
Moreover, they only emerge in the long run subject to the persistence parameter. So we
conjecture that the appropriate targets for the central bank are short-term and state-contingent,
which converge to the implied targets. As a result, we set the systematic evolution paths in the
optimal solution equal to the central bank’s targets
(2.8a) 72';’ =7 and
(2.8b) X =nx,,.

Though the central bank’s delegated targets are state-contingent, they only depend on the

model’s structural parameters and are, thus, feasible. Intuitively, with short-term natural output

gap 7x;-1, not the social target x, as the output gap target, the central bank does not possess an

incentive to produce surprise inflation (72, -l ) to raise the output gap above the short-term
natural gap 7x, . As a result, the central bank can realize the targets 7~ and 7x,_,, on average.

The formal calculation of discretionary policy with target values in equations (2.8a) and (2.8b)



verifies the intuition. The discretionary solution equals

. al’
(293) T,=7 —mut , and
1
(29b) X, =1NX,_, +mut .

The discretionary policy in equations (2.9a) and (2.9b) eliminates the constant average and
state-contingent inflation biases (see Svensson, 1997, 104). The two targets in equations (2.8a)
and (2.8b) prove meaningful for monetary policy. That is, the central bank, though operating
with discretion, remains accountable for monetary policy because it can reach the delegated
targets, on average.

As we noted, the discretionary policy in equations (2.9a) and (2.9b) eliminates constant
average and state-contingent inflation biases. We also need to remove the stabilization bias (i.e.,
it responds to supply shocks optimally). Equating discretionary policy in equations (2.9a) and

(2.9b) with the optimal solutions in equations (2.5a) and (2.5b) produces

(2.10) A=

In sum, with appropriate state-contingent targets, discretionary policy eliminates the constant
average and state-contingent inflation biases, and a weight-liberal central bank also removes the
stabilization bias. As a result, discretionary policy proves socially optimal.

The central bank’s weight A” on output stabilization relative to inflation stabilization

depends on the structural parameters of the social loss function and the Phillips curve (i.e., the

> See equation (A.11) and its derivation in Appendix A.



discount factor £, the social weight A, and the output gap persistence 7).® Furthermore, we report

the following conditions

(2.11a) A" [op >0 if n=0,

(2.11b) A" [on >0 if =0,

(2.11¢) A" > 2 and 6/1/’/8/1>0 if ##0 and =0, and
(2.114d) A" =4 if =0 and/or n=0.

Consider condition (2.11a). Given output persistence, a more important future implies
that optimal policy places more weight on output stabilization. Intuitively, the loss caused by the
output gap will persist into future, if output exhibits persistence. Therefore, a more important
future implies more weight must be placed on output stabilization to reduce the future losses
caused by output persistence.

Consider condition (2.11b). As long as society places some weight on the future, a more
persistent output implies that optimal policy places more weight on output stabilization.
Intuitively, a non-zero output gap will cause current and future losses, if output exhibits
persistence. And, a more persistent the output gap implies that more future losses will occur.
Accordingly, more weight on output stabilization reduces future losses.

Consider condition (2.11c). Contrary to the usual recommendation of appointing a
conservative central banker, the weight in equation (2.10) suggests a liberal central banker, who

places more weight on output stabilization than society, as long as society cares for future and

% Here, we assume that supply shocks equal white noise. Thus, the weight does not reflect the characteristic of the
supply shocks. We discuss the persistence of shocks in next two sections.
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output exhibits persistence. The intuition conforms to that for conditions (2.11a) and (2.11b)
above. In addition, the more weight the society places on output stabilization, the more weight
the central bank must place on output stabilization. The intuition is straightforward.

Consider condition (2.11d). If society does not care about the future and/or if output
exhibits no persistence, then the central bank places the same weight on output stabilization as
society, since the central bank does not need to balance current and future losses. The central
bank does not exhibit conservatism or liberalism.

3. Designing Central Bank Loss Function in a Purely Forward-Looking,

New-Keynesian Model
Researchers developed and applied new-Keynesian models in the past decade. This section uses
a purely forward-looking new-Keynesian model to illustrate the approach to designing central
bank loss functions.’

The Model and Its Socially Optimal Solution

The social intertemporal loss function equals®

(3.1) L=E, (Z,BtLtJ
=0
with the same period loss function as in Section 2 [i.e., equation (2.2)]

(3.2) L =%[(ﬂ —x Y A, —x*)z]

7 We do not take a stand on the validity of the models in this section and next. We simply adopt them without much
discussion. See Clarida ef al. (1999) for more details.

¥ Equation (3.1) slightly differs from equation (2.1) in that in Section 2, we form the rational expectation in the
previous period and in this section at the beginning of the present period. We just follow usual definitions in
literature for convenience.
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We model aggregate supply as an expectations-augmented Phillips curve with purely
forward-looking expectations’
(3.3) 7w, =kx,+PEx.  +u,
where 7, x, and [ are defined as in previous section, x (x >0) is the sensitivity of the inflation
rate to the output gap, u, is a cost-push shock following AR(1) process
(3.4) u =pu,, +1u,,

where 0< p<1,and 4, isa white noise residual.

We do not introduce aggregate demand (IS curve), which contains a nominal interest rate,
the policy instrument. Once we determine the optimal paths of {ﬂ,,x[ }ZO according to the
social loss function and the Phillips curve, both of which do not respond to the interest rate, then
we can pin down the optimal path of interest rates through the IS curve. So what is critical for
policy is the Phillips curve.

The consolidated first-order condition of optimal policy under the social intertemporal
loss function (3.1) with period loss function (3.2) subject to the Phillips curve (3.3) equals10
(3.52) X, =X =—£(7ro —ﬁ*) for#=0, and

A
(3.5b) Eyx, —Eyx,_, = —%(Eoﬂ, - 72'*) fort>1.

Combining the first-order conditions (3.5a) and (3.5b) and the Phillips curve (3.3) leads to the

’ The next section considers both forward- and backward-looking expectations in the Phillips curve. Equation (3.3)
also differs slightly from equation (2.3) in that in Section 2, we form rational expectations in the previous period and
in this section at the beginning of the present period.

1 See equations (B.3a) and (B.3b) in Appendix B.
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socially optimal solution''

(3.6a) (ﬁo—ﬂ*)=%(1—5)(x*—)_c)+ﬁuo, fort=0,
(3.6b) (x,—x")=5(x —x“)—wf—‘;ﬁmuo, fort =0,
(3.7a) (7, -7")=6(x., —ﬁ*)—ljl(l_—;;[)))u,, forz>1, and
(3.7b) (%, -x)=8(x_, —x“)—wf—iﬁp)ut, fort>1,

where 6 (0<06<1) is the smaller root of the characteristic equation

(3.82) PS> —bS+1=0,
K_2
(3.8b) bEl+,B+7 and
(3.8¢) x* Eﬂﬂ'*.
K

The parameter x“ defines the implied output gap target. See Appendix B, equation (B.17).
Equations (3.6a), (3.6b), (3.7a), and (3.7b) suggest that the socially optimal solution is
time inconsistent. We adopt optimality from the timeless perspective as the benchmark.'? That is,
we design the central bank loss function to replicate the solutions in equations (3.7a) and (3.7b)
for all periods. To do this, we first analyze the properties of these solutions.
The solutions in equations (3.7a) and (3.7b) consist of two parts — the systematic

0

evolution paths of the inflation rate and the output gap, {ﬂ* +38 (ﬂ,_l - ),x“ +6(x,_, —x* )}

s
t=1

" See equations (B.15a), (B.15b), (B.24a), and (B.24b) and their derivation in Appendix B.

12 Woodford (1999a) introduces the concept of optimality from a “timeless perspective,” which means the policy
the central bank “would have wished to commit itself to at a date far in the past.”
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and reactions to cost-push shocks. The systematic evolution paths converge to (ﬂ*,x“ ) with the
same persistence parameter 6. So we interpret 7" and x* as long-run implied targets of the
inflation rate and the output gap. To understand the implied targets, consider the Phillips curve
(3.3). The equilibrium relationship of the inflation rate and the output gap must conform to
(3.9) T =KX+ pT7,
where 7 and X denote the long-run equilibrium values of the inflation rate and the output gap.
Equation (3.9) is just equation (3.8c), where 7=7°=7x" and X = x“. Therefore, on the one
hand, a trade-off exists between the implied targets; on the other hand, we can interpret the
implied targets as the long-run equilibrium values of the target variables. Intuitively, the Phillips
curve imposes a trade-off between the inflation rate and the output gap. Thus, the implied targets
for the inflation rate and the output gap also must exhibit this same trade-off. As such, the
implied targets are consistent with the model.

In addition, the implied output gap target generally differs from the social one, and we

observe that they coincide when the social targets satisfy the trade-off."* Specifically,

1_ *
K

7 =kx +pr,ie x =
Then, by equation (3.8c) we know that

1_ * *
—ﬂﬂ

=X .
K

x(l
In this respect, the social targets are generally inconsistent with the model.

The persistence parameter o that governs the dynamic adjustment of the inflation rate and

" For Barro-Gordon Model with output persistence, the Phillips curve in equilibrium simplifies to X = 0. If the
social targets satisfy the Phillips curve in equilibrium, i.e. x = 0, then obviously the social targets coincide with

the implied targets. Thatis, 7 =7 and x =0=x".
14



the output gap to their respective equilibria depends on the structural parameters (i.e., the
discount factor f, the weight A on output stabilization, and the sensitivity x of the inflation rate to
the output gap) of the social loss function and the Phillips curve, but does not depend on the

cost-push shock. Furthermore, we report the following conditions

(3.10a) d6/0f <0,
(3.10b) d6/64 >0, and
(3.10c) d5/ox <0

Consider condition (3.10a). A more important future implies a less persistent evolution of
the inflation rate and the output gap. Intuitively, if the future is more important, the inflation rate
and the output gap must evolve more quickly to their targets to reduce future losses. That is, the
inflation rate and the output gap evolve with less persistence.

Consider condition (3.10b). A more important role for output stabilization implies a more
persistent evolution of the inflation rate and the output gap. Intuitively, when output stabilization
is more important, a smaller change of the output gap occurs as the consolidated first-order
conditions suggest."”> As a result, the output gap and, thus, the inflation rate evolve more
sluggishly.

Consider condition (3.10c). A more sensitive inflation rate response to the output gap
implies a less persistent evolution of the inflation rate and the output gap. Intuitively, with the

inflation rate more sensitive to the output gap, the inflation rate and the output gap will evolve

' See equations (C.8), (C.11), and (C.13) and their derivations in Appendix C.

' See equations (B.3a) and (B.3b) in Appendix B.
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more quickly to their targets. That is, the inflation rate and the output gap evolve with less
persistence.
Designing the Central Bank Loss Function
Optimal solutions in equations (3.7a) and (3.7b) suggest that the implied targets are the best
long-run outcomes, and they emerge in the long run according to the persistence parameter. Thus,
we delegate state-contingent targets to the central bank. That is, we set the systematic evolution
paths in the optimal solutions in equations (3.7a) and (3.7b) as the targets of the central banker to
direct target variables to evolve along the optimal paths. That is,
(3.11a) = +§(7z,_1 —72'*) and
(3.11b) X’ =xf "‘5()%—1 —x”).
Though the delegated targets are state-contingent, they only depend on the model’s structural
parameters and, thus, are feasible. The consolidated first-order condition of discretionary policy
under the loss function (2.7) with targets in equations (3.11a) and (3.11b) subject to the Phillips
curve (3.3) equals16
K{[(ﬂ, - ) - 5(7[,71 - )] - ﬂ5[(E,7Z’H1 - ) - 5(7[, - )]}

+ A" {[(xt —x° ) - 5()6[71 —x* )} - ﬂé‘[(E[le —x* ) - 5(xt —x* )}} =0 '

Combining the first-order condition (3.12) and the Phillips curve (3.3) generates discretionary

(3.12)

policy, taking the following form:

(3.13a) (ﬂ,—ﬂd):éd (ﬂ't_l —ﬂd)+gu,,and

' See equation (D.4) in Appendix D. We change the subscripts, which equal period 0 in Appendix D, to period ¢
here. Discretion policy means that the central bank re-makes policy each period.
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(3.13b) (x, —xd):§d (xt_l —xd)+hut,

where 77 and x¢ denote implied targets of discretionary policy, 5% the evolution persistence, g
and & reactions of the inflation rate and the output gap to cost-push shocks. Similarly, 5 is a
less-than-one root of the characteristic equation of the first-order condition (3.12) and the
Phillips curve (3.3)." The discretionary solutions in equations (3.13a) and (3.13b) exhibit an
constant average inflation bias, (1 -0 )7[" — 7, and an state-contingent inflation bias, &7, .
A stabilization bias also exists, in that generally g # -5 (1- p) / |: p(1- 5,3,0)] .

If 7= 7" and 6= &, then the discretionary policy eliminates the constant average and
state-contingent inflation biases. But, obviously, 6% depends on A”, because the characteristic
equation of the discretionary policy involves A”.'® That is, correct delegated targets to the central
bank are not enough to eliminate the constant average and state-contingent inflation biases, and
the weight is also related.' In addition, solving for the discretionary policy proves too
complicated, using the method in Section 2. Consequently, we adopt a different method.
Discretionary policy should replicate the optimal policy. If the optimal solutions in equations
(3.7a) and (3.7b) satisfy the first-order condition of discretionary policy, equation (3.12), then the

replication occurs. Using equations (3.7a), (3.7b) and E,u,,, = pu, in equation (3.12) generates”’

(3.14) A :—Mz.

"7 We do not discuss whether a less-than-one root exists. We just assume that it exists.
'® For the optimal solutions, the persistence parameter, &, depends on A. See equations (3.8a) and (3.8b).
' For Barro-Gordon model with output persistence, with the correct delegated targets, equations (2.8a) and (2.8b),

discretionary policy, equation (2.9a), eliminates the two biases.

0 See equation (D.6) and its derivation in Appendix D.
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The weight A’ is negative and, thus, infeasible.

The problem with applying our intuitive approach in Section 2, where the model is
backward-looking, to the current model involves the forward-looking nature of the Phillips curve
(3.3). Thus, an alternative intuitive solution may require that the inflation target of the central

bank may involve a term E r,,, in order to reflect this forward-looking nature. At the same time,

we require that the inflation rate evolve with an optimal persistence o. As a result, we try the
following targets

(3.152) 7= +(E

t

T 71'*)/5 and

=
(3.15b) X =x"+8(x -x).
The consolidated first-order condition of discretionary policy under the loss function (2.7) with
targets in equations (3.15a) and (3.15b) subject to the Phillips curve (3.3) equals®!
k(7 -7 )~ (Exy, —7))5]

+ A {[(xt —x)=8(x, —x) |- B[ (Ex —x7) =5 (3, - )}} =0

Combining the first-order condition (3.16) and the Phillips curve (3.3) generates discretionary

(3.16)

policy under the delegated targets in equations (3.15a) and (3.15b). The discretionary solutions
also have the same forms to those of equations (3.13a) and (3.13b), and exhibit constant average
and state-contingent inflation biases as well as a stabilization bias. A necessary condition that the
discretionary policy replicates the optimal policy is that the optimal solutions in equations (3.7a)

and (3.7b) satisfy the first-order condition (3.16). Using equations (3.7a), (3.7b) and

1 See equation (E.3) in Appendix E. We change the subscripts, which equal period 0 in Appendix E, to period ¢

here.
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Eu

‘u,,, = pu, inequation (3.16) produces®

b l-p
3.17 AV=—1,
3-17) 5(1—5,3,0)

where A” is positive and feasible. In sum, under the loss function (2.7) with delegated targets in
equations (3.15a) and (3.15b) and the weight in equation (3.17), one of the discretionary policies
is socially optimal.

Consider the weight in equation (3.17). In addition to the structural parameters (i.e., the
discount factor S, the social weight A, and the sensitivity x), the central bank weight A” also

depends on the cost-push shock persistence p. Furthermore, we report the following conditions®

(3.18a) A" [op <0,

(3.18b) A" [op >0,

(3.18¢) 2’ does not respond monotonically to A, and
(3.18d) 2’ does not respond monotonically to x.

Consider condition (3.18a). A more persistent cost-push shock implies that the policy
maker must place less weight on output stabilization. To see this, iterate the Phillips curve (3.3)

forward as follows
(3.19) 7, =EY B (kx,, +u,).

Inflation depends entirely on current and expected future output gaps and cost-push shocks,

because of the purely forward-looking nature of the Phillips curve. Thus, more persistent

22 See equation (E.5) in Appendix E.

3 See equations (F.2), (F.7), (F.8), and (F.9) in Appendix F.
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cost-push shocks imply that more losses occur because more inflation increases emerge, driven
by current and future cost-push shocks. To reduce the losses caused by current and future
inflation, the policy makers must place more weight on inflation stabilization and, thus, less
weight on output stabilization.

Consider condition (3.18b). A more important future implies that the policy makers must
place more weight on output stabilization. Referring to equation (3.19), inflation depends
entirely on current and expected future output gaps and cost-push shocks. When the future is
more important, future output gaps exert more influence on inflation. Then, more weight on
output stabilization will stabilize more current and future output gaps and, thus, stabilize
inflation.

Consider condition (3.18¢c). The central bank weight A” does not respond monotonically
to the social weight A. That is, A” can equal, fall below, or exceed A. We define a critical value of

p,. for which 4 equals A, Specifically,

A< 2 ifp>p,
p plL 1_5

(3.20) A"=2  ifp=p, +,wherep, = a5

A’ > ifp<p,
First, the critical value p, (0 < p,. <1) depends on structural parameters of the social loss
function and the Phillips curve. Second, whether the central bank exhibits conservatism or
liberalism depends on social loss function, the Phillips curve, and even the cost-push shock
persistence. This result counters the usual claim that the central bank must prove more

conservative than society. Actually, the result that 04" / op <0 1implies equation (3.20) to some
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extent. That is, higher persistence of the cost-push shock results in a lower central bank weight

on output stabilization and, thus, the central bank weight may fall below that of society.
Consider condition (3.18d). The sign of 04" /61( depends on (I—Zéﬁp). Define the

critical value for p as follows:

(3.21)

1 1
p KC = = ‘
26 p—\bp*-4p
This critical value depends on the structural parameters of the social loss function and the

Phillips curve, but may exceed 1. That is,24

2

>1, ifﬂs%+%
(322) pr(c 1 P
K
<1, iffg>—+—
p 2 A

Accordingly, three situations exist, two imply that 04" / 0x >0, and one that 04" / Ok <0.More

specifically,
. 1«
iff<—+—,thenp 21, thenp<p_
>0 2 A
oA’ |7 1«
3.23 —_— if 3>—+— and p <
(3.23) - if >+ " mdp<p,
<0 if,B>l+K—2and >
5 2 ﬂ/ p pKC

Consider the two situations where 04"/0x > 0. First, society does not care so much

about the future (i.e., f<1/2+«’ / A), no matter how persistent the cost-push shock. Second,

2 2 2

B 2
2 0f ﬂs%+%,then £ﬁ+’(7j <b’—4p . Then (ﬂ+%)—q/b2—4ﬂ£0.Then (1+ﬁ+%]—«/b2—4ﬁsl,

ic, b—~lB* =48 <1.Thus, p,—— A >1.

b—+b* -4p
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society cares more about the future (i.e., B>1/2+x’ //1 ), and the cost-push shock exhibits
lower persistence (i.e., p <px). In both situations, a more sensitive response of the inflation rate
to the output gap implies that policy makers must place more weight on output stabilization. To
see this, consider the Phillips curve, 7, =xx, + SE x,, +u,. Under the two situations, the

t7t+1

central bank can ignore the terms, SE,z,,, and u,, to some extent, and exploit the sensitivity

+1

parameter x of how the inflation rate responds to the output gap.

Consider the situation where 04" / Ok < 0. Once again, society cares about the future
(e, B>12+x’ / A1), and the cost-push shock exhibits higher persistence, (i.e., 0 >px). In this
situation, a more sensitive response of the inflation rate to the output gap implies that the policy
makers must place less weight on output stabilization. Intuitively, in this situation, the central
bank can no longer exploit the sensitivity of the inflation rate to the output gap, because the
terms SE,z,,, and u, exert much more influence directly on current and future inflation.
Accordingly, the policymakers must place more weight directly on inflation stabilization to
counteract the sensitivity of the inflation rate to the output gap. A more sensitive response of the
inflation rate to the output gap implies that the policy makers must place more weight on
inflation stabilization and, thus, less weight on output stabilization.
4. Designing Central Bank Loss Function in a Hybrid New-Keynesian Model
This section combines the possibility of backward- and forward-looking inflation expectations

into a hybrid model. This model reduces to entirely forward-looking or entirely backward-

looking models by choosing the extreme values of the parameter that indexes expectations across
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the backward- and forward-looking dimensions.

The Model and Its Socially Optimal Solution

Consider the following generalization of the Phillips curve
(4.1) T, =KX, +¢r, +(1_¢)ﬂEt7z.t+l +u,,

where parameter ¢ indexes the degree of lagged versus expected future inflation rates. The

socially optimal solution for £>1 equals *°

(4.22) (ﬂ, —77") = 5(7@_1 —77”)+[¢(l—ﬂp2)—(1—p)}(§pd;;_a)ut, and
a a 9
(4.2b) (xt - X ): 5(’“;—1 - X )—#j_a)u,,

where &is a root of the characteristic equation®®

(4.3) af’S' - B +b6* —5+a=0 with
(4.3b) a=¢(1-¢),
(4.3¢) bs1+"72+¢2ﬂ+(1—¢)2ﬁ:1+ﬁ+"72—2aﬂ,
(4.3d) d=ap (5" +3p+p*)-B(5+p)+b,
el
(4.3f) o UZA0=6) .

K

Obviously, when ¢ = 0, the characteristic equation (4.3a), the implied output target in equation

2 See equations (G.28) and their derivations in Appendix G.

2 We do not discuss multiple equilibria or consider whether a convergent equilibrium exists. Rather, we just assume
that a root exists between 0 and 1.
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(4.31) and the optimal solutions in equations (4.2a) and (4.2b) reduce to equations (3.8a), (3.8c),
(3.7a), and (3.7b), since a = 0.*’

Once again, we adopt the optimality from a timeless perspective as the benchmark. That
is, we design the central bank loss function to replicate the solutions in equations (4.2a) and
(4.2b) for all periods. To do this, we first analyze the properties of these solutions.

Similar to Section 3, solutions in equations (4.2a) and (4.2b) consist of two parts — the
systematic evolution paths of the inflation rate and the output gap, and reactions to cost-push
shocks. The systematic evolution paths converge to (ﬂ“,x”) with the same persistence
parameter 6. So we interpret 7 and x“ as the long-run implied targets of the inflation rate and the
output gap. To understand the implied targets, consider the Phillips curve (4.1). The equilibrium
relationship of the inflation rate and the output gap must conform to
4.4) T=kx+¢7+(1-9)p7,
where 7 and X denote the equilibrium values of the inflation rate and the output gap. Equation
(4.4) is just equation (4.3f), where 7 =7° and X =x“. Similarly, a trade-off exists between the
implied targets, and we can interpret the implied targets as the long-run equilibrium values. The
intuition matches that in Section 3. The implied targets prove consistent with the model.

Moreover, the implied targets generally differ from the social ones, and we observe that

they coincide when the social targets satisfy the trade-off. Specifically, assume

27 Here, we show that the solutions in equations (4.2a) and (4.2b) reduce to equations (3.7a) and (3.7b). If ¢ =0,
then a = 0, d=b—B(5+p), and d5=bS5—5° —SPp . Using characteristic equation (3.8a), bS—S5” =1.
Therefore, dS=1-pp or 1/d = 5/ (1—6ﬂp) . As a result, equations (4.2a) and (4.2b) reduce to equations (3.7a)

and (3.7b).
24



T =Kkx +¢1 +(1—¢),B7r*, ie. x° =77r .
Then,
= K[lm +l¢(1_ﬂ2x ] = a L +i¢(1—ﬂ)—(l_¢)(1_ﬁ) 7 |=x,and
k* +Aa(1- B) k* + Aa(1- B) K

=
1l
S
Il
3
Il
=

In this respect, the social targets are generally inconsistent with the model.

Equations (4.3a), (4.3b), and (4.3c) determine 5.** No matter whether a root & € (0,1)
exists for the characteristic equation (4.3a), o only depends on the structural parameters (i.e., the
discount factor £, the weight A on output stabilization, the sensitivity x of inflation to output gap,
and the lagged degree ¢ of inflation) of the social loss function and the Phillips curve, and does
not depend on the cost-push shock.

Consider the two polar models—a purely forward-looking model (¢= 0) and a purely
backward-looking model (¢ = 1). The characteristic equations reduce to the same equation (3.7a)
in the two polar models, since a = 0. That is, the inflation rate and the output gap evolve with the
same persistence along the optimal paths in the two polar models, although toward different
implied targets. Furthermore, the output gaps respond in the same way and the inflation rates

respond differently to the cost-push shocks in the two polar models. Specifically,

* We cannot determine whether a root & € (0,1) exists in the characteristic equation (4.3a) for any lagged degree
¢ €(0,1) . But for the two polar cases of ¢ =0 and ¢ = 1, the characteristic equation (4.3a) reduces to (3.8a), and a
root O €(0,1) does exist.
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(4.52) $=0 P4 here & satisfies (3.7a) , and
a a K
(xt -X ): 5(x,_1 -Xx )_ﬁuf
(7Z't —7[")25(7[H —7[“)+ l_ﬂput
(4.5b) p=1 d , where ¢ satisfies (3.7a).
(xt —0)=5(xH 0)—%%

In equation (4.5a), x“ =(1- ,8)77*/1(, while in equation (4.5b), 7° =[xz + A(1-B)x" ]/K'.
To understand the different responses of the inflation rates to the cost-push shocks in the

two polar models, we transform the inflation rate expressions as follows:

(4.6a) $=0:(Ez,~7")=5(Em,, _,,*)+§

(Eou, — Eou,_l) , and

(4.6b) p=1:(E,z,—~0)=8(Eyz,, —0)+§(Eout ~PEu,.).

That is, the inflation rates respond to the change of the cost-push shocks at current and previous
periods in a purely forward-looking model (#=0), and to the difference between current shock
and discounted shock of next period in a purely backward-looking model (¢=1). Woodford
(1999b) demonstrates that an optimal policy imparts inertia when expectations are
forward-looking. We argue that an optimal policy imparts forward-looking nature in a
backward-looking model. The consolidated first-order conditions also reveal this point.*

(4.7a) $=0:Ex —Ex, = —%(Eoﬂt ~7'),and

(4.7b) $=1:Ex —BE,x,, = —%(Eozrt ~7' )+ (1-B)x".

Intuitively, when the private sector looks backward, the central bank must lead the private sector

to the optimal path. Accordingly, optimal policy looks forward in a backward-looking model.

¥ See equation (G.3b) and its derivation in Appendix G.
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In sum, optimal policy looks forward (backward) in a backward-(forward-) looking model.

Designing the Central Bank Loss Function
The Phillips curve involves backward and forward-looking expectations of inflation. So must
inflation target reflect backward-looking, forward-looking, or hybrid specifications? Assume that
the delegated targets equal
(4.8a) n’=r+ 5(7@_1 - ) and
(4.8b) X =x"+8(x, —x"),
The consolidated first-order condition of discretionary policy under the loss function (2.7) with
targets in equations (4.8a) and (4.8b) subject to the Phillips curve (4.1) equals30

K{[(?Z't - ) - 5(7@71 - )} - ﬂ5[(Et7rt+l - ) - 5(7rt - )}}
(4.9) +A° {[(xt —x‘ ) - §(xt_l —x* )} - p(p+ 5)[(E,xt+1 -x* ) - 5(’% - x* )J}

L {(ﬁﬂz&[(EtxM ~x)~6(Ex,, —x° )]} 0.

Combining the first-order condition (4.9) and the Phillips curve (4.1) generates discretionary
policy. A necessary condition that the discretionary policy replicates the optimal policy is that the
optimal solutions (4.2a) and (4.2b) satisfy the first-order condition (4.9). Using equations (4.2a),
(4.2b)and Eu,,, = pu, in(4.9) produces”'

(¢—¢0)(1—ﬂp2)i

4.10 A=
(+10 p(1-4pp)

where

0 See equation (H.3) in Appendix H. We change the subscripts, which equal period 0 in Appendix H, to period ¢

here.

31 See equations (H.5) and (H.6) and their derivations in Appendix H.
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(4.11) 6 =—"P  and0<g<lfor0<p<l.

2

To ensure A" >0 requires that ¢>¢ . That is, when the Phillips curve is sufficiently

backward-looking (i.e., @ > ¢,), the inflation target is backward-looking.

Now, assume that the delegated targets take

T

e T

(4.12a) 7 =n+(E 7 )/5 and
(4.12b) X’ = x +5(x,_1 —x”).
The consolidated first-order condition of discretionary policy under the loss function (2.7) with

targets in equations (4.12a) and (4.12b) subject to the Phillips curve (4.1) equals32
K[(ﬂ't - ) - (E/r,+1 -t )/5]
(4.13) + A {[(x —x")=8(x, —x") |- (5 + )| (E v —x*) =8 (x, —x° )]}
L {qﬁﬂz&[(Ettz ~x)=8(x, -x') ]} =0.
Combining the first-order condition (4.13) and the Phillips curve (4.1) will generate discretionary
policy. A necessary condition that the discretionary policy replicates the optimal policy is that the

optimal solutions in equations (4.2a) and (4.2b) satisfy the first-order condition (4.13). Using

equations (4.2a), (4.2b)and Eu,,, = pu, in(4.13) produces’”

, (8-9)(1-50")
4.14 A= y)
(19 5(1=a0) (1980

To ensure A” >0 requires that ¢<g . That is, when the Phillips curve is sufficiently

forward-looking (i.e., ¢ <¢.), the inflation target is forward-looking. Moreover, in a purely

32 See equation (I.3) in Appendix I. We change the subscripts, which equal period 0 in Appendix I, to period ¢ here.

3 See equation (1.5) and its derivation in Appendix I.
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forward-looking model (i.e., = 0), equation (4.14) reduces to equation (3.17).

Equations (4.10) and (4.14) give the central bank weights on output stabilization under
different cases of ¢>¢ and ¢ <g.. For convenience, we define expectations as principally
backward-looking if ¢>¢., and vice versa. Then, the inflation target is backward-looking, if the
Phillips curve is principally backward-looking,>* and vice versa. That is, the inflation target
reflects the principal nature of expectations in the Phillips curve. Furthermore, the critical value
that divides principally backward- and forward-looking models responses to f and p as follows:
(4.152) 0¢:/0>0 and
(4.15b) ddl0p<0.”

That is, the inflation target becomes more forward-looking, when the future is more important or
the cost-push shocks are less persistent.

Now consider the central bank weight. In addition to the structural parameters (i.e., the
discount factor S, social weight A, sensitivity x, and degree ¢ of lagged inflation), the central
bank weight A” still depends on the cost-push shock persistence parameter p. We discuss the
properties of A” for different values of ¢. Using equation (4.10) when ¢=1 generates
(4.16) AP =1.

In a purely backward-looking model (¢=1), the central bank takes the same weight on output

stabilization as society. That is, the central bank is neither weight conservative nor weight liberal.

** Reversing the nature of the inflation target, optimal policy now imparts a future forecast in a backward-looking
model.

35 %:pz(l_p) >0 and %:ﬂ(2p—p2)—l

0 for0<p<l.
B (1-po*) * (1-pp*) oo
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Using equation (4.10) when ¢. < ¢ < 1 produces

(4.17a) A" <A and 24"/0¢>0,
(4.17b) A" [op <0,
(4.17¢) A" oA >0,
(4.17d) oA’ [ox =0, and
> >
(4.17¢) 04" [opi=10as (1-2¢Bp)1=10.%
< <

In a principally backward-looking model (¢#. < ¢ < 1), the central bank must exhibit conservatism
(A" < 1). Moreover, the central bank becomes less conservative, if the Phillips curve moves
toward a purely backward-looking model (i.e., ¢ increasing, 04’ / 0¢ > 0), society places less
importance on the future ( 64" / 0 <0), and/or society places more weight on output
stabilization (04" / 04 >0). The central bank weight, however, does not respond to the sensitivity
of inflation to the output gap (04" / O0x =0). For the cost-push shock (4.17e), a more-persistent
cost-push shock implies that the policy maker must place more or less weight on output
stabilization, depending on the sign of (1-2¢fp). For a model with a heavily discounted future
(i.e., fsmall) and/or little persistence (i.e., p small), increasing persistence leads to more weight
on output stabilization.

In a principally forward-looking model (0 < ¢ < ¢.), A° equals equation (4.14) and now

depends on ¢, which depends on the parameters of the model. No analytical way exists to discuss

3% See equations (J.1), (J.2), (J.3), (J.4), (J.5), and (J.6) and their derivations in Appendix J.
30



the relationship of the central bank weight with model parameters. >’

In a purely forward-looking model (¢ = 0), however, we discuss A’ in detail in Section 3.
5. Summary
We design central bank loss functions using the optimal solutions under commitment. The
optimal solutions suggest two interesting parameters — the implied targets and the persistence
parameter that governs the adjustment toward the implied targets (See Table 1). Based on
implied targets and the persistence parameter as well as the nature of the expectations in the
Phillips curve, we design the central bank’s targets. With the designed targets, the relative weight
between the targets emerges as well. Table 2 summarizes the central bank targets and weight.

Several results emerge. First, the implied targets conform to a trade-off between targets
imposed by the structure of the macroeconomy (i.e., the Philips curve), and equal the long-run
equilibrium values of target variables. In this sense, the implied targets are consistent with the
models. Moreover, the implied targets may differ from the social targets, but they coincide when
the social targets also satisfy that trade-off. The social targets are generally inconsistent with the
models. Second, the government delegates to the central bank short-term, state-contingent targets,
which converge to the long-run implied targets at a rate controlled by the persistence parameter.
Though the delegated targets are state-contingent, they only depend on the model’s structural
parameters and, thus, are feasible. Third, for the Barro-Gordon model with output persistence,
the correct delegated targets eliminate the constant average and state-contingent inflation biases,

and a weight-liberal central bank removes the stabilization bias. Fourth, for the new-Keynesian

37 See Appendix K.
31



models, delegated targets cannot eliminate the constant average and state-contingent inflation
biases, until combined with the appropriate weight-liberal or —conservative central bank. Then all
three biases disappear. The inflation target is forward- (backward-) looking, if the Phillips curve
is principally forward- (backward-) looking. The weight may also be conservative or a liberal,
depending on the model’s parameters as well as the persistence of the cost-push shock. Table 3
shows how the weight specifically responds to parameters.”® Fifth, reversing the nature of the
inflation target, the optimal policy is forward-looking in a backward-looking model. This finding
provides the complement to Woodford’s (1999b) demonstration that optimal policy imparts
inertia in a forward-looking model. We also support Woodford’s finding as well, since we also
find that the optimal policy is backward-looking in a forward-looking model. Sixth, the central
bank can attain the delegated targets jointly on average. The attainability of the delegated targets
provides the necessary ingredients to establish monetary policy credibility and accountability. Finally, the

central bank, though operating with discretion, can replicate optimal policy.

3% Table 3 only summarizes the weight response to parameters in the New Keynesian model. For the Barro-Gordon
model with output persistence, see equations (2.11a, b, ¢, d). In addition, we do not generate analytical results as to
how the weight responds to model parameters in a principally forward-looking New Keynesian model (0<¢<g.).
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Table 1:

Implied Targets and Persistence Parameters of Optimal Solutions

Implied Implied .
. Inflation-Rat 0) t-G
Model Inflation-Rate | Output-Gap e 1'on e utp}l P
Persistence Persistence
Target Target
Barro-Gordon Model with x
. /4 0 n
Output Persistence
New-Keynesian Model B a
Vd X o

Table 2:  The Three Parameters of Central Bank Loss Function
Inflation-Rate Output-Gap Central-Bank
Model Target Target Weight
z’ x’ Ab
Barro-Gordon Model with . A
. VA X, 2
Output Persistence 1-fBn
< _ a _ 1— 2
0<¢<4g, . (E/rHl pa ) - +§(xt—l _xa) (4. ¢)( Bo ) a
New- ) (Forward) o o (1 —ofp ) (1 - ¢ﬂ,0)
Keynesian
<1 -¢.)(1- 8o’
Model 4. <9 7 +5(77t_1 —72'”) x“ +§(xt_1 —x”) (¢ ¢C)( pp )/1
(Backward) p(1-¢6p)




Table 3 Weight Response to Model Parameters in the New-Keynesian Models

2

1 «x
<0, iff>—+—and p> p_.
p 5T P> Py

¢=0 ge<¢<1 ¢=1
/Ib zl_—p /Ib — (¢_¢C)(1_ﬂp2)/1 /Ib :/1
5(1-38p) P (1-60)
A< Aifp>p,,
A" =Aifp=p, ¢, AP <A A" =2
P> Aifp<p,
-5 dA"[oA>0 and 0A"/op>0 | 0A"[6A=1
where p,, = 5
1- 6
> >
A" [op <0 04" [opi=10as (1-24Bp)1=1+0 | 04’/op=0
< <
A" [0 >0 A" [0 <0 A" [op =0
2
if gty K
>0 2 A
. ifﬁ>l+"—2 and p < 02" [ox =0 oA"[ox =0
aK 2 ﬂ, p—ch
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Appendix A:

Discretionary Policy with Persistent Output

The following specifies the problem of the central bank with discretion

(A.1)

{m}iy E, {iﬂ” %[(ﬂt - )2 + A" (x, —=nx,_, )2 }}
Tt fi= t=1

e

St{x, =nx,_, +a(7zt —- 7, )+ut

e —
ﬂ-t - Et—lﬂ-t

The Bellman equation for determining the discretionary policy equals

(A.2)

(A.3)

V(xt—l) = Et—l 1’1’71[{1'1 {%[(ﬁf - ﬂ-* )2 + lb (xt — X )2 :| + ﬂV(Xt )} with

1
V(xz)=70+7/1xt+572xt2'

Its first order condition becomes

(A4)

T, - +/1”a(xt —77xt_])+,[7’a(71 "‘72";) =0.

Substituting equation (2.3) into equation (A.4) produces

(A.5)

7, -7 +afy, +pyr.anx_ +a’ (ﬁ,b +,b’7/2)(7r, —ﬂf)+a(lb +ﬂ)/2)ut =0.

Taking expectations £, of equation (A.5) gives

(A.6)

7= 7 —afy, — Pr,anx, ;.

Substituting equation (A.6) into equation (A.5) leaves

(A7)

a(i” +ﬂ;/2) .
l+a’ (/1”+,B;/2) .

T, = 72-* _aﬂyl _,5720”7)5;4 -

Substituting equations (A.6) and (A.7) into equation (2.3) results in

(A.8)

1
X, =nx,_, + u

1+a2(/1” +ﬂ7/2)

=

Now, computing E, [Lf + BV (x, )] using the solutions in equations (A.7) and (A.8)
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and comparing the coefficients of the result with V(xt_1 ) produces

(A.92) (1 + azﬂ}/z)ylﬂn =y, and
(A.9b) (1+a*Br)) .1 =7,.
Therefore,

(A.10) v, =v,=0.

The discretion solutions in equations (A.7) and (A.8) become

x al’

A.lla =7 ————u_,and

( ) =% 1+’ AP u,

(Al lb) X, =1x,_, +mut

Appendix B: Socially Optimal Solution, Purely Forward-Looking, New-Keynesian
Model

The optimization problem minimizes the social intertemporal loss function (3.1) with period loss

function (3.2) subject to the Phillips curve (3.3). Its Lagrangian expression equals

0

(B.1) L= EOZ,B’ {%[(ﬂ't —72'*)2 +/”t(x, —X*)2:|+l//t (xx, + Br,,, +u, —ﬂt)}.

t=0

The first-order conditions equal

%on{ﬂ’[i(xt—x*)+Kt//,}}=O fort>0

(B.2) %=|:(72’0—7l'*)—l//0:|=0 fort=0.
0

g—ion{ﬂt[(ﬂt—ﬂ*)—w,}+ﬂt‘lﬂw,_]}20 fort>1

Eliminating the multipliers from the first-order conditions leads to the consolidated

first-order conditions
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(B.3a) X, =X =—§(7r0 —ﬁ*) for#=0, and
(B.3b) Eyx, —Eyx,_, = —%(Eoﬂ, - 7r*) fort>1.

Combining equations (B.3a) and (B.3b) with the Phillips curve (3.3) generates

(B.4a) BE,x, —bx, +(1- ﬂ) 7 x —guo =0  fort=0,and
K _« K
(B.4b) BEx,,., —bEx, + E x,_ +(1_'B)Zﬂ —onut =0 fort>1,
where
K_2
(B.5) bsl+,8+7.

The smaller root of the characteristic equation equals 6. That is,
(B.6) BO°—bS+1=0
We can easily show that 0 < 6< 1.
Assume that the solution of equation (B.4b) takes the following form for £~1:
(B.7) X, =0x,_ +e+ fu,.
Applying expectations to equation (B.7) and using Eju, = pEju, , for £>1 generates
(B.8) Eyxx,., =0Ex +e+ fpEu,.

Substituting equation (B.8) into equation (B.4b) for £>1 leads to
(B.9) (BS—b)Eyx, + Eyx,_ +(1— ﬂ) V2 +ﬂe+(ﬂpf jEu =0.

Transforming equation (B.9) and using —1/ ( po — b) =0 from equation (B.6) results in
(B.10) Ex, =0Eyx, , +5{( ﬂ) V4 +,Be} (éﬁpf—’(—djE u,.

Comparing equation (B.10) with equation (B.7) produces
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_ k5(1-p) .

(B.11a) e /l(l—ﬂé‘)” fort>1 and
KO
(B.11b) f=———"—— fort>1.
A(1-8Bp)

Applying expectations Ej to equation (B.7) for /=1 generates

Eyx, =0x, +e+ fEu, =ox, +e+ fpu,

B.12 o(1- .
( ) :5x0+K( 'B)ﬁ Kop

A(1-85)"  2(1-5Bp)

u,
Substituting equation (B.12) into equation (B.4a) for =0 leads to

(B.13) xo=5(£ﬁ7z*+x*J—K—5uo:§x*+e+fu0.
l(l—é‘ﬂp)

Summarily, the socially optimal solution of the output gap equals
(B.14a) X, =O0x +e+ fu, fort=0, and
(B.14b) X, =0x,_ +e+ fu, fort>1,
where e and fsatisfy equations (B.11a) and (B.11b).

To interpret the constant e in equations (B.14a) and (B.14b), we

write

e=[e/(1-5)—5e/(1-5)], where x*=e/(1-5), which equals the implied output gap target.

Thus, equations (B.14a) and (B.14b) become
(B.15a) (x,—x)=08(x —x")+ fu, fort=0, and
(B.15b) (x, —x")=0(x,_,—x")+ fu, fort=1.

Using equations (B.5) and (B.6), we can show that

K2

(B.16) (1-50)(1-6)= 5> +1-5 - f5 =b5 -5~ f5 ==
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51_ * - * .
Thus, x“= ¢ K( 'B) Vs :1 ﬂ;z.Thatls,

T1-5 A(1-po)(1-0)  «

(B.17) v ==h
K

Now, we can solve for 7; as follows. Using equation (B.7) for £~2 generates

(B.18a) Eyx, =0Ex, , +e+ fEyu,,and
(B.18b) Ex, , =0E)x, , + e+£Eout.

Using equations (B.18a), (B.18b), and (B.11b) leads to

K5(1—p)

B.19 Epx, = Byt = 6 (Eg = By )+ &
( ) 0¥ 0%i-1 ( oXi-1 Ox’2)+ip(l—5ﬂ,0)

Eu, fort>2.

Substituting equation (B.3b) for £>2 into equation (B.19) gives

5(1—,0)

—————Fu, fort>2.
p(1-38p)

(B.20) (Eyr, —7") = 5(Eym, ., —7")

Using equations (B.15a) and (B.15b) for =1 and u, = lEou1 gives
o,

Ké‘(l—p)

B.21 Ex —x,=0(x,—x )+ ———"<E,u,.
( ) o%1 ~ X (xo x)+/1p(1—5,310) ot

According consolidated first-order conditions in equations (B.3a) and (B.3b), we observe

. K N K : o .
that x, —x :—z(ﬂo - ) and Ex, —x, = —Z(Eoﬂ'l - ) Substituting these results into

(B.21) leads to

5(1—,0)

- Eu.
p(i-ap0) "

(B.22) (E07z1 - 72'*) = 5(7[0 - ﬂ*)
Using equations (B.3a) and (B.15a) for /=0 produces

N . o
(B23) (72'0—72' ):;(1—5)(.}&' —x")+muo.
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Combining equations (B.20), (B.22), and (B.23) gives

a A N o
B.24 - =—(1-0 X )+ fort=0, and
(B.24a) (72'0 7 ) K( )(x x )+(1—§ﬂp) U, or an.
* o__0(=p)
(B.24b) w,—m )=0(n,_ —7 |-————u, fort>1.
( ) ( 1 ) ,0(1—5,5’/0)
Appendix C: Persistence Response to Structural Parameters in a Purely

Forward-Looking, New-Keynesian Model
The characteristic equation equals the following:
(C.1) B6* —bS+1=0.

The smaller root of the characteristic equation equals 6. That is,

(C.2) s Db 4B

2

We can easy verify that
(C.3) b*—4B>0 and 0<5<1.
Transforming equation (C.2) results in
(C.4) 26 —b=—\b"—-4p.
Differentiating o with respect to £ in the characteristic equation (C.1) leads to

(C.5) 5 +(2ﬂ5—b)%—5:0.

Transforming equation (C.5) gives

o5 6(1-5)

(C.6) 255

Substituting equation (C.4) into equation (C.6) produces
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(C.7) 0 __ol=d)

B Jr-4a8

Noting equation (C.3), we can see that

a5

(C.8) 35

<0.

Differentiating o with respect to A in the characteristic equation (C.1) gets

08 K’ 00
(ORY) 26 —+—0-b—=0.
(©9) h oL A oA

Transforming equation (C.9) generates

2
(C.10) @:_2’(—5_
oA 2*(2p5-b)

Substituting equation (C.4) into equation (C.10) results in

05 k5

OA A2 p* -4p
Differentiating o with respect to x in the characteristic equation (C.1) leads to

(C.12) 2ﬂ5@—2—’(5—b@:0.
ok A oK

(C.11) >0.

Transforming equation (C.12) produces

(C.13) @ ___2k0
ok A(2B5-b)

Appendix D: Determining A° with 7 =7"+5(z_-x") in a Purely Forward-

Looking, New-Keynesian Model

The central bank operates with discretion. That is, the central bank always re-minimizes each

period, subject to the Phillips curve (3.3), the expectation of the intertemporal loss function
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(D.1) L =E, (Zﬂf/:i’j,

t=0
with the period loss function (2.7) and targets defined in equations (3.11a) and (3.11b). The
Lagrangian expression of the problem equals

(D.2) £= Eoiﬁt %[(ﬁt - _5(7@_1 —;;*))2 +A° (xt -x* _5(xt_1 —x° ))2} |

+y, (kx, + pr,,, +u,—1,)

t+1

The first-order conditions with respect to 7 and x equal the following:

i [/1” (xt —x" - é‘()cH —x* )) + /a//,}

8_£:E0 =0 fort=0,1,...
0x, —peA (xt+1 —x’ —5(x, —x’ ))

(D.3) oL g (7= =0z =) v ) fort =0
or, —ﬂ&(ﬁl—ﬂ*—ﬁ(ﬂo—ﬂ*»
a_’g=E0 / [(ﬂt o _5(7[[71 _ﬂ*»_%} =0 fort=12,...
o, ~p5(7 =7 =8 (7, - 7))+ B By

As the central bank re-makes policy each period, eliminating the multiplier y( leads to
the consolidated first-order condition for /=0
K{[(?Z'O - ) - 5(7[1 - )] - ﬂ5[(E07r1 - ) - 5(710 - )]}
+ A" {[(xo —x“)—é’(xfl —x* )] —ﬂ5[(E0xl —x“)—ﬁ(xo —x* )]}ZO‘

As we require that discretionary policy replicates the optimal policy, the optimal

(D.4)

solutions in equations (3.7a) and (3.7b) from timeless perspective must satisfy equation (D.4).
Using equations (3.7a) and (3.7b) for =0,1 and E,u, = pu, results in

5(1-p)

(D5a) ﬂo_ﬂ*_é‘(”l_”*):_mIJO’
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(D.5b) Er, -7 —5(7[0 —72'*) = _(51(—1—6_26;30))%’

(D.5¢) X, —x* —5(x_1 —x“):—le—iﬁp)uo,and

Kop

D.5d Ex —x"-0(x,—x")=———u,.
( ) oM ( 0 ) i(l—éﬂp) 0
Substituting equations (D.5a), (D.5b), (D.5¢), and (D.5d) into equation (D.4) implies that

A equals the following:
(D.6) A=—""7].

Appendix E: Determining A° with 7’ =z +(E,7rt+1 - )/5 in a Purely Forward-

Looking, New-Keynesian Model

The problem follows the same path as in Appendix D, except that 7’ =7 +(Et7z,+1 .y ) / o

rather than 7” = o7, . The Lagrangian expression of the problem equals

(E.l) o= EOZOO:ﬁt %[(ﬂ} - —(7Z't+1 _71-*)/5)2 + b (xt —x* _§(xt_] —x° ))2j| |
=0 +y, (th + pr,.,, +u, —7rt)

As the central bank operates with discretion, we only need to calculate the first-order

conditions regarding 7y and xy to determine A

£2E0|:(7Z'0—7Z'*—(7Z'1 —72'*)/5)—1//0}:0; and
0

(E.2)
Y (T S W R

Eliminating the multiplier y( results in
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K'|:(7Z'O (E T, — )/5] |
+ A" {[(xo —x“)—5(x71 —xa)]—ﬂé'[(EOxl —x“)—é'(xo —x“)]} =0

As we require that discretionary policy replicates the optimal policy, the optimal

(E.3)

solutions in equations (3.7a) and (3.7b) from the timeless perspective must satisfy equation (E.3).

Using equations (3.7a) and (3.7b) for 0,1 and E,u, = pu, leads to

* * 1_
(E.4a) Ty — 7T —(Eoﬂ'l—ﬂ' )/5=1_5Zpu0,

a a 5
(E4b) Xog —X —5(.?(?_1—)6 )=—Wuo,and
E4 Ex —x —&(x. —x° ____Kp
(E.4c) oX —X (xo x ) i(l—é‘ﬂp)uo

Substituting equations (E.4a), (E.4b), and (E.4c) into equation (E.3) gives

(E.5) o 1=p 4
5(1-5Bp)
Appendix F: Weight Response to Structural Parameters in a Purely Forward-

Looking, New-Keynesian Model

The weight in the central bank loss function equals

b l-p
F.1 A=
(=D (=)

Differentiating A” with respect to p produces

b —
(F.2) o ___ 1= ;0.

op  5(1-8pp)

Differentiating A” with respect to 3 generates
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oA’ A(1-p) { 5 }
F.3 =— 1-28fp)—=-5p|.
(F.3) B 5 (s8] ( ﬁp)aﬂ p

Substituting equation (C.6) into equation (F.3) results in

oA’
(F.4) 5 A(1-p)

(1-6)(1-288p) - 5p (285 - b)
—5(1-app) (285-b)

Noting equation (C.4), we determine that
(F.5) ~5(1-8p)’ (285 -b)>0.

Focusing on the numerator of equation (F.4), we determine that
(F.6) (1-8)(1-288p) ~ 5p (285 —b) = (1~ ) +(b—25)p > 0.

According to equations (F.5) and (F.6), we can show that

b

(F.7) o4 >0.

op

Differentiating A with respect to A and substituting equation (C.10) into the result leads

to

oA" 1-p K (1-28Bp
(F.8) = ( ) 5 (1—5ﬁp)+¥ .

04 §(1-8pp) A(2B5 -b)

We cannot determine the sign of d4°/64, since it depends on the values of the parameters.

Differentiating A” with respect to x and substituting equation (C.13) into the result produces

oA’ 2K(1—p)
E9 = 1-256p).
2 ok (28 -b)5(1-Bp) (1-248)

2k(1-p)
~(285-b)5(1-Bp)’

Noting equation (C.4), we know that the sign of 1s positive. So

b

the sign of %i depends on the sign of (1-25fp).
K
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Appendix G: Socially Optimal Solution in a Hybrid New-Keynesian Model
The optimization problem minimizes the social intertemporal loss function (3.1) with period loss

function (3.2) subject to the Phillips curve (4.1). Its Lagrangian expression equals the following:
(Gl) £=E> p {%[(ﬂ —7;)2 +A(x, —x ) }w, [wx, +gr_ +(1-¢) B, +u, -7 ]}
t=0

The first-order conditions equal

%:Eo{ﬂfp(x,—x*)my/,}}:o for £ >0
(G.2) %:EO[(%—;;*)—V/“M%}:O fort=0.
S—j::EO {ﬁt |:(7Z't —7r*)—1//tJ+,B”]¢t//t+1 +p (1—¢),3%_1} =0 fort>1

Eliminating the multipliers from equation (G.2) gives the consolidated first-order

conditions as follows:
(G.3a) (xo—x*)—qﬁﬂ(onl—x*)=—§(7zo—;z*) fort=0,and

(ont _X*)_ ¢ﬂ(ont+1 - X*)_(l - ¢)(ont—1 _X*)

(G.3b)
Z—E(Eoﬂ't—ﬂ'*) fort>1
A

We work backward to solve equations (G.3a) and (G.3b). That is, we first solve {7[ X }

127t
for £1, then {r,,x,} . Combining equations (G.3b) with the Phillips curve (4.1) produces
af*Eyx,., = BEX

+bEx, — E)x, ,+aEx, ,

t+1

(G4) —(1-¢)(1- ﬂ){ 7 +¢(1-pB)x }.%Eoulzo fort>1,
where
(G.52) a=¢(1-9)
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2

(G.5b) bE1+K72+¢2ﬂ+(1—¢)2,B:1+,B+K7—2aﬂ,and

(G5c¢) x,=0.

Assume that o equals a root of the characteristic equation
(G.6) aB’st — 6’ +bS5* —5+a=0.

Assume that the solution of equation (G.4) for £>1 takes the following form:
(G7) X, =0x,_ +e+ fu,.

Using equation (G.7) and E,u, = pE,u, , leadsto

(G.8a) Eyx, =0Ex,  +e+ fpEu, ,

(G.8b) E,x

t+1

=6’Eyx,_ +(5+1)e+(5+p) fpEyu,,, and

(G.8¢) E,x

t+2

=5 Eyx_, +(0* +5+1)e+(8" +3p+p7 ) f pEgu, ;.

Substituting equations (G.8a), (G.8b), (G.8c), and Eu, = pEu, , into equation (G4)

results in
(a6 = B> +b5 ~1) Eyx,_, +aEyx, , + (a’f + gj pEu,
(G9)
+ce—(l—¢)(1—ﬁ){§ﬂ'* +¢(1—ﬂ)x*} ~0,
where
(G.10a) c=ap (6" +5+1)-p(5+1)+b and
(G.10b) d=af’ (5" +3p+p")-B(5+p)+b.

Transforming equation (G.9) and noting that —1/ (a L5 — pS* +bS —1) =5/a from

equation (G.6) produces
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Eyxx,  =0Ex, , +é{ce—(l—¢)(1—ﬂ)[§ﬁ* +¢(1—,B)x*}}
(G11) ¢

+ é(df + Ej pPEu, .
a A

Comparing equation (G.11) with equation (G.7) implies

(G.12a) eza(l;f)_(il_ﬂ){%ﬂ*+¢(1—ﬂ)x*} and
Kop

Similarly, to interpret the constant e in equation (G.7), we compute the implied output gap

target

(G.13) X'=——= bn +¢(1—,8)x*]

Note that x* = 0, when ¢ = 1.

Compute
Sc—a=08|aff’ (6* +5+1)-B(5+1)+b]-a
=af’(5°+5°+5)-p(6* +5)+bS—a

(G.14) and

—af’S + a5’ +afPS— 5> - BS+bS —a

=(ap’s’ - p5° +b8)+af’s’ +af’5 - p5—a

(Sc—a)s = [(a5253 ~ S +b8)+af? 8 + aﬂzé—ﬁa—ap
(G.15) .
=(ap’s* - p5° +b5° )+ a5’ +af’S’ - B5° —as
Noting that af’S* — p6° +b6” =5 —a from equation (G.6), (G.15) becomes

(G.16) (5c—a)5:5—a+aﬂ253+aﬂ252—ﬂ52—a5.

Subtracting equation (G.16) from equation (G.14) gives
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(G.17) (6c—a)(1-5)=(5c—a)—(5c—a)d=(aP’ +b-B-1+a)s.

Substituting equation (G.5b) into equation (G.17) produces
K’ 2
(G.18) aﬁ2+b—ﬂ—1+a:7+a(l—ﬁ) :

The implied output target equal

X = =(1—¢>(1—ﬁ>{"”*”¢<1—ﬂ>x’l

1-6 2+ da(1-BY
(G.19) «+ da(l-F)
1-¢)(1-4)A . .
_(1-9)(1-5) 2 [5” 41— B)x J
K+ 2a(1-p) L2

Using equation (G.7) for £>1 leads to
(G.20a) Eyx, =0Exx,  +e+ fEu,,
(G.20b) Eyx,, =0Ex, +e+ fpEu,,and

_ S
(G.20c) Eyx, ,=0Ex, ,+e+—Eu,.
Yo,
Using equations (G.20a), (G.20b), and (G.20c) yields
Eyx, —¢PEx,,, _(1 _¢)ont—1 = é‘I:onz—1 —9PEx, _(1 _¢)ont—2]
(G21)
+¢(1—ﬂ)e+[¢(1_ﬁp2)_(1—p)}£E0u,.
Transforming equations (G.3b) gives
* K *

(G22) Eyx, —@BEyx,,, —(1-¢)Eyx,, = p(1- B)x —E(Eoﬂt —z') fort=1.

Substituting equations (G.22) (for £1) and (G.12b) into equation (G.21) generates

A | A
E,r, =0Er, +(1 —5) T +;¢(1—ﬂ)x —;¢(1—ﬂ)e
(G23) s
+|g(1- 80" )-(1-p) |-———E,u,.
[(1-80")~( p)]wpd_a) ol
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The constant term in equation (G.23) equals

(1—5)[7{“+%¢(l—ﬂ)x*}—%¢(l—ﬂ)e
(G24) , , .
=(1_5){ﬂ*+;¢(1_p)x* —;qﬁ(l—ﬂ)x“}.

Denote

“ . A . A « = A + a
(G25) =7 +;¢(l—ﬂ)x —;¢(l—ﬂ)x =7 +;¢(1—ﬁ)(x -x“).

Thus, if ¢ = 0, then 7°=7" andif =1, then 7[”=7r*+&(1—,3)x*,sincex“10.
K

Equation (G.23) becomes

0 Eu..

(G.26) Eo(irt—72”)=5(E07rt_1—7r“)+[¢(l—ﬂp2)—(1—pﬂ(5pd_a) W,

Now compute 7. Substituting equation (G.19) into equation (G.25) produces

Kz’ +/“L¢(1—ﬂ)x’l

”=7z*+i — x*—i - - -
7 =x =g (1= p)x == 4 (1= A)(1-4)(1 ﬂ)[ 7 aa(1-p)

=7 +%¢(1—ﬂ)x* —%a(l—ﬂ)z [m* M¢(1_ﬂ)ﬂ

K +da(1-p)’

A A . A . _A(1-p)x
d +K'¢( ﬂ)x Ka( ﬂ) K2+/161(1—ﬂ)2 Ka( lB) KZJ”M(I_ﬂ)z
ra(1-p) . 2 __2a(1-p) 2 .
- Zp(1-p)x" - At
C gy T e

={1 /w(l_ﬂ)z)z}r*+{l fall—p) }iﬂlﬂ)x*

K>+ da(1- K> +da(1-p) |
2

K . A .
Zé(1-
K’ +/1a(1—,8)2 [” +’<¢( ﬂ)x }

That is,
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KA K - .
. = — 1-8)x |.
(G27) i K2+/1a(1—ﬂ)2 [ﬁﬂ +#(1-7) }

In sum, the optimal paths {z,,x,} for £1 equal

(G.28a) T, =x +5(77t_1 —ﬂ“)+[¢(1—ﬂp2)—(1—p)}(5pd;;_a)ut , and
« a KOp
(G.28b) X, =X Jr5(x,_1 -X )—mu, ,

where 7 and x“ are defined by equations (G.27) and (G.19). As we adopt the timeless optimal

policy, we do not compute the policy for =0.

Appendix H: Determining A° with 7z =7‘+5(z_ -x*) in a Hybrid New-
Keynesian Model

The Lagrangian expression of the problem equals

1 [ 2 b 2}

© —|\7, -7 =6(n,_,—7")) +A7(x,—x"=S(x,_, —x*

=0 +Wt|:’(xt+¢ﬂt—1+(1_¢)ﬂﬂt+1+u1_ﬂt:|

As the central bank operates with discretion, we only need to calculate the first-order

conditions with respect to 7, xo, and x;

£:E [(ﬂo—ﬂa)—é‘(ﬂ_l—ﬂa)J_‘//o }0,

om, —ﬂé[(ﬂl—fz”)—é(ﬂo—7[”)]+,6’¢t//1

(H2) % _ EO AP |:(x0 —x° ) — 5()671 —x° ):| +KY, 0, and
0x, —por’ [(x1 -x* ) - 5(x0 - x* )}
a_»ng ﬂ{/lb[(xl—x“)_5(x0—x“)]+l(l/ll} :0
o - Bor’ [(xz —x”’)—é(x1 -x* )] .
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Eliminating multipliers w and v/, yields
K{[(ﬂo —ﬂ”)—&(ml —ﬂ“)]—ﬂé[(E T, —ﬂ“)—é(ﬂo —ﬂ”)}}
(H.3) +/1”{[(x0—x”)—§(x J ¢+§ [ E,x, —x* xo—x“)]}
+/1b{¢,8 5[(Ex2—x Exl—x ]}
Using equations (4.2a) and (4.2b) for /=0,1,2, E,u, = pu, and Eyu, = p’u, resultsin

)

(H.4a) (m-7")-8(n,—7")= [¢(1—ﬁp2)—(1—p)] (5d—a) u,
(H.4b) (BEjm,—7")=8(7,—7") = [¢(l—ﬁp2)—(l—p)]ﬁpz¢0,
(H.4c) (50 =3")= (.~ ") === (g’gjlp_a)

(H.4d) (Ex, —x)=5(x, —ﬂ:—% puy, and

(H.4¢) (Eyr, —x)-5(Epx, 4);% o,

Substituting equations (H.4a), (H.4b), (H.4c), (H.4d), and (H.4e) into equation (H.3)

leads to A” as follows:

i) /1” _(¢-4)(1-5p )4

p(1-¢pp)
where
(H.6) g =P
1-pp
Appendix I: Determining A" with ﬂ,”:ﬂ“+(E,7z,+l—7r“)/5 in a Hybrid

New-Keynesian Model
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The Lagrangian expression of the problem equals
P l[(ﬂl - —(E7z,+1 - /5)2 +A" (x —x* —5(xt_1 —x“))z}
(L1) L=EY 12 :
+l//t|:K‘)C +¢7Ttl+(1 ¢ ﬁﬁt+1+u :|
As the central bank operates with discretion, we only need to calculate the first-order

conditions with respect to 7, xy, and x; as follows:

2_50:7[0_”0_(E0”1_”a)/é‘_‘//o+/3¢%:O;
(1.2) Zj Al (xo—x —5(x71—xa))+l(‘§//0—,35ﬂ,b (onl—x"_5(xo—x”)):0; and
%zlb(onl—x“—5(x0—x“))+la//l—ﬂ&u"(onz—x“—§(xl—x“))=0.

Eliminating multipliers %, and ¥, gets

of(m—#) (5]
(13) +/1”{[(x0 —x )—5(x_1 —x") |- B(5+9)[ (v —x*)-5(x, —x“)]}
+ A {¢ﬂ25[(E0x2 —x*)=8(x, —x“)]} =0.
As we require that discretionary policy replicates the optimal policy, the optimal

solutions in equations (4.2a) and (4.2b) from the timeless perspective must satisfy equation (I1.3).

Using equations (4.2a) and (4.2b) for =0,1,2, E,u, = pu,,and Eyu, = p’u, leads to

(L4a) (72'0 —ﬂ”)—(Eozrl —-r )/5= —[¢(1—ﬁp2)—(l—p)] (5,06,10—61)“0,
(I.4b) (xo—x“)—é'(x_l—x“):—%uo,
(I.4c) (onl —x”)—é'(xo —x”) = —%/mo , and
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K6p 2
2(6pd—a)” "

(I.4d) (on2 —x")—é'(EOx1 —x”) =—
Substituting equations (I.4a), (L4b), (I.4c), and (1.4d) into equation (I.3) generates A” as

follows:

. (-9)(1-5")
(15) A —(5(1_5ﬂ,))(1—¢ﬁ'P)/1

where ¢. is denoted by (4.11).

Appendix J: Weight Response to Structural Parameters in a Backward-Looking
Model (¢ < g< 1)

We begin with equation (4.10) as follows:

(6=0)(1=50°) | _pli=d8p)-(1=¢) , [, _(1-9) ], _
o-0p0) " pl-00p) ﬂ{l p(l—cffﬁﬂ)}i 8

(J.1) A=

Differentiating A” with respect to ¢ leads to

or' _p(i-gfp)-(1-¢)fp’ , __(1-fp)

J.2) 5 = =A>0.
o9 [ P(1-¢p8p)] p(1-¢pp)
Differentiating A” with respect to /3 generates
ox* _ 0’ p(1-¢Bp) + [ P(1-¢Bp) - (1-¢) |4p’
(13) Y [P(1-g0)]
_Z(=9)¢
(1-¢pp)

Differentiating A with respect to A leads to

04 or' _(¢-4.)(1-fp )>0.
oA p(1-¢pp)

Differentiating A° with respect to x results in
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Differentiating A” with respect to p produces

02" (1-246p) p(1-¢Bp) - p(1-¢6p)~(1-9) |(1-2¢6p)

% [p(1-gp0)]
(J.6) > >
:(1_¢)(1_2¢ﬁf) =+0as (1-2¢Bp)<= 0.
[p(1-gp0)] |- <
Appendix K: When Does the Weight Response Equal A in the Forward-Looking

Model (0 < g<dg)

We begin with equation (4.14) as follows:

. (8.-0)(1-50")
(D ¢ _5(1—5ﬁp)(1—¢ﬂp)ﬂ

Note that A” does depend on &, which depends on model parameters.

We solve for the coefficient of A equal to one as follows:

(Kz) (¢C _¢ﬂ"=i)(1_'gp ) =1

5(1-36p)(1~4,._,5p)

We can show that the following result holds:

(1-p)-6(1-6p)

(K.3) b, = _ ,
(1= 50%) =P (1-36p)

where ¢, equals the value of ¢, where A’ = A. The parameter ¢,  may take on positive or

negative values as well as exceeding or falling short of ¢ = a=p) . We cannot compare A’

©(1-pp%)

and A.
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