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Abstract

We test the assumption of conditional symmetry used to ifyesid estimate
parameters in regression models with endogenous regsaesgbout making any
distributional assumptions. The specification test prefddsere is computation-
ally tractable, does not require nonparametric smoothamgl, can detect nl1/2-
deviations from the null. Since the limiting distributiohtbe test statistic turns
out to be a non-pivotal gaussian process, the critical galoleimplementing the
test are obtained by simulation. In a Monte Carlo study we theeapproach
proposed here to test the assumption of conditional synymediintained in the
seminal paper of Powell (1986b). Results from this finite gi@nexperiment sug-
gest that our test can work very well in moderately sized dasap
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1. INTRODUCTION

Let (Y, X )1+dim( x)x1 be an observed random vector and p a real valued function of X

known up to a finite dimensional parameter such that for some 6, € © C RI™(®)

Y = u(X,00) +e. (1.1)

The unobserved “error” e represents the aggregate effect of all factors affecting Y that are
not part of the model and may therefore be correlated with some or all coordinates of X, i.e.,
the explanatory variables may be potentially endogenous. We assume that ¢ is continuously
distributed with full support on R.

To identify 6y, the parameter of interest in (1.1), we assume the existence of a ran-
dom vector Waimwyx1 (the instrumental variables for X') such that the unknown conditional
distribution of € given W is symmetric about the origin, i.e., the null hypothesis is that

Hy: Law(e|W) = Law(—¢|W). (1.2)

W and X can have elements in common because the exogenous coordinates of X act as their
own instruments. If all regressors are exogenous then, of course, W = X. For notational ease,
the vector containing the distinct coordinates of X and W is written simply as (X, W).

The main objective of this paper is to propose a smoothing-free test for (1.2) against
the alternative that it is false, i.e., the alternative hypothesis is that

Hy . V0e0, Law(c(0)|W) # Law(—c(6)|W), (1.3)

where £(0) :=Y — u(X,0) (of course, e(6y) = ¢).

Symmetry is a powerful shape restriction because it unambiguously fixes the location un-
der minimal assumptions, e.g., € need not possess any moments. Moreover, it yields additional
information about the underlying distribution in the form of an infinite number of moment
conditions (namely, that the mean of every odd functions vanishes) that can be exploited to
increase the efficiency of estimators. These fundamental properties are essentially the rea-
son why symmetry is often imposed on statistical models to identify parameters and estimate
them more efficiently; cf., e.g., Bickel (1982), Powell (1986b), Newey and Powell (1987), and
Newey (1988). Symmetry considerations can also play important roles in economic modeling.
For instance, since constraints in the nominal wage adjustment process can affect the smooth
functioning of labor markets, much attention has been paid in empirical labor economics to
determine whether the changes in nominal wages are symmetrically distributed in order to test
the hypothesis that nominal wages are downwards rigid, cf., e.g., Card and Hyslop (1996),
Christofides and Stengos (2001), and Stengos and Wu (2004). In empirical finance, the pricing
of risky assets depends upon the skewness of the distribution of their returns, i.e., assets that
make the portfolio returns more left (right) skewed command higher (lower) expected returns,
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cf. Harvey and Siddique (2000) and the references therein. Additional examples of symmetry
restrictions in empirical macroeconomics and finance can be found in Bai and Ng (2001).

Since symmetry restrictions are widely used, it is not surprising that nonparametric
tests to determine whether the assumption of symmetry is supported by the data have been
extensively studied. For instance, there is a large statistical literature on testing symmetry
in univariate models; cf. Randles and Wolfe (1979, Section 3.5) and the references therein.
For multivariate models, Fan and Gencay (1995), Ahmad and Li (1997), and Zheng (1998)
use kernel smoothing, Bai and Ng (2001) employ the martingale transformation proposed by
Khmaladze (1993), and Neumeyer, Dette, and Nagel (2005), Delgado and Escanciano (2007),
and Neumeyer and Dette (2007) rely on empirical process theory. While the smoothing ap-
proach leads to tests that are consistent against fixed alternatives, these tests possess zero
power against n'/?-deviations from the null and moreover they depend upon smoothing param-
eters which are not always easy to choose. Khmaladze’s transformation leads to distribution
free tests which have power against n'/2-alternatives, although it too requires nonparametric
smoothing. The empirical process based tests require no smoothing but are not distribution
free so that critical values for implementing the test cannot be tabulated in advance; instead,
they are obtained by simulation.

Although our test is also based on comparing two empirical processes, it differs from
the aforementioned papers in some important ways. First, unlike these papers, we allow the
regressors in our model to be endogenous. This is a non-trivial extension because endogeneity of
regressors does affect the limiting distribution of the test statistics (cf. Example 3.1). Second,
the Kolmogorov-Smirnov (KS) type statistic we propose is computationally more tractable
than the one proposed in these papers because it only requires a search over a finite number of
points (cf. Section 2). By contrast, the KS statistics in Delgado and Escanciano and Neumeyer
et al are implemented by searching over the uncountable set R?, where d depends upon the
dimension of the variables involved. Third, unlike the earlier papers who only use the empirical
distribution function to construct the test statistic, our technical treatment is very general and
encompasses a large class of test functions allowing us to determine the asymptotic properties
of a large class of test statistics in a unified manner. Finally, in the simulation experiment
in Section 6 we study how the approach proposed here can be used to test the assumption of
conditional symmetry maintained in Powell (1986b). To the best of our knowledge, this issue
appears not to have been examined earlier in the literature (except perhaps for a brief mention
in Powell (1986a, p. 155) suggesting a quantile matching approach to test for symmetry).

The remainder of the paper is organized as follows. Section 2 motivates the test statistic,
and its large sample behavior under the null hypothesis is described in Sections 3. As the
limiting distribution of the test statistic turns out to be non-pivotal, Section 4 shows how to
simulate the critical values. In Section 5 we demonstrate that our test is consistent against
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fixed alternatives and possesses non-trivial power against sequences of alternatives that are
n'/2-distant from the null. Small sample properties of the test are examined in Section 6.
Finally, Section 7 concludes the paper. All proofs are in the appendices.

2. THE TEST STATISTIC

Our test for conditional symmetry is easy to motivate and is based on the almost obvious
fact (whose proof, for the sake of completeness, is provided in the appendix) that

Law(e|W) = Law(—¢|W) < (e, W) 4 (—e, W), (2.1)

“d”

where “=" is shorthand for “equal in distribution”. This suggests that a test for (1.2) can be
obtained by comparing the empirical distributions of Z := (g, W)1+dim(W)x1 and Z" := (—e, W),
where Z" denotes Z with its first coordinate reflected about the origin. Since Z and Z" are
unobserved as they depend upon e, we compare the empirical distributions of their feasible
versions Z := (&, W) and Z" := (=&, W) instead, where ¢ := Y — (X, ) and 6 is an estimator
of 0y, e.g., the IV estimator, obtained using data (Y7, X1, W1), ..., (Ya, Xpn, Wh).

Given z € R*4mW) et (—o0, 2] := (—o00, 2] x ... (—o0, 20+4m(W)] denote the closed
R 1+dim(W

lower orthant in ). Then one possible statistic for testing (1.2) is

2ER1+dim(W)

R:= sup |n! Z Loz (Zj) —n7! Z ooz (Z5)],
j=1 J=1

which resembles the usual KS statistic for testing whether two samples come from the same
distribution (here 1 is the indicator function). The null hypothesis is rejected if the observed
value of R is large enough. The computational cost of implementing R can be reduced by
restricting search to the finite subset Z := {Zl, AU Zn} that in a certain sense becomes dense
in supp(Z), the support of Z, as the sample size increases. Therefore, motivated by Andrews
(1997), we focus our attention on

ZEZ

Roiax = max |n_1 Z ]]-(700,2}(Zj) - n_l Z ]]-(—oo,z](Z;”
j=1

j=1

It will be shown later that R and f{max behave similarly in large samples. [Note that since z
consists of estimated observations (unlike the statistic in Andrews’s paper which is maximized
over the “true” observations), the effect of estimating €, has to be taken into account when
showing that Z is dense in supp(Z) as n — oo; cf. Lemma F.3 for exact details.]

As far as checking the equality of two probability measures is concerned, it is worth
keeping in mind that the lower orthants used in the construction of R and f{max can be substi-
tuted by any measure determining class of sets. For instance, letting S (W) denote the unit



sphere in R"*4m(W) " (1.2) could also be tested with

n n
Hi=  sup [0 Tpen(Z) —n' > luen(Z))
(2,£)€SAm(W) xR e e

which employs closed half-spaces H(z,t) := {s € R4mV) + > <t} instead of orthants. Anal-
ogous statistics when closed/open lower orthants are replaced by closed/open upper orthants
or when closed half-spaces are replaced by open half-spaces etc. follow mutatis mutandis.

It is useful to consider the statistics described above as special cases of a general statistic
so that asymptotic properties of a large class of test statistics can be investigated in a unified
manner. To accomplish this goal we introduce some compact notation. Henceforth, let Py
be the distribution of a random vector U and Py denote the empirical measure induced by

n observations on U, i = n~' Y% Oy, where dy; is the Dirac (i.e., point) measure

at Uj; eg., Py i=n! Z 10, and P, i=n"! > i 0z are the empirical measures induced

by Zis. .. Zn and Zl, . .,Zfl, respectively. Let F be a collection of “test” functions from
R+dmW) 5 R and ¢*°(F) denote the set of bounded functions from F — R. We often
use linear functional notation to write the integral of f € F with respect to Py as Py f =
[ f(2)Pz(dz) = [ f(u,w)P.w(du,dw). [If the region of integration is omitted it means that
integration is over the support of Z.]

A general KS statistic for testing (1.2) can now be defined as

R\S}' -= sup |sz - I@’an’ = 8sup |(IP>Z - I@)z)f‘ (2.2)
fer fer

The statistics described earlier are encompassed by @f for appropriately chosen F. For
instance, if Fy := {I(_aoys) @ 2 € RHdim(W)} is the set of indicator functions of lower orthants
in Z, then KSz = R. Similarly, if 7y = {Tgpy (=) € € SimW) x R} is the collection
of indicators of closed half-spaces in R**4™W) then KS = = 1. Although Rmax can also be
written as KSI1 with F, := {Tey t 2 € Z}, for technical reasons we prefer that F not
be random. Hence, we will deal with Ry, separately when showing that it has the same
asymptotic properties as R.

The expressmn for KS 7 in (2.2) can be further simplified. In particular, instead of
expressing KS; as a contrast between IF’ and ]P’Zr as we do in (2.2), there is an equivalent
representation in terms of a single measure. To see this, let f*(Z) := f(Z*). Then,

KS7 = sup [P,(f — ). (2:3)
feF

Besides reducing computational cost (only one empirical measure has to be calculated instead
of two), this equivalence also simplifies some technical arguments (e.g., showing the asymptotic
tightness of KSx) because we only have to deal with one measure instead of two. Notice that
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since f — f" is antisymmetric in its first coordinate, KS 7 will be small (ideally zero) if the null
hypothesis is true. Hence, (2.3) also has an appealing interpretation.

The following additional notation is used for the remainder of the paper: A(f) :=
(e(0), X, W) is the random vector containing (#) and the distinct coordinates of X and W
hence, if all regressors are exogenous, i.e., W = X, then A(0) = (¢(0), X). We write Ay := A(6))
for notational convenience. Keeping in mind that €(6) is continuously distributed whereas X
and W may have discrete components, pag)(u, z,w) du k(dz, dw) := P a)(du, dz, dw) denotes
the density of P4(p), where the dominating measure x is a mixture of the Lebesgue and counting
measures. Given a random vector U, Lo(Py) is the set of real-valued functions of U that are

square-integrable with respect to Py. The Lo(Py) inner product and norm are (aj, as)p, =

[ ai(w)as(u) Py(du) and ||all2p, = <a,a>ﬂlj,é2. The euclidean norm is || - || and B(6,¢) is the
open ball of radius € centered at ; its || - ||-closure is B(6,¢).

Throughout the paper we maintain the assumption that the observations (Y, X;, W),
7 =1,...,n, are iid. Unless stated otherwise, all limits are taken as the sample size n — oo.

3. LARGE SAMPLE RESULTS UNDER THE NULL

In this section, we derive the asymptotic distribution of KS 7 when the null hypothesis is
true. To do so, we make use of the notion of convergence in distribution of stochastic processes
taking values in ¢>°(F). Cf. Chapter 1.5 of van der Vaart and Wellner (1996), henceforth
referred to as V&W, for details regarding convergence in distribution in £°(F).

If 6 is known and Hy is true, then (P, —P,.)f = (P, —P,)(f — f*) for f € F. Hence,
under standard conditions on F, it can be shown that the process {n1/2(]fDZ — I@’Z)f : feF}
converges in distribution in ¢>°(F) to a mean zero gaussian process {Gof : f € F} with
covariance function EGqfiGofe = E((f1 — f1)(Z2)(f2 — f2)(Z)), f1,f2» € F. Consequently,
n'/2KS# converges in distribution to the random variable sup rer |Gof|. Of course, in practice
0y is unknown and has to be estimated. As we now show, the estimation error from using 6
instead of 6, shifts the limiting distribution of I@’Z — ]fDZ and, hence, KS F.

For maximum generality, we try to impose as few restrictions as possible on our model.
For instance, we do not require p to be smooth in 6; instead, we only assume that u(z,-) is

mean-square differentiable at 6y, i.e.,

Assumption 3.1. There exists a neighborhood of 6y such that for all 6 in this neighborhood,
w(z,0) = p(z,0) + 1 (x,00)(0 — 0o) + p(x,0,00) where i : REMX) x RIMO) _y RAMO) 544
isfies [ ||fu(x,00)||* Px(dz) < oo and the remainder term p : REME) »x © — R is such that
J supye5@s 5 (7,0, 60) Px(dx) = 0(6%) as & — 0. [Note that p is identically zero if i is linear
in parameters.]
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Since mean-square differentiability is weaker than pointwise differentiability, our setup
allows for kinks in the functional forms for pu.

Let 0; denote partial differentiation with respect to the first argument. The next as-
sumption stipulates that

Assumption 3.2. (i) © = p.x=¢w=w(u) is differentiable a.e. on R and the conditional second
moment of 81p€\X=m,W=wy denoted by va,(z,w) = f(al 10gps\X=x,W:w)2(U) pE\X:x,W=w(u) du,
is uniformly bounded, i.e., [[Vay|loo = SUD (4 w)esupp(X) xsupp(w) [V4, (T, w)| < 00. (ii) The condi-
tional distribution of €| X, W is Lipschitz, i.e., there exists a nonnegative ¢ € Lo(Px ) such
that | [,y Peix=aw=uw(W) du— [ 1 Peix=aw=u(u) du| < ((z,w)[ty —to| for all t1,t; € R.

/2

(i) implies (cf. Hajek, 1972, Lemma A.3) that the square-root density pil X Wew 18

mean-square differentiable, i.e., given 6 € Lao(Px w),

1/2 1/2

Prl o+ 8(z,w)) = L (1)
1/2
pe(X:x,W:w<u>

_ 1 alps\X:z,W:w (u)
2 Pe|X=2,W=w (u)

Sz, w) +r(d(x,w),u,z,w), (3.1)

where, for each ¢ > 0, [r?(6(z,w),u,z,w) Pex—yw=u(du) < ed*(xz,w). As a consequence,

17(6, s M2pa, = 0o(ll6]l2pxw) as [[0]l2pxy — 0. This fact is used to bound remainder terms

for (B.3) in the proof of Lemma 3.1. (ii) implies that F; and F» satisfy Assumption 3.3(v).
The requirements on the class of test functions are as follows:

Assumption 3.3. (i) F separates probability measures on R©FI™W) ye if Py £ Py are
probability measures on RIFTEMW) then Py f £ Pof for some f € F. (ii) F has a bounded
envelope, i.e., Mz = Sup ;e pxri+ammw) | f(2)] < oo. (iii) F is Pa,-Donsker. (iv) Elements of
F are stable with respect to perturbations in their first argument in the sense that f € F —
f(-+t,-) € F forallt € R. (v) There exists a continuous function q : [0,00) — [0,00) such
that q(0) = 0, supser (- — A 0,00),) = F( Yo, < alld = ol and supger [1/7(- -
A(X7 0, 90)7 ) - fr<'> ')HQJP’AO < Q(He - 90”)7 where A(Xa Oa, eb) = ,u(X, ea) - ,U(Xa (91)).

(i) is necessary because we employ elements of F to distinguish between the distributions
of Z and Z" (cf. the proof of Theorem 5.1). F; and F; satisfy (i) due to the fact that orthants
and half-spaces separate probability measures. (ii), clearly satisfied by indicator functions,
helps to uniformly (in F) bound remainder terms in (B.3) in the proof of Lemma 3.1. In
(iii), F is required to be Donsker with respect to the “bigger” measure P4, rather than P in
order to control the estimation uncertainty (from estimating ) associated with the endogenous
components of X. (iii), which implies that F* := {f*: f € F} is also P4,-Donsker because F
and F* are covered by the same number of Ly(P 4, )-brackets, is used in the proof of Lemma 3.2
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to show that P, — P, converges in distribution in £>°(F). Following V&W (Example 2.5.4), F;
(hence F7) is P4,-Donsker because its Lo(P 4, )-bracketing entropy is finite; the same argument
shows that F» (hence F3) is P4,-Donsker. (iv) implies that test functions with estimation error
as an argument are still test functions. To see this, let f € F; so that f = 1(_o 7)x(=cc, for
some (7,v) € R x RI™W) Then f(Y — u(X,0), W) = T sorix(—oon](& — A(X,0,00), W) =
]1(7OO,T+A(X79A’90)]X(7OO’U}(5, W), implying that f(Y — u(X, é), W) € F; the same argument works
for F» as well. (v) is similar to (2.7) of Khmaladze and Koul (2004) and (3) of van der Vaart
and Wellner (2007). Under Assumption 3.2(ii), F; and F, satisfy (v) with q(t) o t*/2 (cf.
Lemma F.2). (iii)—(v) plus an asymptotic equicontinuity argument helps uniformly (in F)
bound (B.2) in the proof of Lemma 3.1.

We also assume that 6 is a consistent estimator of o, i.e.,
Assumption 3.4. plim(0) = 6.

We are now ready to describe how estimation of 6, affects the empirical distributions of
Z and Z~; this will help us derive the limiting distribution of KSz. Henceforth, fo(+) == fu(+, 6p)
and the symbol op,c indicates asymptotic negligibility in outer probability (Pr°) to take care

of measurability issues that may arise when taking the supremum over an uncountable set.
Lemma 3.1. Let Assumptions 3.1-3.4 hold. Then,

sup (P = B2)f = {f, 01 10g pan) i), (0 = o)) = omee(177%) + 0021 = o]
€

j (Pge —Pze) f — (f7, (0110 pay)itg)pay (0 — 00)| = opee (/%) + op: (|| — 6o])).

The term (-, (91 1og pa, ) f1o) e 4, (0 —0y), which vanishes if § = 6y, captures the uncertainty
arising from estimating 6. It is useful to note that Lemma 3.1 holds whether the null hypothesis
(1.2) is true or not (provided 6 is suitably redefined, cf. Section 4). We will exploit this fact
in showing the consistency of KSr (cf. Lemma F.1).

Next, we derive limiting distribution of KS#. Begin by observing that since n'/2KSz :=
SUp e 7 In'/2(P, — P,,)f] is a functional of the stochastic process {n'/?(P, — P,)f : f € F},
its distribution is determined by the distribution of {n'/2(P, — P,.)f : f € F}. The latter
can be identified from the joint distribution of its marginals. Towards this end, fix f € F and
write (P, —P,)f = (P, —Py)f — (Py —P,)f + (P, —P4)f. Hence, since P, = P4 by (1.2),
under the hull hypothesis we have that

~ ~ ~ ~

(PZ - PZr)f = ((]P)Z - ]PZ)f - <f7 (al logpAo)/l6>PAO (é - 60))
— (P —Pze)f — (f", (O11og pay ) t)e, (0 — 00))
+ Py —P2)f — Pz —Pze) f+ (f — [* (01 1og pay )it )., (6 — 6o).



Then, by Lemma 3.1 and the fact that (By — Py)f — Py — Py ) f = (B — P,)(f — f7),
n'2(P, —Pu)f = Xo(f) + ope (1) + ope (|02 = 6p)||)  unif. in f € F, (3.2)

where Xo(f) := n'2(Py — PL)(f — f) + (f — [, (& logpAo)%)pAonl/Q(é — 6p). Notice that

A~

since (P, — ]fDZ)f = (P, —Pz)(f — f7) under the null, we can rewrite (3.2) as

n'2(By —Py)(f — [7) = n'/?(Bz = P2)(f — f) + (f = f*, (91 log pa, ) fig)e,,n'* (6 — o)
+ 0peo (1) + opp(|[n2(0 — 60)||)  umif. in f e F.

This leads to a nice interpretation of (3.2), namely, that (3.2) represents a linearization of the
process {n1/2(]f”2 —Py)g : g € Axr} about 0y, where Azx := {f — f*: f € F} is the set of
functions generated by F that are antisymmetric in their first coordinate.

To identify the marginal distribution of XO, we need some additional information about
6. In particular, we assume that

A

Assumption 3.5. 6 is asymptotically linear with influence function ¢, i.e., nl/z(é — ) =
n~1/?2 > i1 (Y5, X5, Wy, 60) + ope(1), where Ep(Y, X, W, 0) =0 and E[|o(Y, X, W, 00)]|? < oc.

Thus, by the CLT for iid random vectors, (n'/2(P, —Py)(f — f*),n/2(6 — 0,)) is asymp-

totically multivariate normal. In particular, n'/ 2(@ —6) converges in distribution in RYI™(®) o
Ny, 4 N(Odgim(eyx1, Evopo’), where g := (Y, X, W, 6y). Hence, for all f € F,
S d .

where Xo(f) = Gof + (f — f*, (01 log pa,)ftg)es, Ngo and Go is the gaussian process defined
earlier. Since the remainder terms in (3.2) are asymptotically negligible in probability uniformly
in f € F, the process {nl/Q(ﬁDZ — ]fDZ)f : f € F} will converge in distribution in ¢>°(F) to the
limiting process {Xo(f) : f € F} provided {Xo(f) : f € F} is asymptotically tight. As the
next result shows, this is indeed the case.

Lemma 3.2. Let Assumptions 3.1-3.5 hold and (1.2) be true. Then,
(2P, — P f i f € F}Y S {Xo(f): f€F} in ((F).

Since & + sup ez |2(f)| (being a norm) is continuous on £°°(F) and the limiting process
in Lemma 3.2 takes values in *°(F), an application of the continuous mapping theorem (V&W,
Theorem 1.3.6) yields the limiting distribution of n'/2KSx := SUp e r |n1/2(1@32 - I@’Zr)f|

Theorem 3.1. Let Assumptions 3.1-3.5 hold and (1.2) be true. Then, the random variable
n'?KSz converges in distribution to the random variable supsex [Xo(f)]-

This leads immediately to the asymptotic distribution of n!/2R = n'/2KS Fi-
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Corollary 3.1. Let the conditions of Theorem 3.1 hold. Then, n/?R converges in distribution
to the random variable

Ry = sup |G01(—00,z] + <IL(—O<>,Z} - ILE—oo,z}a (01 logpAo)/léJ)PAo N |-

z€R1+dim(W)

Example 3.1 (No endogenous regressors). The limiting distribution of the test statistics sim-
plifies if there are no endogenous regressors. To see this, suppose that all regressors are exoge-
nous, i.e., W = X, so that Ay = Z. Since 2f = (f+ f*)+(f — f*) and (1.2) implies that 0;py is
antisymmetric in its first coordinate, it follows from Corollary 3.1 that n!/2R converges in dis-
tribution to the random variable sup,cgi+aimcx) [Gol(—oo,2] + 2(1(—00 2], (01108 D2) 1) P, Nyo|- T

We also expect nt/ QRmaX to converge in distribution to Ry under the null hypothesis
because JF; is dense in F, with probability approaching one (w.p.a.l) (cf. Lemma F.3). The
next result confirms this intuition (cf. Andrews, 1997, p. 1105).

Lemma 3.3. Let the conditions of Theorem 3.1 hold. Then, nY?Rpnax and n'/2R both converge

in distribution to the same random variable, i.e., Ry.

Now that we know how Ry behaves in large samples, a size-a test, o € (0,1), for (1.2)
based on Rumax can be formalized as follows: Reject Hp if n'/?Runax > Ca, where ¢, is the 1 — a
quantile of Ry. However, ¢, cannot be obtained from a table because the distribution of Rg
depends upon 6, (via N,,) and Py,; i.e., in other words, nY?Rypax is nOt an asymptotically

pivotal statistic. Instead, quantiles of Ry can be simulated as described in Section 4.

4. THE TEST USING SIMULATED CRITICAL VALUES

Simulated critical values for specification tests have been used earlier; cf., e.g., Su and
Wei (1991), Hansen (1996), Neumeyer, Dette, and Nagel (2005), Delgado, Dominguez, and
Lavergne (2006), and Delgado and Escanciano (2007). Intuitively, the basic idea behind simu-

lating critical values for Rmax is to introduce additional randomness in the data and construct

*
max

then yield a random sample from the distribution of f{max

an artificial random variable (say R ) that has the same distribution as Rumax under the null

*
max

hypothesis. Repeated draws of R
under the null, which can be used to estimate the quantiles of Runax 0 any desired level of
accuracy since the number of draws is in control of the researcher.

The test using the simulated critical values is implemented as follows:

(i) Use @ and the residuals &; := Y; — u(X;,8), j = 1,...,n, to calculate n'/2R .

(ii) Independent of the observed data D,, := {(Y;, X;,W;) : 1 < j < n}, use a random number
generator to generate Ry,..., R, "¢ Rademacher and define Y= p(X;, é) + Riéj, j =
1,...,n. [Recall that a random variable R is said to have the Rademacher or symmetric
Bernoulli distribution if Pr = (0_1 + 61)/2, i.e., R takes values —1 and 1 with equal
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probability.] Since Law(Ré|Wi, ..., W,,) = Law(—Ré|W4,...,W,) by construction, the
simulated sample {(R;é;,W;) : 1 < j < n} satisfies the null hypothesis.

(iii) Re-estimate 0y using (Y}, X;, Wj), j = 1,...,n to make the estimation error in the sim-
ulated sample resemble the estimation error in the data. Denote the resulting estimator
by 6* and let & =Y/ — u(Xj, é*), j=1,...,n, be the corresponding residuals.

(iv) (;alculate Anl/zf{jnaj( = 7"{1/2 max, z. [n~! Z;‘;} L(—oo(Z;)—n"" >y L(—o0,(Z;")|, where
Z* = {Zy,..., 2}, ZF = (5, W), and Z* = (—¢*, ). As shown subsequently,
n'/?R has the same limiting distribution as 7'/?Rp,. when the null hypothesis is true.

(v) Repeat (ii)(iv) B times, to get B random draws from the distribution of n'/2Ry,.y under
the null hypothesis. Calculate the 1 — o sample quantile (c; p) for these draws.

(vi) The decision rule “Reject Hy if the value of n'/?Rpay observed in (i) exceeds ¢, g then
leads to a size-a test for (1.2). Alternatively, the p-value can be obtained by calculating

the fraction of draws in (v) that exceed the observed value of n'/ Rinax-

We now show that (vi) is justified asymptotically. To summarize our approach, we
first prove that n'/2KSy = nl/2 supser|(Ps. — Ps.)f| has a well defined limiting distribu-
tion irrespective of whether the null hypothesis is true or not. From this it will follow that
n'2R* := 2 sup, cgisammw) [0 > i L(—oo,)(ZF) = > L(—o0,1(Z;")| has the same lim-
iting distribution as n'/?R under the null and is bounded in probability otherwise. The proof
ends by showing that n'/2R*

max

has the same limiting distribution as n'/?R* whether the null

is true or not, implying in particular that n'/?R*

¥+ (hence its quantiles) is bounded in proba-

bility even when the null is false. Therefore, the test using critical values from the simulated
distribution of n'/2R*

max

is consistent, i.e., it rejects a false null w.p.a.1, because n'/?Ruax — 00
w.p.a.1 when the null hypothesis is false (cf. Section 5).

We begin by assuming that 6 and 6* have a well defined limit even when the null
hypothesis is false, i.e., irrespective of whether (1.2) is true or not,

Assumption 4.1. plim((6*,0) — (61,6,)) = 0 for some 6, € O,

0, is called the “pseudo-true value” and it exists under very general conditions (of course,
if the null is true then 6, = 6y). Let Z(0) := (e(8), W), Z*(0) := (—(0), W), A, := A(6,), and
let # denote the linear operator that “Rademacherizes” the first component of its argument,
eg., Z(Z) = (R&,W) and Z(A;) := (Re(61), X, W). Given f € F, we can write (cf. the
remark at the end of this section)

Py —Psu)f = Paze1) — Pazro)f + Psr —Pazo))f — (Pruw — Pazro.)) f
= (Paz01) — Pazen)(f — 1)

~ ~

+ (Pg — Pazo)f — P — Pazron) f- (4.1)
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To get some intuition behind why it makes sense to center the last two terms about ]13’@( 7(6,)) and
P@(zr(@l)), respectively, notice that £* = Ré — A(X, 6, é) = Re(6)) —A(X, 6, é) — RA(X, 0, 01).
Hence, Pz* — P, #(2(6,)) captures the estimation error from re-estimating ¢y using the simulated
sample; a similar interpretation holds for IP’Z*r — P, R(Z(01))-

To study the properties of IP’Z* and IP’Z . without assuming the null to be true, we
strengthen Assumptions 3.1-3.3 as follows.

Assumption 4.2. (i) There exists a neighborhood of 61 such that for each 6 in this neighbor-
hood, ju(x,6%) = p(z,0) + it (2, 0)(6" — 6) + ple, 6%, 6) with ||supszs; (- 6,0)l|aex = 0(0)
a5 6 = 0, [ 00l| € Lo(Bx), and [, 0) — i, 0)llazy = ore(L). (i) peoyar satisfies
Assumption 3.2. (iii) Assumption 3.3 holds with P4, replaced by Pga,y and A(X,0,00) re-
placed by A(—1, X, é*,é,&l) and A(1, X, é*,é,@l), where A(R, X, 0,,0,,601) := A(X,04,0,) +
RA(X, 0,,06).

Since plim(d) = #; by Assumption 4.1, (i) implies that, w.p.a.1, u(z,0%) = u(z,0) +

i(x,0)(0" = 0) + plx,07,6) and ||SUP§GMIO('7§7 Ol = o(6" = 8]l). Under (i),

Hfé*’é — f91’91||27[p>%(141> < q(]|(6%,8) — (61,0,)]]). These facts help prove the first result in this
section, which shows how the re-estimation step affects the empirical distributions of Z* and
Z*" (cf. Lemma 3.1 for a comparison). Henceforth, let fiy(-) := (-, 61) and, for f € F,

fOa% (Re(0y), X, W) := f(Re(6y) — A(R, X, 0,,6,6,), W)
[0 (Re(0y), X, W) = f'(Re(6y) — A(R, X, 04,6, 6,),W).

Lemma 4.1. Let Assumptions 4.1 and 4.2 hold. Then, whether or not the null is true,
sup [(Py. = Pazoi)f = Pacan (S = 1)
feF
—0.5(F = 7, (D1 10g pa )it e, (0% — )] = opee (n™72) + op (10* — 0]
and

?u_f; |(EDZ*r - I@g(zr(el)))f — Pg(Al)(fre,e _ fr01,91)
S

A

= 0.5(F" = £, (Dr1og pay )it e, (6" = O)] = opee (n™172) + 0 (107 — O])).
As shown in the appendix,
]P)%(Al)(fgﬁ . f01,01) _ P%(Al)(fra,a . fr91,01)' (4.2)

Therefore, by (4.1) and Lemma 4.1 and irrespective of whether the null is true or not,

n2 Py, —Puu)f = Xi(f) + opre(1) + ope(|n/2(0* — 0)||)  unif. in f € F,
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where

Xi(f) == n"* Pz — Paczen)(f — 1)+ (f = £ (01 log pa, i)z, n' (07 — 6).  (4.3)

The empirical process {nl/g(I@’%(Z(gl)) — Pozo))(f — f*) : f € F} converges in distri-
bution in ¢*°(F) to Gy, a mean zero gaussian process with covariance function EG, f1G, fo =
E((fy — f)(Z(00)(fo — f)(Z(01))), fi,fo € F; cf. the proof of Lemma 4.2. X! is thus a
simulated version of X that remains well defined even if the null hypothesis is false. This also
illustrates the importance of re-estimating 6y using the simulated sample: If 6, was not re-
estimated, i.e., set 0* = @ in (4.3), then X*{ would not mimic X under the null and there would
be no reason to believe why n!/ 21/{\8_; would possess the same limiting distribution as n'/2KS
when the null hypothesis is true.

Let Pr* and E* stand for probability and expectation conditional on D, i.e., integrals
with respect to the Rademacher distribution (because given D,,, the only source of randomness
in (Y*, X, W, é) is R). Stochastic order symbols under Pr* are written as op,» and Op,~.

To derive the distribution of {X%(f): f € F}, we assume that

Assumption 4.3. (i) Conditional on D,, 0% is asymptotically linear with influence function
©*, ie., n/2(0F — 0) = n~V2 >y cp*(Yj*,Xj,I/Vj,é) + ope= (1), where E*o*(Y*, X, W,0) = 0
and E*||o*(Y*, X, W,0)||> < co. (ii) Lindeberg’s condition is satisfied, i.e., for all € > 0 and
A € RImO) E[|No*(Y*, X, W, 0)PL(|INo*(Y*, X, W,0)| > en'/?0%)] = o(c%?) , where 032 1=
E*[n=Y/2 30 No" (Y7, X5, W5, 002 (i) 05 = E[No1]? + ope(1), where o1 == o(Y, X, W, 0;)
and @ s the influence function defined earlier in Assumption 3.5.

This assumption is straightforward to verify if y is linear in parameters, cf. Neumeyer,
Dette, and Nagel (2005, p. 705). Conditional on D,,, n'/2) (6* —8) /o converges in distribution
to a standard gaussian random variable by (i), (ii), and Lindeberg’s CLT. Hence, by (iii),
n'/2(6* — ) converges in distribution, conditional on D,,, to Ny,
vector with variance E[p1¢]]. A dominated convergence argument (Andrews, 1997, p. 1101,

a 1mnean zero gaussian random

footnote 2) then implies that n'/ 2(@* — é) also converges in distribution unconditionally to N, .

This leads to the following result about the limiting distribution of P, — P,...

Lemma 4.2. Let Assumptions 4.1-4.3 hold. Then, whether the null hypothesis is true or
not, {n'?(P,. —P,.)f - f € F} 4 {X1(f) : f € F} in £>(F) conditionally on D,,, hence
unconditionally, where Xy(f) == Gyf + (f — f*, (01 logpa, )fi1)e s, Ne, -

It follows by the continuous mapping theorem that

Corollary 4.1. Under the assumptions maintained in Lemma 4.2, nl/QI/(\S*f converges in dis-

tribution to sup ez |Xi(f)| whether the null hypothesis is true or not. Consequently, letting
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F = Fi, the same holds for n1/2f{*, 1.e., 1t converges in distribution to the random variable

Ri= sup  [Gil(—wos) + (L(—ooz) = L o) (Or10g DA, )11 )Es Ny l-

2eR1+dim(W)
Therefore, n'/?R* has the same limiting distribution as n'/2R under the null (because

then 0; = 0y) and is bounded in probability otherwise. Finally, we have that

Lemma 4.3. Under Assumptions 4.1-4.3, n*/?R*.__ and n'/*R* have the same limiting distri-

bution whether or not the null hypothesis is true.

Since n'/? Ry and n'/2R have the same asymptotic distribution under the null (cf.
Lemma 3.3), it follows by Corollary 4.1 and Lemma 4.3 that n'/ 2R*  has the same limiting

max

distribution as n*/?Ryax when the null hypothesis is true and is bounded in probability oth-
erwise. Therefore, under the null, the simulated critical value cj, p converges in probability
(conditional on D,,) to ¢,, the 1 — a quantile of Ry, provided B — oo as n — oo (cf. Andrews,
1997, p. 1108). This completes our argument justifying the use of simulated critical values.

Remark. By Rademacherization, (Re(6,), W) 4 (—Re(01),W). Thus, for f € F,
Pz f = Ef(#(2(01))) = Ef(Re(61), W)
= Ef(—=Re(01), W) = Ef*(Re(61), W) = Pazo,)) /"
Hence, Pyz0,))(f — f*) = 0. Moreover,

[(Z(Z"(6h)) = f(—=Re(01), W) = ['(Re(61), W) = [(Z2(Z(61)))
= Pazronf =n" Zf =n 'Y (% ) = Pazon [

7=1
Therefore, (P z(0,)) — P@(zr(el)))f = (P,%’(Z(Gl)) — Paz.))(f — )
5. LARGE SAMPLE RESULTS UNDER THE ALTERNATIVE

We begin by showing that our test is consistent, i.e., it rejects any deviation from

conditional symmetry with w.p.a.1.

Theorem 5.1. Let (1 3) be true and Assumptions 3.1-3.4 hold with (6o, €) replaced by (61,£(61)).
Then, lim,,_, n'/? KS; oo w.p.a.l.

Hence, nl/zl/(\S; will reject (1.2) w.p.a.1 as n — oo because the simulated critical values
are bounded in probability (cf. Section 4). Letting F = F; in Theorem 5.1, we have that n'/2R
is consistent. With a little additional effort, we can also show that

Theorem 5.2. lim,_oo n'/?Rinax = 00 w.p.a.1 under the conditions of Theorem 5.1.
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Hence, n'/ Qf{max is consistent against fixed alternatives as well. Next, we derive the
power of n'/ 21/(\87 against a sequence of alternatives that lie in a n'/?-neighborhood of the
null. To create the local alternatives of interest, begin by assuming that the null hypothesis
is true, i.e., Py = P4. Next, let 6,, be a sequence in © such that lim,,_,. #,, = 0y and assume
that A, := (£(6,), X, W) is drawn from the perturbed measure P4, := P4, (1 +n~'/2h), where
ho: RIF4mV) 5 R is such that ||k« = SUPR xsupp(w) [P(U, w)| < 0o and [ hdPyz = 0 (these
conditions ensure that P4, is a probability measures for n > ||h||%). Reflecting the first
coordinate about the origin, this leads to a sequence of distributions for Z(6,) := (£(6,), W)
and Z"(0,,) := (—¢(6,), W) given by

Hi, : Py, i=Pr(1+n2h) & P,y = Py(1+n"120Y). (5.1)
Henceforth, let h* # h. Then, for f € F,
(51) - (Pz(gn) — PZT(GH))JC = n_1/2IF’Z(h — hr>f = n_1/2Fh(f)

and sup;cz |Un(f)| > 0 because F is measure determining and h is not symmetric in its first
coordinate. Thus, (5.1) defines a sequence of local alternatives for (2.1).

Since observations under Hy, are independently but not identically distributed because
the underlying measures Pz, and Py ,) depend upon n, the assumptions introduced in
Section 3 have to be strengthened in order to derive the distribution of n!/ 2KS F under Hy,.
We begin with Assumption 3.1.

Assumption 5.1. There exists a neighborhood of 6y such that for each 0, in this neigh-
borhood, p(z,-) is mean-square differentiable at 0,, i.e., u(x,0) = u(x,0,) + {1'(x,0,)(0 —
0n) + p(2,0,0,) with || supypg 5 P(,0,00)|2px = 0(6) as & — 0, [|(-,00)| € L2(Px), and
£2(:, On) = (-5 00) |2 = o(1).

Next, we strengthen Assumption 3.2.

Assumption 5.2. (i) There exists a neighborhood of 0y such that for each 0, in this neigh-
borhood, pc(9,) x=z,w=w @5 a.e. differentiable on R and the conditional second moment of the
derivative is uniformly bounded on N x supp(X) x supp(W). (ii) For each 6, in the afore-
mentioned neighborhood, the conditional distribution of £(0,,) given (X, W) is Lipschitz and the
nonnegative Lipschitz constants ((,) are such that sup,, ¢, € Lo(Pxw).

Assumption 3.3 is modified as follows:

Assumption 5.3. (i), (i), and (iv) are same as (i), (i), and (iv) of Assumption 3.3. (iii) The
bracketing integral [;° sup, ey /log Njj(e, F, La(Pa,)) de < 0o. (v) Same as Assumption 3.3(v)
but with (P4,,00) replaced by (Py,, 0,).
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F1 and Fy satisfy (iii) because indicators of orthants and half-spaces are VC, hence,
universally Donsker (V&W, Example 2.5.4 and Problem 2.6.14). The argument in Lemma F.2
shows that F; and F» also satisfy (v) under Assumption 5.2(ii). By V&W (Theorem 2.8.4),
(i) and (iii) imply that F is Donsker and pre-gaussian uniformly in (P4, ). Since F and —F"
are covered by the same number of (pointwise) Lo(IP4, )-brackets,

Ny(e, F = F5, Ly(Pa,)) < Nyy(e, F, La(Pa,)) X Nij(e, =F", Lo(Pa,)) = Nj(e, F, La(Pa,)).

Hence, by (iii),

/ sup \/IogN[] (€, F — F*, Lo(Py,)) de </ sup \/210gNH(6 F,Ly(Py,))de < 0.
0

neN 0 neN

Therefore, by V&W (Theorem 2.8.4), F — F" is Donsker and pre-gaussian uniformly in (P4, ).
This fact is used in the proof of Lemma 5.2.
Finally, Assumption 3.4 becomes

Assumption 5.4. plim(d —6,,) =

Under these conditions it is straightforward to show that Lemma 3.1 remains valid
with 6y replaced by 6, (the proof of the following result is virtually identical to the proof of
Lemmas 3.1 and 4.1 and is therefore omitted), i.e

Lemma 5.1. Let Assumptions 5.1-5.4 hold. Then, under Hy,,

sup |(B7 = Pagon))f = {1, (91108 pa)ii)es, (0 = 6n)| = opee(n™7%) 4 06— )
€

sup (B3 = Paro,)f = (I, (9110 pa, )fig)zs, (0 — 6:)| = 0pre (n™2) + 0pc (/16 — 6, ]))-
€

As in Section 3, we use Lemma 5.1 to derive the distribution of n'/ 21/(\8; under Hy,.
Begin by observing that

~ A ~

Py —Ps =Py —Pse,) — Pz = Preon) + Pzon) — Pzo) — Pze0,) — Pzeion)
+ (Pz60,) — Pzr(0,))-
Hence, by (5.1) and Lemma 5.1,
n'2(Py —Pu) f = Xo, (f) + Tu(f) + opre (1) + ope(||n/*(0 — 6,,)|]) unif. in f € F,

where X@n(f) = nl/Q(I@Z(g PZ(Q W=+ (= f" (O logpAn)/l’)pAnnl/z(é—Qn). To identify
the marginal distribution of X, assume that (cf. Andrews, 1997, Assumption E2(i)):

Assumption 5.5. (i) Assumption 3.5 holds with 0y replaced by 6,,. (i) The Lindeberg condition
E[Nn?L(|Ngn| > en/20,,)] = 0(03,,) holds for all ¢ > 0 and A € RY™®) where ¢, =
o(Y, X, W,0,) and 03 ,, := E[N@,]* = E[N o).
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By Assumption 5.5, n'/2(—#6,,) converges in distribution to N, by Lindeberg’s CLT for
inid random variables. Let 0k exist and ||01h]|o < 0o. Since logpa, = logpa,+log(1+n"1/2h)
(the second term is well defined for n > ||h||%),

(f = 1", (B11ogpa,)iwo)e,s, = (f = f7 (Bi10g pag)to)e., + 1 *(f = f7, (Bih)jio)e .,
so that, by Cauchy-Schwarz,
[(f = f*, (Orlog pa, ) fo)ea, — (f — f*. (D1 logpa,)fto)e., |
< V2(f = 5, (B + 01h) (91 1og pa, ) fio)e .,
<72 f = fllapag 17+ 01Blloo 1040l | (itfz0) /2 |2

Hence, for each f € F, Xy, (f) converges in distribution to Xo(f) by Lindeberg’s CLT. There-
fore, n'/2(P, —P,,)F converges in distribution in £>°(F) because (X, +1')F is asymptotically
tight.

Lemma 5.2. Let Assumptions 5.1-5.5 hold. Then, under Hy,,
(n'2Py, — P, f: feF} S {Xo(f)+Tu(f): f € F} in £(F).

Consequently, by the continuous mapping theorem we have the limiting distribution of
nY2KSx under Hy,,.

Theorem 5.3. Let Assumptions 5.1-5.5 hold. Then, under Hy,, the random variable nl/QI/(\S;
converges in distribution to the random variable sup ;e r |X(f) + Tn(f)|.

Letting F = F; in Theorem 5.3, we immediately get that

Corollary 5.1. If Assumptions 5.1-5.5 hold then, under Hy,, the random variable n*?R con-
verges in distribution to the random variable

SUp  |Gol(—ooz) + (L(—0oz) = Loz (D1 108 Pag) o) B, Ny + Th(1(—o0,2)]-

2EeR1+dim(W)

Given that we know that n'/ QRmaX and n'/2R behave similarly under the null, it is also

not surprising that

Lemma 5.3. Under the conditions of Theorem 5.3, n'/?Ryax and n*/?R have the same limiting

distribution under Hy,.

Finally, as in Andrews (1997, p. 1114), it can be shown that n'/ 2KS 5 is asymptotically
locally unbiased (the same argument works for n'/?Ryy.x as well). Indeed, since (F, || - ||op 4) 18
totally bounded (cf. the proof of Lemma 3.2), there exists a sequence of increasing finite sets
(F;) whose limit U2, F; is dense (in the || - [l2p,, norm) in F. Hence,

§U£|(X0+Fh)f’: sup  |(Xo+Th)fl= sup [(Xo+Th)f],
c

fEU, F; feuiz i
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where the second equality follows because Xo +1I'; is || - [|2,p, -continuous on F w.p.1. [Almost
all sample paths of Xo(F) are uniformly || - [[2p, -continuous by V&W (Addendum 1.5.8), and
uniform | - |[2,p,,-continuity of I', follows because [I'y(f)| < 2[|h||oc || fll2p,, for all f € F, ie.,
[, is a bounded linear functional on F.] Therefore, if B — oo as n — o0,

lim PrHln(nlﬂl/(\S; > ¢, p) = Pr(sup [(Xo + I'p) f| > ca)
fer

n—o0

=Pr( sup |(Xo+Th)f] > ca)

fEU?il]:j

= lim Pr(sup |(Xo 4+ I's)f| > ca) (continuity of prob. meas.)
J—00 fe]—‘j

> lim Pr(sup |Xo(f)| > ca) (Anderson’s lemma)
J—00 f€]'—j
=Pr( sup |Xo(f)| > ca) (continuity of prob. meas.)
fGU]Qil]:j
= Pr(sup [Xo(f)] > ¢a) = o
feFr

Hence, our test has non-trivial power against the local alternatives.

6. MONTE CARLO STUDY

In a seminal paper, Powell (1986b) showed how to identify and estimate censored or
truncated regression models under the assumption that the error term in the latent regression
model is symmetrically distributed conditional on the regressors (no additional distributional
assumptions are needed). Applications of Powell’s symmetric trimming approach that we are
aware of, e.g., Levitt (1996), Chay and Powell (2001), Jacoby, Murgai, and Rehman (2004),
and Kopczuk (2007), to name a few, simply assume the aforementioned conditional symmetry
condition. However, since the latter is critical for Powell’s approach to go through, it is impor-
tant to have a test to determine whether the conditional symmetry assumption maintained in
Powell’s paper is supported by the data. In this section we demonstrate how our test can be
applied for this purpose (we use the simulation designs in Powell’s paper).

We begin by setting up Powell’s model in our notation. Consider the linear regression
model Y? = X'0y + U°, where the response variable Y is latent and U° is continuously

Wy ”

distributed on R. [Powell uses a “x” superscript to denote latent variables but we avoid this

Wy ”

because in our paper a “x” superscript indicates simulated random variables, cf. Section 4.]
Instead of observing Y, the researcher only observes its left-censored version

YO ifY?>0 U if U° > —X'6,
Y = — U=
0  otherwise —X'6y otherwise,
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where U := Y — X'y is the residual from the censored regression. We focus on left-censoring
because we replicate Powell’s simulation design; extension to right-censoring or truncation
follows mutatis mutandis.

In his paper, Powell showed that if the structural error term U° in the latent model
is symmetrically distributed about the origin conditional on the regressors, all of which were
assumed to be exogenous, i.e.,

U')x £ U)X, (6.1)
then 0y is identified and the symmetrically censored least-squares (SCLS) estimator é, defined
via equation 2.10 of his paper, converges almost surely to 6.

Let V' denote the symmetrically recensored version of U in Powell’s approach, i.e.,
Uo° if —X/90<UO<X/90
U if U < X'6,
V= =X, iU > X6, (6.2)
X'0y otherwise
—X"0y if U° < —X"0,.
Since the conditional distribution of V| X has support [—X'6, X'6], it is necessary to assume
that X'6y > 0 (at least with positive probability) to ensure that the support is not empty,

cf. Powell (1986b, p. 1440). We use Ry to test (6.1) with the understanding that now ¢ in
the definition of Ry is replaced by an estimator of V', namely,

o U ifU< X'
X'0 ifU > X0,

where 6 is Powell’s SCLS estimator, U := Y — X', and all regressors are exogenous, i.e.
W = X thus, here

~

f{max = o Imax n ZI]-( 00,v] X (— ooa:]( ZI]-( 00,v| X (— ooa:]( va)l

(U,$)€{(V1,X1) 7777 (VTL?X”)}

The motivation behind using Ryunax comes from the fact that, given X, the recensored residual
V is symmetrically distributed about the origin if and only if U° is symmetrically distributed
n [—Xleo,Xleo], ie
VIX £ —V|X on [~ X'y, X'6] < U°|X £ —U°|X on [— X', X'6,).
Indeed, the conditional density of V|X = z (with respect to a dominating measure that is a

mixture of the Lebesgue measure on R and the counting measure on {—x'6y, 2'6y}) is given by

pAfy x—, (1) == pAfyo;x—p () L (—ar.a00) (1) + Projx—a(U® < —=2"60) L (w05 (t)
+ Pyojx—(U° > 2'00) L(wgyy (1),  tE€R. (6.3)
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Hence, pdfy, x_, is symmetric on its support (which is [—2'0), 260]) if and only if pdfye x_,. () =
pdfyox—,(—t) for t € (=2'6p,2'0) and Pyojx— (U < —a'y) = Pyojx—o (U > 2'6p). This
makes it clear that the symmetrically censored residuals in Powell’s approach can only be used
to test whether (6.1) holds on the support of Law(V|X).

The main technical difficulty in applying our test to verify Powell’s conditional sym-
metry assumption comes from the fact that in Section 1 the error term ¢ was assumed to be
continuously distributed with full support on R whereas the symmetrically recensored residual
relevant for Powell’s approach, defined in (6.2), has bounded support conditional on the regres-
sors. However, as shown in Appendix E, our technical arguments still go through under some
additional regularity conditions.

Before presenting the finite sample results we recall Powell’s experimental setup; addi-
tional details can be found in Section 4 of his paper. Powell’s latent model is the simple linear
regression Y0 = 6y + 0, X + U° with X < Unif(—1.7,1.7) and U° £ N(0, 02). The simulation
results reported in Tables 1 and 2 are for testing that V|X 4 —V|X. Since Powell imposes
independence between UY and X in his simulation design, by (6.3) this is equivalent to testing
that U° < —U° on the support of Law (V| X).

The empirical size of n'/2Rya is reported in Table 1 for three different sample sizes,
namely, n = 50,100,200, and three specifications: (6, 6,0?) € {(0,1,2),(0,1,1),(1,1,1)}.
These specifications are designs 3, 1 and 4 in Powell’s paper and correspond to the cases when
censoring is high (50%) and the scale of U is high (0% = 2), censoring is high and scale is low
(62 = 1), and censoring is low (25%) and scale is low. To keep the running time manageable,
the results in Tables 1 and 2 are based on 300 simulations and 500 replications per simulation
for simulating the critical values as described in Section 4 (i.e., we create a simulated sample
(Y*, X) with Y* := X'6 4+ RU and use it to re-estimate 6* by symmetric censoring to get 6%,
U* and thus V*; the latter in turn is used to construct R, for simulating the critical values).
Code for the simulation was written in R and is available from the authors.

The results in Table 1 suggest that our test is working pretty well. For each sample
size we fail to reject the hypothesis that the true size is statistically different (at 5% level of
significance) from its nominal value as the corresponding ¢-statistics are all bounded by 2. This
finding holds whether censoring and scale are high or low suggesting that the size of n!/ 2Romax
also appears to be fairly robust to the degree of censoring and the scale of UY.

We also carried out a small simulation to examine the power of n!/ Qf{max in finite sam-
ples. The latent response in Powell’s design was generated with U° 4 LogNormal(yu, 0?) (an
asymmetric distribution) and the parameters 6y, 01, u, 0 were chosen to produce three levels
of censoring, namely, ~ 3% (low), ~ 25% (medium), and ~ 50% (high), and three levels of
skewness of V', namely, ~ —0.2 (low), = —0.5 (medium), and ~ 0.9 (high). Since increasing

the skewness of V' should make the asymmetry of U easier to detect, the least favorable model
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TABLE 1. Empirical size of 2R .

Nominal size («)

Design n  0.01 0.05 0.10

50 .01 037 077

(:006) (.013) (.017)

censoring = 50%, scale =2 100 .02 .06 113

(.006) (:013) (:017)

200 .013 .05 .097
e _L005)_ ____ (03 (017)

50 .003 .047 08

(.006) (.013) (:017)

censoring = 50%, scale =1 100 .013 057 12

(.006) (.013) (:017)

200 .013 .04 087
N 101 S €1 .) N L B

50 .003 057 087

(.006) (.013) (.017)

censoring = 25%,scale =1 100 .01 .033 .087

(.006) (.013) (.017)

200 .013 .05 .087

(.006) (013) (.017)

The last three columns report the fraction of simulations for which n!/ 2Rmax > ch B

Monte Carlo standard errors in parenthesis.

in Table 2 is Design 3 (corresponding to high censoring and low skewness) whereas the most
favorable one is Design 1 (low censoring and medium skewness). The results in Table 2 suggest
that censoring and skewness of V' both seem to affect the power of the test. Rejection rates
are high for the low censoring level even when n = 50. Keeping the skewness of V' fixed,
an increase in the censoring reduces power although the rejection rates are close to ideal for
n = 200. Overall, these results suggest that n'/ 2Romax appears to have good power for moderate
sample sizes even when the censoring is high and V' is not very skewed.

7. CONCLUSION

We have shown how to test for conditional symmetry in the presence of endogenous
regressors without making any distributional assumptions and without doing nonparametric
smoothing. The Kolmogorov-Smirnov type statistic we propose is easy to implement, does not
require optimization over an uncountable set, and can detect n'/?-deviations from the null.
Results from a simulation experiment suggest that our test can work very well in moderately

sized samples even under nonstandard conditions.
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TABLE 2. Empirical power of n'/2Rax.

Nominal size («)

Design n  0.01 0.05 0.10
50 .513 763 847
1 0h=1,0,=1 censoring = 3% 100 .937 993 1
pu=0,0%=1 skewness = 0.56 200 1 1 1
. 50 453 70T 8
2 0y =2,0, =45 censoring = 27% 100 .917 983 997
p=00%= skewness = —0.26 200 1 1 1
7777777777777777777777777777777777 50 .11 307 483
3 0o = —0.5,0; = 1.25 censoring = 48% 100 .457 707 81
p=—1,0%= skewness = —0.25 200 .857 94 98
7777777777777777777777777777777777 50 .27 52T 68T
4 0p=—0.5,0, =3  censoring = 49% 100 .74 913 957
p=—1,02= skewness = —0.53 200 .99 1 1
7777777777777777777777777777777777 50 413 63 757
5 0p=0,0; =1 censoring = 50% 100 .883 .96 98
p=-50*=1 skewness = 0.94 200 1 1 1

The last three columns report the fraction of simulations for which 7 2Rmax > c B

APPENDIX A. PROOFS FOR SECTION 2

Proof of (2.1). Let p.w denote the density of (¢, W) with respect to an appropriate dominat-

ing measure. Then,

(e, W) 4 (—e, W) <= pw(u,w) = p_.w(u,w) V(u,w) € R x supp(W

)
= Deyw=w(W)pw (W) = p_cw=w(w)pw(w) V(u,w) € R x supp(W)
= Dew=w(U) = P_cjw=uw(u) V(u,w) € R x supp(W)

— e|W < —e|W.

APPENDIX B. PROOFS FOR SECTION 3

Proof of Lemma 3.1. Let my, := (01 logpa,)fto. We only show that

sup [(Py — P2) f — (f,ma, e, (0 = 00)] = 0pee (n™7) + ope (1|6 — 65)).

feFr

0

(B.1)
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Since (Pz —Py)f = (P 5 — P,) /7, the corresponding result for I@’Z — P, follows by replacing
f with f"in (B.1). So let f € F and recall that A(X,6,6y) := u(X,0) — u(X,6). Since

f(Y - M(Xa 9)7W) = f(g - A(X797‘90>7W) = fg(g,X, W),

we have

n

Py —B2)f =n"1) [fle; — AX;,0,00),W;) — f(e; — A(X;, 00, 00), W;)]

j=1

=n! zn:[fé('fjan,Wj) = f(e5, X5, W)

j=1
= Pa, (f° — ).

Hence, we can write (P, — P)f = (P4, — Pa)(f0 = f%) + Pa, (£ — f%). Consequently, to
prove (B.1) it suffices to show that

sup ' (B, — Pa,) (17 = )] = oree (1) (B2)
Sup By (£ = ) = (3, )ea, (0 = 00)] = ov: (1 — b0l (B.3)

feFr

We will use equicontinuity of the empirical process n'/2(P4, — P4,) to demonstrate (B.2) and
mean-square differentiability of pi{f to show that (B.3) holds. [Cf. the proof of Proposition 2.2
in Khmaladze and Koul (2004) for a similar approach.]

We begin with (B.2). Given f € F, we know that f?, f% € F by Assumption 3.3(iv)
and || f? — f90||2,[p>A0 < q(]|0 — 6y]|) by Assumption 3.3(v), where ¢ is continuous and passes
through the origin, i.e., ¢(0) = 0. Hence, as

’(PAO_PAOXJCQ_JCQO)’ < sup ‘(I@)AO_PAO)(JCH_JCOO)‘
f97f90€-7:?||f9*f00||2,1P’A0 <q(|l6—=00ll)
< sup |<PA0 - PAO)(Q - h)l

g:heF:llg=hll2p,  <a(ll0—bol])

and the right hand side does not depend upon f,

~

sup |(EADA0 - PAO)(fG - f90>| < sup |(IP)A0 - PAO)(Q - h)‘ (B4>
fer 9,h€~7'—1||9—hH2,1PA0 <q(||6—00ll)

Since F is P 4,-Donsker by Assumption 3.3(iii), the empirical process {n'/2(Pa,—~P4,)f : f € F}
is asymptotically equicontinuous (V&W, Section 2.1.2), i.e., Ve > 0,

lim lim sup Pr°( sup InY2(Pyy, — Pay)(g — )| > €) = 0. (B.5)

6=00 n—oo g:heFillg=hll2,p 5, <a(ll6—0ol)
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Therefore, (B.2) follows by (B.4) and (B.5) because 6 is a consistent estimator of 6 (Assump-
tion 3.4).
Next, we show (B.3). Begin by observing that, for § € ©,

Py, f = /f(u — A(x,0,0p),w) Py, (du, dz, dw)
= /f(u — A(x,0,0p),w)pa, (u, x,w) du k(dz, dw)

= /f(t, w)pa,(t + Az, 8,0), z,w) dt k(dz, dw)

by the translation invariance of Lebesgue measure. Hence,

Py (fF — f%) = / F(tw)[pa(E+ Az, 0, 00), 7, 0) [pag (t 2, w) — 1P (dt, dz, dw).  (B.6)

Since
1/2 1/2
Pa, U+ A(2,0,00), ,w) = pa (u,z,w) (3.1 181pA0(u’x’w)A(x 0,00)
= = 9 s V0
pix/f(uw,w) 2 pan(u,z,0)

+7r(A(x,0,600),u, z,w),
it follows that

pAO(t+A<x7é790)>waw) o
—1=(al t Az, 0,0
pAO(t,x,UJ) (81 ngAo( ,1’,’[1))) ("E, , 0)

+0.25(81 log pa, (t, 2, w))2A2(z, 0, 0,)
+ 7r2(A(x, 0, 0o),t,x,w) + 2r(A(z, 0, 0o),t, T, w)
+7(A(x,0,00),t, 2, w) (8 log pa, (t, z, w)) Az, 0,60,). (B.7)

We use the decomposition in (B.7) to handle (B.6). By Assumption 3.1,
[ )@ 108 a8 5. w) A, 00) Py (o)

= / f(t7 w) (81 lngAO (t7 €, w))ﬂg(x)(é - ‘90) P4, (dt7 dx, dw)

+ / F(t,w) (0 log pa, (t, 2, w))p(x, 0) Py, (dt, de, dw).
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By Assumptions 3.2 and 3.3(ii), ||v4,]|cc V Mz < c0. Hence, by Jensen and Assumption 3.1,

| / F(t,w) (0 logpa, (t, z, w))pla, 0) P a, (dt, da, dw)

< M%/(@l log pa,(t,z,w))*(  sup \p(2,0,00)])* Py, (dt, dz, dw)
0€B(00,[16—60])

= M%/UAO(x,w) sup p*(,0,00) Py w(dz, dw)
6€B(00,]0—6o])

< M2 [valo / sup P2, 0,00) Py (da)
0eB(60,|0—00]|)

= o([|6 = 6o]*). (B-8)

Therefore,

sup | f(tv w)(al 1ngAo (ta x, UJ))A(JT, éa 90) ]P)A() (dta dZL', dUJ)
feF

= (f.mly ey (0 = 60)| = 0|0 = bol|).  (B.9)

Next, by Assumption 3.1,

| / Ft,w) (01 log pa, (t, 2, w))2A%(x, 0, 00) Py, (dt, dx, dw)|

< 2M;/(81 log pay (t, 2, w))* ([l o(@)[I* 10 = bol|* + ( sup  |p(x,0,00)])*) Pay(dt, dz, dw)
0€B(00,]16—00))

o, / vas (@, 0) (@210 — 62+ sup (.0, 00)) Pxyw(de, duw)
0€B(6o,|0—6o]|)

< 2Mf|!vAoHoo/(Huo(w)H2 10— 6l>+  sup  p*(2,6,00)) Px(dx)
0€B(00,]10—00|)

< 2M | / o) |2 B (dz) + o(1))]|6 — 8>

Therefore,

?cug ’ f(t> U)) (al IngAO (t> xz, w))2A2(:1:, é> 90) ]PAO (dt7 diL‘, dw)‘ = O(Hé - 90"2)
S

=op([|0 = 6o])  (B.10)
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~

because plim(6) = 6. Next, let € > 0. Then, by Assumption 3.1 and (3.1),
| / £t ) (A, 6, 80) ., 7, w) P ag (d, der, du)
< M]:/T2(A(:E,é,90),t,x,w)IP’AO(dt,dx,dw)
< Mye / A2z, 6. 00) Py (dx)

< 2Me / U@ 16— 6ol? +  sup (2.0, 00)) Px(de)
0€B(60,]|6—60]|)

< 2Mf6(/ 0 (2)1* Px(dz) + o(1))]18 — o>

Therefore, since € was arbitrary,
iug\ Ft,w)r*(A(x,0,00),t, 2, w) Pay (dt, da, dw)| = o([|0 — 6|1?). (B.11)
€
A similar argument using Jensen’s inequality reveals that
?u]1g| Ft,w)r(Ax,0,00),t, 2, w) Py, (dt, de, dw)| = 0(||é — bl]). (B.12)
€

Finally, since
| / f(ta w)r(A(x, é: GO)a t,x, w)al 1ngAo (ta Z, w)A(‘Ta év 00) ]P)AO (dt7 dl’) dw)|
<( / £t w) [P (A(, 0, 60), £, 2, w)P g (dt, d, duw)) /2

x (/ [f(8,w0)|(D1 log pag (t, @, w) )P A% (2, 0, 60) Pag (dt, dr, dw))'/?

by Cauchy-Schwarz, the arguments leading to (B.11) and (B.10) show that

sup | f<t7 U))T(A(.%, é? 60)7 t7 z, w)(al logpAo (tv z, w))A(:Ca éa 60) ]PAO (dtv dl’, dw)‘
feF

= o[l — 6ol*). (B.13)
Therefore, (B.3) follows by (B.6)-(B.13). O

Proof of Lemma 3.2. Recall that Xo(f) := n!/2(P;—Pz)(f—f*)+(f—f*,mly,)e,, n'/2(0—00),
f € F. Assumption 3.3(ii) implies that the sample paths of Xy are bounded functions on F.
Hence, by V&W (Theorem 1.5.4), {Xo(f) : f € F} converges in distribution in ¢>°(F) to a
tight limit process {Xo(f) : f € F} € €=(F) if {Xo(f) : f € F} is asymptotically tight and its
marginals Xo(fl), . ,Xo(fk) converge in distribution in R* to the marginals Xo(f1), ..., Xo(fz)
for every finite subset fi,. .., fi of F. From (3.3) we know that the limiting process, if it exists,
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is given by Xo(f) := Gof+(f — f*, ms,)p4, Ng- To verify its existence, it only remains to show
that {Xo(f) : f € F} is asymptotically tight. We proceed as follows. First, for each f € F,
Xo(f) is asymptotically tight in R by (3.3). Next, since F is P4,-Donsker (Assumption 3.3(iii)),
(F, 1 ll2pa, ) is totally bounded by Assumption 3.3(ii) and V&W (Problem 2.1.1). Hence, by
V&W (Theorem 1.5.7), {Xo(f) : f € F} is asymptotically tight if it is asymptotically uniformly
| - [[2,p,,-equicontinuous in probability, i.e., for all € > 0,

lim limsup Pro( sup  |Xo(f — g)| > €) =0, (B.14)

=0 n—00 f:g€f5,PA0
where Fsp, = {f,9 € F : [[f — gll2p,, < 6} Thus, we are done if we can show (B.14). Since
(f —g)F = f*—g", by definition of X, and the triangle inequality

Pro( sup  [Xo(f — g)| > 2€) < agp + Do,
fagef(s,]P’AU

where a;,, 1= Pr°(:supﬁgefé,mO N 2Py —P,)(f — f5) — (g — g°))| > €) and

b = Pro(sup  [{(f = 1) = (9= ¢")s iy, Jeuy 02 (0 = 60)] > o).

f7ge~F5,]P’AO

Now, F* is P4,-Donsker because this is equivalent to F being IP4,-Donsker (Assumption 3.3(iii)).
Consequently, F —F" :={f—g" : f,g € F}is Py,-Donsker by V&W (Theorem 2.10.2) because
the difference map is Lipschitz. Hence, since the empirical process n'/2(P; — P,)(F — F*) is
asymptotically tight under || - [lop,, (V&W (2.1.8)),

lim limsup a;,, < %im lim sup Pr°( sup In'2(Py —P,)(f — g)| > €) = 0.
H

020 noo 0 n—oo F9EF=F)sp
Next, by repeated applications of Cauchy-Schwarz,
(= ) = (9= ) may)eay (0 = 00| < IK(f = 9) = (" = ¢")s mag )i, 1110 — bl
< 2\f = gll2a, l0aslloo [l (iof0) Il 110 — b0l

because || f* — g [l2p,, = [If — gll2p,, for all f,g € F under the null hypothesis. Indeed,

17~ G e, = [ (7 = 90(-,0) Pexav(du. do, o)

= /(f — 9)*(—u, w) Py (du, dw) (marginal integration)
= /(f — 9)*(u, w) Py (du, dw) (change of variables and (2.1))
= /(f — 9)*(u, w) P x w(du, dz, dw) (marginal integration)

= £ = gl
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Hence,

lim lim sup bs,, < (lsim lim sup Pr°(e < 20||v4, |00 ||(ﬂ6ﬂ0)1/2\|2’px Hn1/2(é —6)]]) =0
—

=0 nooco 0 nooo

because 6 is a n'/?-consistent estimator of fy (Assumption 3.5). Therefore, (B.14) holds. [

Proof of Lemma 3.3. We follow the approach taken by Andrews (1997) in proving his The-
orem A.2 while accounting for the fact that (unlike Andrews) our statistic is optimized over
the estimated set of observations Z. We prove the stated result by showing that the cdf of the
nonnegative random variable n'/ 2R o converges pointwise to the cdf of Rg. In particular, we
show that for all ¢ € [0, c0),

lim sup Pr(n'/?Ruax > ¢) < Pr(Rg > ¢) < lim inf Pr(n'/?Rypax > ). (B.15)

n—oo n—0o0

The first inequality is easy: Since Rmax < R, it follows by Corollary 3.1 that

lim sup Pr(n*?Rpay > ¢) < limsup Pr(n*?R > ¢) = Pr(Ry > c). (B.16)

n—oo n—oo

The second inequality requires a bit more effort. Let Y := nY/ 2(If”z —I@’Z) and for g € F; define
Bp, (9:¢) =={h € Fi:|lg—hl2p,, <€} By Lemma F.3, given f € F; and r > 0 there exists
feFrn Bp, (f,r) w.p.a.l. Consequently, w.p.a.1,

inf  [¥(g)] < [¥(f)| < max|¥(h)| = n"/*Rona.

gGB]PAO (f:T) heF;

In fact, since the upper bound does not depend upon f, it follows that given T € N and
fi,..., fr € Fi, the event

E, = {max inf |Y(g)| < nl/ZRmaX}

1<T g€Bp, (fur)
holds w.p.a.1. Now,

Pr(max inf ]Y(g)| > Ey) < Pr(nl/QRmX > ¢, E,)

t<T g€Be, (f.r)

or equivalently

Pr(max  inf Y > c¢) — Pr(max  inf Y > ¢, EL
il V() > )~ Prlga il (¥(0) > e 5

< Pr(nl/QISLmax > c) — Pr(nl/QRmaX > ¢, Eg)
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Hence, since lim,,_,~ Pr(E,E) =0,

liminf Pr(n'*Ryay > ¢) > liminf Pr(max _inf  [Y(g)| > ¢)

n—oo n—oo t<T gEBPAO (ftJ’)
= Pr(max inf X > c B.17
(tg senik fm\ o(9)| > ¢) (B.17)
> supsup Pr(max  inf X > c), B.18
> apspPia o) >0, (B

where (B.17) follows by Lemma 3.2 applied to F; plus the continuous mapping theorem and
(B.18) is the tightest lower bound. From the proof of Lemma 3.2 we know that (Fi, || - [[2p,,)
is totally bounded, i.e., given r > 0, there exists 7, < oo such that F; C Uf;prAO(ft,r) with
fi,---, fr, € Fi. Moreover, from V&W (Addendum 1.5.8) it follows that almost all sample
paths of {Xo(f) : f € F1} are uniformly || - |2, -continuous so that for all n > 0 there exists
ry, > 0 such that the probability of the event

U, :={ sup Xo(g) — Xo(h)| <n}

g,h€f1:||gfh||2,]pA0 <2ry

approaches one as 7 — 0. Therefore, since being a convex functional of a gaussian process
the random variable R := sup;c 7 [Xo(f)| is continuously distributed on (0, 00), cf. Davydov,
Lifshits, and Smorodina (1998, Theorem 11.1),

Pr(Ro > ¢) = lim Pr(ﬁél}o Xo(f)| > c+mn)
1

<limPr(max sup |Xo(f)| >c+n)
n—0 t<Tr, fGBIP’AO (ftsrn)

=lim Pr(max  sup  [Xo(f)| >c+n,U,)
n—0 t<Tr, fEB]pAO (fe,rn) !

<limPr(  sup  [Xo(f)| > c+n for somet < T, ,U,)
170 feBp, (fern)

< lim Pr inf X > ¢ for some t < T,
lig Pr(,_, %) <1,)

< lim Pr(max inf X > c
T n—0 (tSTr,7 fEB[pAO (ft.rn) | O(f)| )

< sup sup Pr(max inf X > c). B.19
< supsupPria it (/) > o (B.19)

Hence, (B.15) follows by (B.16), (B.18), and (B.19). O
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APPENDIX C. PROOFS FOR SECTION 4

Proof of Lemma 4.1. For f € F,

n

Py — Pagzo)f =n" Y _[F(E5.W)) — F(Rje;(61), W)
Jj=1

:nil [f(Rj8j<81) _A<Rj7Xj7é*7é761>7VVj)
j=1
_f(Rjgj(el) A(Rj7 917€1701)am>]
= Py (F77 = 1)
= (Pa(ay) — IP)%(Al))(fé*’é — [0+ ]P)%(Al)(fé*’é — [0,

Therefore,

A~ ~

Py — Poazo) f — Pagay (f7F — fo0)
= (Pocary — Popcany) (f70 — fO100) 1 Prany (F7F — £29).

To prove the first result (we only show the first result as the proof of the second one is similar),
it thus suffices to show that

ey I 2(Poaan) — Paan) (f70 — [70)] = opye(1) (C.1)
€

sup [Poran (f7 0 = 2%) = 05(f = 7, (91 log pa, )iy )z, (67 — O)] = opc (|67 = BII).  (C.2)
€

As in the proof of Lemma 3.1, we use equicontinuity of the nt/? (I@’@( A1) — Pa(a,)) process
to demonstrate (C.1) and mean-square differentiability of p A ? to show (C.2). We begin with
the first claim. Given f € F, we know that f9 9, for% ¢ F and

er*ﬁ - fehal”lﬂl’%ml) < q(||(é*,é) - ((91,(91)H) = (j

by Assumption 4.2(iii). Hence, as \(]P’g;;(Al) — Poay) )(ff — f91)] is bounded from above by
SUDg heFg—hllap . < |(PJ(A1) Ps(a,))(g — h)| and the bound does not depend upon f,

sup [n/2(Pa(ay) — Poacan) (f70 — 00| < sup n'?(Paa) — Pacan)(g — h)l-
fer gheFillg=hll2pgp 4 ) <4

Then (C.1) follows because the empirical process {n'/?(Pya,) — Pa(an)f : f € F} is asymp-
totically equicontinuous (due to the fact that F is Py a,)-Donsker by Assumption 4.2(iii)) and
plim(¢) = 0 by Assumption 4.1 and the properties of q.
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Next, we show (C.2). Begin by observing that
P%(Al)fea’eb = /f(su — A(s,x, 0, 0y,01), w) Pr(ds) Py, (du, dx, dw)
=0.5 / Flu— A, 2,064,060, 01), w)pa, (u, z,0) du k(dz, dw)
+ 0.5/f(—u — A(—l,x, 04, 0,01),w)pa, (u, z, w) du k(dz, dw)

=0.5 / Ft,w)pa, (t + A1, x, 04,0, 61), z, w) dt k(dz, dw)

+0.5 / flt,w)pa, (=t — A(=1,2,04,0y,601), z,w) dt k(dz, dw)

= /f(tvw)pA1(St+SA($>$a9a79ba91)7$aw) ]P)R(ds) dt /‘i(dl‘,dﬂ]), (Cs)

where the third equality follows by the translation invariance of the Lebesgue measure. Hence,

Poyan (f70 — 20 = / F(t,w)(pay (st + sA(s, z,07,0,6,), 2, w)

— pa, (st + A(x,0,0,), z,w)) Pr(ds) dt k(dz, dw). (C.4)
Under Assumption 4.2(ii), pz/f is mean-square differentiable. Hence, expanding as in (B.7)
while keeping st + A(x, 0, 6;) fixed,
pa, (st + sA(s, x, 6%, 0, 01), x,w) — pa, (st + Az, 0, 61),x,w)
= pa, (st + A(x,0,0,) + sA(z,0%,0), 2, w) — pa, (st + Az, 0,60,), z, w)
= (O1pa, (st + Az, 0,0,),z,w))sA(z, 0", 0)
+0.25(0ipa, (st + A(z,0,01), 7,w))p5 (st + Az, 0,61), , w) (sA(, 0%, 0))?
+ 2 (sA(x, 0%, 0), st + Az, 0,60,), x, w)pa, (st + Az, 0,60,), x, w)
+ 2r(sA(z, 0, é), st + A(x, 6, 01),x,w)pa, (st + A(z, 0, 01),x,w)
+r(sA(x,0%,0), st + A(x,0,601), 7, w)(O1pa, (st + Az, 0,0,), 2,w))sA(x, 0%, 0).

We use this decomposition to handle (C.4). First, by Assumption 4.2(i),
/ F(t,w)(D1pa, (st + A(x,0,01), x,w))sA(x, 0%, 0) Pr(ds) dt r(dzx, dw)
— / Flt,w)(Orpa, (st + A(x,0,0,), z,w))sit (z,0)(0° — 0) Pr(ds) dt x(dz, dw)

—|—/f(t,w)(@lpAl(st+A(x,é,Gl),x,w))sp(a:,é*,é)ﬂ”g(ds) dt k(dz, dw).
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By a change of variable,

/ Ft,w)(Dpa, (st + Az, 0,0,), x,w))sp(x, 0%, 0) Pr(ds) dt k(dx, dw)
=0.5 / Ft,w)(Dpa, (t + Az, 0,0,), x,w))p(x, 0%, 0) dt k(dz, dw)
- O.S/f(t,w)(a1pA1<—t—|— Al,0,01), 2, w))pl, 0%, 0) dt x(d, dw)
=0.5 / Flu—A(x,0,60,),0)(01pa, (u, z, w))p(a, 0%, 0) du r(dz, dw)
—0.5 / F(=(u—A(x,0,600)),w)(B1pa, (u, z,w))p(z, 0, 0) du k(dz, dw)

=0.5 / (f — /) (u— A(x,0,0,), w) (0 log pa, (u, z,w))p(x, 0%, 0) Py, (du, dz, dw).  (C.5)
Hence, following the argument leading to (B.8),

| / F(t,w)(B1pa, (st+A(z, 0,601, z,w))sp(x, 0%, 0) Pr(ds) dt k(dz, dw)|?

< M2 ol / s (x,6,0)Px(de)
0eB(6,]|6*—0|)

= op:(]|6" - 0]1%) (C.6)
by Assumption 4.2(i). Arguing similarly,

| /f(t,w)(alpAl(st + A(x,0,0,), x,w))s(ju(x,0) — [/ (z,01)) (0" — 0)) Pr(ds) dt k(dz, dw)]

< M oalloc 1A+, 0) = (-, 61) o 167 = Bl
= op.(]|6" —4]) (C.7)
by Assumption 4.2(i). Therefore, by (C.6) and (C.7),

|/f(t,w)(é?lpAl(st+A(x,é,91),x,w))sA(x,é*,é)PR(ds) dt k(dz, dw)

- / F(t,w)(Oypa, (st + A(x,0,0,),z,w))sit (x,0,)(0" — 0) Pr(ds) dt k(dz, dw)|
= op: (10" = ). (C8)
Now, the argument leading to (C.5) shows that

/ F(t,w)(D1pa, (st + A(x,0,0,), x,w))sit' (x,0,)(0* — 0) Pr(ds) di r(dx, dw)

- 0.5/(f — Y u— A(z,0,0,), w) (8 log pa, (u, ,w)) i (2, 601) (0" — 0) P4, (du, dz, dw).
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Thus, by Assumption 4.2(iii) and Cauchy-Schwarz,

| [ ) @upa (st + A, .61),,0)
— Oypa, (st,z,w))sii (x,601) (0" — 0) Pr(ds) dt k(dz, dw)]
< q([10 = 0l1) loa, oo 111 10) |25 16° = 0] = ore([16% = 0]))  (C.9)

~

because plim(6) = 6y, ¢ is continuous, and ¢(0) = 0. Therefore, by (C.8) and (C.9),
\/f(t,w)(alpAl(st + A, 0,00), 7, w))s Az, 6%, 6) Pr(ds) dt (dx, duw)
— [ e w)@rpa stz )i (.00) 0" ) Balds) de (e, )] = o (|67 1),

But as in (C.5),

/f(t,w)(@lpAl(st,x,w))s,u(x,Ql)PR(ds) dt k(dx,dw) = 0.5(f — f*, (01 logpAl)/l1>pA1.

Therefore,

sup| [ f(t,w)(01pa, (st + Az, é, 01),z,w))sA(x, é*, é) Pr(ds) dt k(dz, dw)
feF

—0.5(f = f*, (D1 log pa, (u, z,w)ju)e,, | = op:(]|6" = 0])). (C.10)

Next, since R? = 1, the argument leading to (C.5) reveals that

/ f(ta w)(a].pAl (St + A(Qj’, é> 91)7 x, ’LU))Qp:{i(St + A(I’, é> 91)7 x, U))
x (sA(z,0*,0))? Pr(ds) dt k(dz, dw)
= O.5/(f + ) (u— A(m,é,@l),w)(ﬁl log pa, (u, z,w))?

x A*(z,60%,0) P4, (du, dz, dw).
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Hence, by Assumption 4.2(ii),

sup | f(t’ w)(alpAl (St + A(ZE, éu 91)7 z, w))szll(St + A(ZL’, éu 01)7 z, w)

fer

x (sA(z,0%,0))? Pr(ds) dt k(dz, dw)|

< My ||vAl||oo/(Hﬂ(ﬂc,é)ll2 16" = 01>+ sup  p*(x,0,0)) Px(dx)

0cB(6,]|6*—0]|)
< M [[va, oo (2, 8) = i, 0) 13 2 + 10 01)3) 167 = 6]
+/ sup p2($,«9,é) P4, (dx))

0cB(6,)|6+—0])

= Op:(]|6" = 0]). (C.11)

Next, since

/f(t,w)r2(sA(x,9*,é),st—I—A(x,é,@l),:p,w)
X pa, (st + Az, 0,60,), x,w) Pr(ds) dt r(dzx, dw)
~05 /(f(u = A 0,00), WAz, 0%, 0), u, z, w)
+ (= Az, 0,0,), w)yr* (= Az, 0,0), u, 2, w)) Py, (du, dz, dw),

following the argument leading to (C.11) we obtain that

sup | f(t,w)rQ(sA(x,é*,é), st + A(x,é,&l),x,w)
feF

X pa, (st + Az, 0,60,), x,w) Pr(ds) dt k(dz, dw)|
< Mpo(|AG, 67,056, ) = o(16" = 0]1%). (C.12)

In a similar manner, it can be shown that

sup | f(t,w)r(sA(m,é*,é),st—I—A(x,é, 61),x,w)
feF

X pa, (st + Az, 0, 60,), 2, w) Pr(ds) dt k(dz, dw)| = o(||0* — 8]]>) (C.13)

and

sup| [ f(t,w)r(sA(z, é*, é), st + A(zx, é, 1), x,w)(O01pa, (st + A(z, é, 01),x,w))
feF

x sA(x,0%,0) Pr(ds) dt k(dx, dw)| = o(]|0* — 0]|?). (C.14)
The desired result follows by (C.10)-(C.14). O
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Proof of (4.2). By (C.3) and the fact that R*> =1,
Popian f = /f(t,w)pAl(st + A(2,0,6,), 2, w) Pr(ds) dt x(dz, dw)
]P’%(Al)fehel = /f(t,w)pAl(st,a:,w)IP’R(ds) dt k(dx, dw).
Similarly, by a change of variable and the fact that supp(R) = {—1, 1},
LRy / Fr(tw)pa, (st + Az, 0, 0), 2, w) Pr(ds) dt k(dz, dw)
_ /f(—t,w)pAl(st + Az, 0,0,), 2, w) Pr(ds) dt r(dz, dw)
= /f(u, w)pa, (—su + Az, 0, 01),x,w) Pr(ds) du k(dx, dw)

_ / Flu, w)pa, (1 + Az, 6, 00), &, w) Pr(dr) du r(dz, dw)

= Paa,) /7.
The desired result follows because }P’g(Al)frel’@l = P@(Al)fel’al by setting A to be identically
zero in the preceding display. 0

Proof of Lemma 4.2. Since F is Py4,)-Donsker by Assumption 4.2(iii), tightness of X’{ can
be established as in the proof of Lemma 3.2. It only remains to prove that the empirical process
(n2(Poz0y) — Pazo)(f — f7) : f € F} has the same limiting marginal distribution and
covariance function as Gi. So let f € F. Then, since (f — f*)(Z"(01)) = —(f — f*)(Z(#,)) and
Liy(R) — 1y (R) = R,

Pz (f — 1) =n""Y _(f = FURZ(Z;(61)))

J=1

n

=1 S0 = PNZ O Ly (Ry) + (f = FHZO0)L 1y (Ry))

Jj=1

=n"' 2(1{1}(33') — Ly (Ry)(f = f)(Z;(01))

=n"t Z R;(f — f")(Z;(61)).

Hence, as Py z(0,))(f — f*) = 0 (cf. the remark at the end of Section 4), the CLT for iid random
variables shows that the empirical process {n'/*(Py(z0,)) — Paz@n)(f — f*) : f € F} has the

same limiting marginal distribution and covariance function as G;. OJ
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Proof of Lemma 4.3. From Corollary 4.1 we know that n!/2R* converges in distribution to

R; whether the null is true or not. Therefore, it suffices to prove the same for n'/ 2R In

max*

particular, we show that for all ¢ € [0, 00),

lim sup Pr(n'/?R}

max
n—oo

> ¢) < Pr(Ry > ¢) < liminf Pr(n'/?R%,_ > ¢).

max
n—o0

This follows exactly as in the proof of Lemma 3.3 provided F7 := {Tcey 1 2 € Z*} is dense
in 7 in the sense that for each f € F; and € > 0,

Tim Pr(3f € 77 < 1f = Fllopaiay VI = Fllapaiay, <0 =1

But the denseness result above follows as in the proof of Lemma F.3 upon replacing € by
e* := Re(by), Z by Z* = (¢, W), Z by Z* = (&%, W) with £* as defined in Section 4,
A(X, 0, o) by A(R, X, 07,6, 01) (because é* —e* = —A(R, X, 0%,0, 1)), and using the fact that
plim(6*,8) = (6,,6,) by Assumption 4.1. O

APPENDIX D. PROOFS FOR SECTION 5

Proof of Theorem 5.1. Under the alternative, Py # Pz (p) for each 6 € ©; in particular,
]Pz(gl) 7é PZT(Hl)- Now write

sup [(P, — P,.) f| = sup |(Pze,) — Pzr(on) ] + AL(F) + Ay (F),
feFr feFr

where Ay(F) :=supser|(B; —P) f| = supjer [(Pro,) — Prroy) f| and

~

Ag(F) = sup [(Pza,) — Preor)) | — sup [ (Pzoy) — Pzecon) f1-
fer feFr

By the reverse triangle inequality and Lemma F.1,

|AL(F)| < sup||(By — Byo) f — [(Prioy) — Paeon) £

feFr
<sup [(Py —Ps)f — (Prioy) — Prgon) f]
feFr
< sup ’(PZ - I@’Z(el))ﬂ =+ sup \(Pzr - ]fDZr(el))ﬂ
feF feF

= opro(1). (D.1)
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Next, since F is P4,)-Donsker = F and F* are P4(y,)-Glivenko-Cantelli = F and F*
are Pz (,)-Glivenko-Cantelli,

|As(F)| < sup [|(Pza,) — Pzeon) £l — |(Pzon) — Pzeon) ]

feF
< sup |(Pzo,) — Puron) f — (Pron) — Paeon) f]
feF
< sup|(P,) — Pron) ] +sup [Pz — Pron) ]
fer feF
= sup |(Pza,) — Pzon) f| + sup [Pz — Pzn) f
feF feFr
= opyo(1). (D.2)
Hence,
KSr :=sup|(P; — P2.) f] = sup [(Pz(o,) — Pzr(on)) S| + 0pee (1) (D.3)
feF feF

Since F is measure determining, sup ;e 7 |(Pzg,) — Pz:(0,)) f| =0 = Pz9,) = Pz:(s,). There-
fore, under the alternative hypothesis, sup;c = [(Pz,) — Pzrg,)) f| > 0. It follows by (D.3) that,

under the alternative, n'/?KS is unbounded w.p.a.1. O

Proof of Theorem 5.2. Let V(f) := |(Pz(,) — Pzr(s,))f| for notational convenience. Then,
with Al and Ag as defined in the proof of Theorem 5.1,

1:A{max = SUP |(]IADZ - EADZ‘")f‘ = SUP \I/(f> + Al(‘/_:‘l) + AQ(‘/T:‘l)
ferF fer

The argument leading to (D.1) shows that

AL(F)] < sup [Py = Pyon) f] + sup [(Pse — Pgeoy) S|

feF1 fEF1

< sup |(Py — Pzo,) £l + sup [Py — Pyego))f] (F1 C F)
feF fer

- OPrO(l)a

Similarly, the argument leading to (D.2) shows that

[Aa(F1)] < sup [(Pro,) = Prion)f| + sup [(Pao) = Pron)f| = omee (1),
feF ferF]
Therefore, letting Ay := supez, V(f) — supser V(/f),
Runax = sup U(f) 4 ope (1) = sup U(f) 4+ Az + opre(1).
fg]:‘1 feF1
Since sup ;7 ¥(f) > 0 under the alternative hypothesis, n'?Rynax will be unbounded under the
alternative (hence consistent) provided Ag = op,(1). To show the latter, let € > 0 and observe
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that As < € is always true because Fi C Fu. Next, by definition of the supremum, there exists
ge € F1 such that sup;cr ¥(f) — € < ¥(ge). For n > 0, consider the event

By = {3h, € F1: ||hy — gEHQJP’A(el) v ||h£] - QEHQPA(el) <n}.
If £, is true, then there exists h, € F; such that ||h, — 9ell2p e,y + 1Ay — Gell2pa,, < 2n. But,

sup () — ¢ < W(g) < W(g) — Wlhy)| + W(hy) < [(g) — U(hy)| + sup ¥()

feF feh
and
(W (ge) = W(hy)| < |(Pz@y) — Pzro1))(ge — hay)l (reverse triangle inequality)
< Pz, (9e = ho)l + [Pzor) (9 — 1))
< llge = Palloeay, + 192 = 1512246, (Jensen)

Hence, choosing n < e,

E, = sup U(f) —e<2n+sup U(f) <= Ay > —e—2n> —3c = |A4] < 3.
fer feF

A

As we proved (F.1), we can show that lim,,_,., Pr(E,) = 1 under Assumptions 3.1, 3.2(ii), and
3.4 with (6, €) replaced by (01,¢(61)). [Note that Lemma F.3 holds irrespective of whether the
null hypothesis is true or not.] It follows that lim,_,, Pr(|As| < 3¢) = 1 which is equivalent to
Ay = op:(1) because € was arbitrary. O

Proof of Lemma 5.2. The approach (and notation) here is very similar to the proof of
Lemma 3.2, the main difference being that we now use empirical process results that al-
low the underlying data generating measures to depend upon n. Recall that Xgn( f) =

nV2(Pz0,) — Pron)(f — )+ (f = F1,ml, e, n'/?(0 — 6,), where my, = (91logpa,)jio
and f € F. To prove that (Xy, + I'y)F is asymptotically tight, it suffices to show (V&W,
Section 2.8.3) that limy, oo sups ez ||| f — gll2pa, — [If — gll2p,,| = 0 and, for all € > 0,

lim limsup Pro( sup  [(Xg, +Th)(f — g)| > €) = 0. (D.4)

320 noo f9€F s 4,
The first condition follows immediately because for all f,g € F,
I = gllzpa, = If = gllzpa)® < S = gllzpa, = I1F = gllzpag | X NI = gllzpa, + [If = gll2pa, |
= I ~ gli3e,, — I — li3e,|
=2 [(f = gy,

< 2MZ Al n /2.
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To show (D.4), begin by observing that

Pro( sup (Ko, +T0)(f — g)| > 3€) <tsn(1) + t5.,(2) + tsn(3),

f:9€Fspy,
where 5, (1) := Pr*(supy ez, InY2(P20,) — Pze)(f — f1) — (g — ")) > o),

tsn(2) :=Pr°( sup  [((f —g) — (f" = g"),mly, )pn,n'/2(0 — 0,)] > ),

f:9€Fspy,

and t5,(3) = Il(supf’geﬁm ITn(f — g)| > €) because I'y(f — g) is nonstochastic. Now,

lim lim sup ¢5,,(1) < (lsim lim sup Pr°( sup |n1/2(]f”Z(9n) —Pro)(f—9) >€) =0
—

070 n—oo 0 n—voo F9E(F=F)sey,

because F — F" is asymptotically equicontinuous uniformly in (P4, ) which follows because F —
F* is Donsker and pre-gaussian uniformly in (P4, ) by Assumptions 5.3(ii) and (iii); cf. V&W
(Section 2.8.3). Next, for the remainder of the proof, let f,g € Fsp, . By Assumption 5.2(ii),

K(f = 9) = (F = g)ema)ea, | < (If = gllzza, + 17 = g ll22a,) lvanlloc 1 (Fof0) 2 |22

Moreover, recalling that P, = P, was assumed to create the local alternatives,

1 =g l3e, = /(f — )% (—u,w)(1 4+ n~Y2h(u, w)) P, (du, dz, dw)
= /(f — 9)*(~u, w)(1+ n_l/Qh(u, w)) Pz (du, dw) (marginal integration)

= /(f — )2 (u, w)(1 + n"V2h(—u, w)) Py (du, dw) (change of variables)

1 +n"2h(—u,w)
1+ n=Y2h(u,w)

= [t~ Pt

1 +n=12|h| )
= <1_n_1/2’|h”oo)||f gHQ,]P’An (fOl"TL_ HhHoo>

)P4, (du,dz,dw) (marginal integration)

1+ n"Y2||h|

2
=)
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Hence, lims_,olimsup,, .. tsn(2) = 0 because ||[n'/2(d — 6,)|| is bounded in probability by
Assumption 5.5. Finally, by marginal integration and Jensen,

' |(f = g)(h = h")|
s =9l < [ == 1l dby, = [ O0Z g,

2[|Alloo >

< Tt [ 1 —oldBa, Gorn > B
2|[Afloo

= 1 o n_1/2||h||oo||f g”ZPAn
2

o bl

L= n12]|h]|s
Hence, lim;s_,o limsup,,_, . t5»(3) = 0 as well. Therefore, (D.4) holds. O

Proof of Lemma 5.3. In the proof of Lemma 3.3, replace references to Corollary 3.1 by
Corollary 5.1, Lemma 3.2 by Lemma 5.2, and Xy by X + I';,. The argument leading to (B.19)
goes through because: (a) the denseness result in Lemma F.3 continues to hold under Hy,
and Assumptions 5.1, 5.2(ii), 5.4; (b) almost all sample paths of (X, + I';)F; are uniformly
| - [l2,.4, -continuous; and (c) sup ez, (Xo + I'y) f is continuously distributed. O

APPENDIX E. JUSTIFICATION BEHIND SIMULATING POWELL’S MODEL

As mentioned earlier, the main technical difficulty in applying our test to Powell’s model
stems from the fact that the symmetrically censored residual defined in (6.2) has bounded
support conditional on the regressors. In this section we describe how the limiting distribution
of Rmax can be obtained under (6.1). We begin by showing how to verify (B.2) and (B.3),
and thus Lemma 3.1, for Powell’s model. Since the proof of Lemma 4.1 is very similar to that
of Lemma 3.1, the same argument can be used to prove the validity of the simulated critical
values as well.

Define V(#) :==Y — X0 if Y — X'0 < X’0 and X' otherwise so that V(f) = V and
V(6y) = V. To simplify the algebraic details, we assume that X’6 > 0 w.p.1 for each 6 in a small
enough neighborhood of 6, (although Powell only requires Pr(X’6 > 0) > 0, the presence of the
indicator function 1(X’6 > 0) to accommodate this everywhere makes the calculations much
more tedious). Define B(V, X, 0,6y) := V(0) —V and let f € F; so that f = L(_o gx(—o0y]
for some (s,t) € R x R¥™X) Since f(V(0),X) = f(V + B(V,X,0,00),X) = f(V,X),
fov,z) = T (—oos]x (=00t (U + B(v,2,0,00),2) = 1(—oos—B(v,2,0,00)] (V)L (=00 (x). Furthermore,
as SUPGe B 1040 V() — V(8o)] < || X160 — 60|l by equation A.11 of Powell’s paper, ((s —
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B(v,x,0,60)) As, (s = B(v,,0,00)) V5] C (s = |z]|[|0 = boll, s + [|[}|6 — o]l]. Hence,
I/ - fGOHS:PV,X < //]1(5—||m||||é—90||,s+m||é—90||](U>PV|X—$<dU)PX(dx>
: / / Lo ala-0ll s+zl19-60l) (V) PAErojx—o (dv)Px (d2) (by (6.3))
+ / Lo a0l 13000} (2 00) Px (d)

+ / L (o af 66015+ 2] 19—00 ) (£ ) Px (d)
=: a?(s) + ag(s) + ag(s).

Assume that the conditional cdf of U)X = z is Lipschitz on R with Lipschitz constant ((x)
satisfying [ ¢(z)||z| Px (dz) < co. Then, sup,p al(s) < 2||0—6o| [ ¢(x)||z]| Px(dz). Similarly,
under certain conditions it can be shown that sup, g ag(s) V SUPyep ag(s) < const. |0 — 6. [For
instance, if the conditional distribution of Qs := X'y given @1 := || X|| is absolutely continu-
ous with respect to the Lebesgue measure such that sup,,cr pdfg, 0, —4, (¢2) < &(q1) for some &

satisfying [ €(q1)q1 Pg, (dg1) < oo, then ag(s) =/ ﬂ(s_q1||é_90|\,s+q1Hé_eon](‘h)PQQ,Ql(dQ% dq,) <
J &) [ 1o g -00 54050011 (42) A2 P, (dar) = 2[10 — Ool| [ €(a1)q1 P, (dgr) and the desired
conclusion is obtained as the right hand side does not depend upon s.| It follows that
sup ez, 117 = f®ll2p, < const. 16 — 6o||*/2. Consequently, the argument leading to (B.5)
goes through unchanged so that we obtain (B.2) for Powell’s model, i.e.,

sup [n'?(Py.x — Pyx)(f — f%)| = opee (1)
fer

oup 2By x — Py x)(f7 — 17%)| = opse (1).
eF1

(E.1)

[The second result follows from the first upon replacing f by f*.] To verify (B.3) for Powell’s
model, begin by observing that

(X7(0— 0,) Y — X'0> X0 and Y — X'0, > X0,
. X'(6y — 6) if Y — X0 < X'0 and Y — X0, < X'6,

B(‘/a X7 07 00) = ~ ~ ~
X0-Y+X0 ifY—X0>X0andY — X', < X6,

Y - X'0— X0, fY—X0<X0andY — X0, > X'0,.

The last two cases are determined by the events 0 < 2X’0 <Y < 2X'f, and 0 < 2X'0, <Y <
2X'6, the probabilities of which g0 to zero as 0 — 6. Consequently, B(V, X, 0, 0y) = iX’(é—HO)
w.p.a.l because the SCLS estimator is strongly consistent for #,. Furthermore, as will become
clear from subsequent results, Py, x f 0 depends upon 0 only through 6— 0, which in large samples
behaves like a gaussian random vector centered at zero, i.e., asymptotically, the distribution
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of 6 — 0 is symmetric about the origin. Therefore, without loss of generality, the probability
calculations for the remainder of this section are conditional on the first two cases and we
can replace B(V, X, 0,60,) by A(X,0,00) = X'(6 — 0,) mimicking our earlier notation. So let
r(2) i= Pyojx=, (U’ < —2'6h) = Projx=(U® > 2'6). Then, by (6.3),

Bt = [ T A0 80) Py () P ()
supp(X z'0p,x' 0o

//_ ',0: (v + A(x,0, 00), ) projx—. (v) dv Px (dz)
+/f(_aj’90+A($,é,90),$)r($) ]Px(da:) +/f(33/90+A(x79A’ 90),:5)7“(;5) ]P’X(dx)

$00+A x090 .
// f(t, 2)pyojx=o(t — Az, 0,00)) dt Px(dx)

27’90+A w 0 90)

+ /f(—x’&o + A(z,0,600), x)r(z) Px(dz) + /f(x’@o + Az, 0,00), 2)r(z) Px(dz)

/90 .
/:/ F (b, 2)puos (t — A, 0, 60))dt Px (da)

x’'0g

/90+A(x 9 90) .
// f(t, 2)puojx=o(t — Az, 0,00)) dt Px(dx)
0o

—x’90+A IE 9 6'0 R
// F(t @) puoxms (i — Ax, B, 80)) di Px (do)

z’'6o

+ /f(—x’@o + A(z,0,00), x)r(x) Px (dz) + /f(:v’@o + A(z,0,00), 2)r(x) Px (dz).
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Therefore,

PV,X(fé — ) = // ) f(t,z)[pyo x(t — A(%é,@o),x)/PUO,X(tyx) — 1] Pyo x(dt, dx)
x90+A(a:990) R
// J(t, 2)pyojx=o(t — Az, 0,00)) dt Px (dx)

—x 60+A ac 6 90) .
// f(t, 2)pyojx=o(t — A(x,0,00)) dt Px(dz)

x'60g

+/f —T 90+A(x,9,90),x)r(m)]P’X(da:)
+ / F(@'0) + Az, 0,0,), x)r(z) Px (dz)
/f —2'0p, x)r(z) Px (dx)

/f IL‘Q(), PX d[E)

= () + B5(F) = B5(F) + 5 (F) + BE(F) — be(f) = br(f):
As with (B.6), we can show that b)(f) = —(/, 1(_X/00,X/90)mbojx>p[]0X(é — ) + o(]|6 — 6]
uniformly in f € Fj, where myo x = (0 logpyo x)X. Therefore

sup [Py (f7 = £) + (f. - xom0.x080) M0 x2yo o (0 — 60)
€/

— (B(f) = B(f) + 3(F) + BECF) — bs(F) — br ()] = o(]l6 — bo])).
Similarly, replacing f by f*,

sup [Py.x (f — %) + (f7, 1(*X’90,X/90)m,U0,X>1P’U07X(é — )

feF
— (B(f7) = B5(F) + VA + BECFT) — bo(f7) = br(f))] = o116 — bo])).
Therefore, since bg(f) = b7(f*) and b7(f) = bs(f*),

]?U}P ’PV’X(fe B fre) + <f o fr7 1(_X,907X/90)mb0 X>IP’U0 X(é — 60)
€/

= BO(f = )+ G — ) — (B(F) = (7)) — B(F) = ()] = o[l — o). (E-2)
By (E.1) and (E.2), nl/Q(IF’V’X - Pf/r,x)f = Xo(f) + op:(1), where

XO(f) = n1/2(EADV,X - ]P)V7X)(f - fr) + <f - fr, ]]'(*XIGOvX/QO)m/UO,X)]P’Uo’Xnl/Q(é _ 00)
— V20— ) (f — f7) — " 200F) — 05(f7)) — nM2A(F) — BA(ST)).
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Consequently, n'/ 2(1@)‘77 x— ]fDV +) converges in distribution provided XO is asymptotically tight.
Since tightness of n'/2(Py.x — Pyx)(f — f*) — (f — fr,]1(,X/90,X/90)m’UO7X)H»U07Xn1/2(é — 6)
follows directly from Lemmas 3.2 and 3.3, it suffices to show that the remaining terms are
asymptotically tight. Assume that pyox is differentiable with derivative ppo)x satisfying
SUPye [Puojx=:(t)| < c1(z) and [ ¢1(2)|z[|* Px(dz) < oo. Then, uniformly in f € 7, B(f) =
ffw,(foﬁA (20.60) f(u, ©)pyox = (u) du Px (dz) + o(]|0 — 6o]|). [A similar result holds for bf(f) as
well.] Therefore,

z'00+A(z, 0 90 ~

By—9)(f—f7) // fu, )= f*(u, 2))pyo x =z (u) duPx (dz)+o(]|[0—6]) (E.3)
10— A(,0,60)

holds uniformly in f € F;. To prove that (bg - bg)() is tight, it suffices to show the tightness

of the process { [ f:ieiﬁAA(;;eio)) f(u, 2)pyojx=u(u) duPx(dx) : f € Fi}. Solet f,g € Fi. Then,

00— m@@o

/90+AJ)990
/ / £, 2) — glu, 2))pooyx—o () du Py (dz)
1 /90+A(Ié90) R
= | —— u, ) — g(u, x))projx—e () du2A(x,0,00) Px (dx
J 35500 Lo s, L5 = 02D 20,05 P )

< 20— 6y / HL(f — 9)(@'6)||e]| B (do)

< 20— 6( / H2(f — g)(o'8) Px(d)) / |2 P ()2,

where H,(f)(t) := sup,~ 5 :Jr: | f(u, 2)[pyojx=s(u) du is the Hardy-Littlewood maximal func-
tion with respect to the Lebesgue measure. If SUp, ) esupp(x)xsupp(x/60) PX|X/60=t(7) < 00 and

SUP¢tesupp(X700) PX'00 (t) < 00, then

[ 2 = a0 Batdn) = [([ HAS = 9)6) pxivnilz) ds) pon, 1) d
gconst.//Hg(f—g)(t)dtdx
< const. //(f — 9)2(t, ) plox—p () dt d

< const. | f —gll35

0 x?

where the second inequality follows by the boundedness of the Hardy-Littlewood operator
(Stein, 1970, Theorem I.1) and the third by assuming that sup ,)egxsupp(x) Projx=e(t) < 00
and infycqupp(x) Px () > 0. Hence,

/90+A I990 ~
/[ Fl2) = g0 2))puoycool) duP(d)| < const. 1 = gl 16~ 6ol
00— A(z@Go) ’
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consequently, the process {nl/z(bg - bg)(f — fY) : f € Fi} is asymptotically tight (cf. the
argument at the end of the proof of Lemma 3.2). We can use the same argument to show that
n'2(b9 — bY) is linear in n'/2(f — 6y). Indeed, by dominated convergence and the Lebesgue
differentiation theorem (Stein, 1970, Corollary I.1) applied to (E.3),

205 — B)(f — ) = 2((f — I*)(X"00, X), puojx (X'00) X )z..n*/2(6 — )
+o(|[n?(6 = 6y)|)  unif. in f € Fi.

Finally, under certain conditions it can be shown that the map ¢ — [ f(2'6p + t)r(z)Px(dx) is
uniformly differentiable in the sense that there exists g € Lo(Ppo_x) such that

/f(:p’@o + A(z,0,60), z)r(z)Px (dz)

— [ £@0,2)r@Px(do) + (7,)r,0,, 0= 80) 4 0lll0 — 6l])  wnit in f € Fi.

[To get some intuition behind this condition, consider the case when f takes only one argument
and belongs to the class of trapezoidal functions. Let q(u) := E[r(X)|X'0y = u]pxg,(u) so that
[ @8y + t)r(z) Px( dx = [ f(u+ t)g(u)du. By a Taylor expansion, [ f(u + t)g(u)du =
[ flu)g(u)du+t [ f'(u)g(u) du because the second derivative of trapezoidal functions is zero
almost everywhere. If the density of X'6q Vanishes at the boundary of its support then (do-
ing integration by parts) [ f'(u)q(u)du = — [ f(u)S(u) Pyo(du) with S(u) = ¢'(u)/pyo(u).
Consequently, [ f(z'0y+t)r(z )]P’X dx = [ f(2'6o)r )]P’X(dx)—<f, S)p,ot. The corresponding
result when f is an indicator function now follows because indicators can be approximated

arbitrarily well by trapezoids.] From this condition we have that
n'2O5(f) = Vi) = n'PU4(f) = B5() = 2(F, e 20 = B0) + o(|[n(0 — 60))

uniformly in f € Fi, implying that n/2(bJ(f) — b2(f*)) and n/2(b2(f) — b)(f*)) are asymp-
totically tight as well. Therefore, combining results, {Xo(f) : f € Fi} is asymptotically tight
implying that {n/2(P VX~ ]IA”Vr’X)f : f € Fi} converges in distribution in ¢>°(F;). The lim-
iting process is gaussian because the finite dimensional distributions of {XO( f): f e F} are

gaussian due to the fact that

~

Xo(f) = nl/Q(I@)MX - IP)V,X)(f - fr) + <f - fr7 ]]'(7X/90:X/90)m,U0,X>]PU07Xnl/Q(é _ 00)
= 2((f = (X80, X), projx (X'00) X")en'/?(0 — 60) — 4(f, gm0 (1'/*(0 = 6o)
and n'/2(0 — 6;) is asymptotically linear (cf. equation A.15 in Powell’s paper). Applying the

denseness result (Lemma F.3), it follows that the limiting distribution of nt/ QRmax is the norm
of the aforementioned process.
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APPENDIX F. AUXILIARY RESULTS

Lemma F.1. Under the conditions of Theorem 5.1,

sup |(Py — Pyon) f] = ope(1) &  sup|(Py — Py, f| = opee(1).
ferF feF

Proof of Lemma F.1. Since the proof of Lemma 3.1 only requires the existence of phm(@),
the argument leading to (B.1) can be replicated word for word with (6, £) replaced by (61,¢(61))
and Ag replaced by A(6;) to show that

sup (B — (o) = (. (91108 paon) )z, (0 = 00)| = opie (n72) 4 0p: (16 = 6u]l).
€

Therefore, sup ;e (P, — I@’Z(gl)) f| = opre(1). The second result follows from the first upon
noting that (P, — Pyre,))f = (P, — IP’Z A O

Lemma F.2. Under Assumption 3.1 and 3.2(ii), F1 and Fy satisfy Assumption 3.3(v) with
q(t) oc t1/2,

Proof of Lemma F.2. If f € F, then f = 1(_co (oo for some (7,v) € R x REMW) anqd
f(u - A([L’, 07 60)7 w) = IL(700,7']><(7oo,v] (U - A(Q?, 97 90)7 ’LU) = IL(foo,*rJrA(gr,@ﬂo)] (uﬁl(foo,v}(w)

Since |1(—oo,a] = L(—oo]| = L(anbave) and a Vb —a Ab = |a — b], it follows that

/ (F(t— A, 0,00), w) — (1, 0))* Papx o (du)

0,00))AT,(T+A(2,0,00))VT]

/ Pa|X:x,W:w(du) ]]-(—oo,v] (w>
(T+A(z,
|A(x, 0,00 (by Assumption 3.2(ii))

IN

IA

o ()| 10 — 6o + |p(x,0,6p)]) (by Assumption 3.1)

lio(@) 16 — boll +  sup  |p(x,6,6)]).
0€B(6o,[10—00l)

IA

T, w

(
¢, w)
(o, w)(
¢, w)(
Hence, by Cauchy-Schwarz and Assumption 3.1, for all € > 0,
/(f(u - A(ZL‘, 97 00)7 U)) - f(uu w))2 ]PAO (du’ dl’, dw)

< ¢l (1Gto0) *ll2px 110 = boll + 11 sup |p(-,6,60) |2z )
0€B(0o,/10—00))

< ¢ llopyrw (1 (i0f20) P |2y + €)]10 — o]l.

Therefore, since the right hand side does not depend upon (7, v),

Sup (= A0,00),) = fCoMlzea, < IS5z (1(070) 2 o +€)/210 = G0l
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i.c., Fi satisfies Assumption 3.3(v) with ¢(t) o< t'/2. Since f € F} = f* = L7 00)x (—00,0] a0d
Pexw({—7}) = 0, the above argument shows that Assumption 3.3(v) is also satisfied with f*
and ¢(t) oc t'/2. The same reasoning works for F, as well. O

The following result may be of independent interest.

Lemma F.3. Let Assumptions 3.1, 3.2(ii), and 3.4 hold. Then, Fi is dense in Fy in the
following sense: For each f € F; and € > 0,

Tim Pr(3f € Fi < | = fllozay VIF = Floza <) =1 (F.1)

Proof of Lemma F.3. We make use of the following fact (van der Vaart, 1998, Theorem 19.1):
Given € > 0 and any cdf F, there exists a partition {—oco =: t) < t; < ... < tg = oo} of
R such that F(t;—) — F(t;-1) < € for each [ (points at which F' jumps more than e belong
to the partition). Hence, letting F. and Fju) denote the marginal cdfs of ¢ and W and
working coordinate by coordinate, we can create a partition of R x R¥™W) denoted by Z, :=
(o< < .o <7} x xRl < 90 < < 90} such that Fu(n) — F.(no1) < e
and Fyq) (191(")—) - FW@)(ﬁl(i)l) < € for each | (remember that ¢ is assumed to be continuously
distributed). For the remainder of the proof, let ¢ := 1 + dim(W) and d := dim(W).

Fix f € Fi. Then, f = L(—ooujx (oo, for some (u,v) € R x R? and f* = L{_y, 00)x(—co,]-
We begin by showing that, given Z,, there exist functions f, and ﬁr such that

d(f> fw;frafﬂ) = ”f - f7T||2,IP’A0 Vv Hfr - .f7T||2,PA0 < (06)1/2‘ (FZ)

Since Z, partitions R x RY, we can find z; := (75,191(11),... ﬁ(d)) € Z, such that (u,v) €

» Ylg

(71, Ti1) X xle[ﬂl(j),ﬂl(jll). Similarly, there exists Z, := (7, 191(11),...,19[(:0) € Z, such that

(—u,v) € [17,77,1) X xle[ﬁl(j), ﬁ;zzrl) Now, if (A;)%_, and (B;)%_, are subsets of R then using the

difference of A; and B, it is straightforward to show that L« ajaxt ) < Zle 1a,nB,.
Hence, letting v := (19(1) ...,191(5)), Jr = (oo x(—o0,9], and f,r i= 1 00) x (—00,0]s WE have that

L
|f - fTr’2 = ’]1(—oo,u]><(—oo,v] - 1(—oo,Tl]><(—oo,19]|2 = ]1(—oo,u}X(—oo,v]A(—oo,n}x(—oo,ﬂ]
d
< Toopiar(oom] + D L o 0100
=1 ¢
d
= ]]-(u/\Tl,uVTl} + Z ]]-(y(i)/\ﬁl(f)m(i)vﬁl(f)]
i=1 i i
d
< ]l(TlaTl+1) + Z 1(191(07191(?11)- (F3)

i=1
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Similarly,
d
lff— fﬁ|2 = Il[_upo)X(_OO,U]A[T[7OO)X(—OO,19] < :H-[—u/\TZ,—uVTZ) + Z ]]'(v(i)/\ﬁl(z),v(i)\/ﬁl(;)}
) i=1
< V) + 2 L0t

Let supp(W) := x&,[a®?, @] with the convention that [—o0,00] := (—00,00), [~o0, ] =

1=

(—o0, ], and [+, 00] := [, 00) so that coordinates of W are allowed to have unbounded support
under this notation. By (F.3),

Tl

Ti+1 d
Hf - f7rH§,1P’AO S/ dP. + Z/]1(195%)\/@(0719[(?)“/\1,(@'))dPWU) (F4)
i=1 ! !
d

< Fo(ma) = Fe(n) + Y Fyoy (017, AbD=) = Fo (9} v a) < ce.

i=1

Similarly, using the fact that F.(7;,,) — Fi(17) <,

1 = FelBs, < ce (F.5)

Therefore, (F.2) is proved. Next, note that since 191(5) and ﬁl(jll enter (F.4) only via 191(5) va® and

ﬁl(fzrlAb(i), we can assume without loss of generality that each v(®) € [191(1) Va®, 191(111 Ab®) s0 that
(u,v) € Ex x Wy C R x supp(W) and (—u,v) € & x Wy with & = [1,7111), & == [17, Ti1)s
W, = x?zl[ﬁgf) Va®, 191(311 AbD) P (Ex x Wy) > 0, and IP)&W(E7r X W;) > 0. Next, replacing
(u,v) by Z; := (g5, W;) and (—u,v) by Z} := (—¢;, Wj;) in the argument leading to (F.5), we
get that for fj = ]1(—oo,Zj} = ]l(—oo,sj]x(—oo,Wj]7
Zi€Exx Wy =8 & Z5€Ex Wy =8 = d(fj, [ f1. fx) < (ce)'/2. (F.6)
Recall that Zj = (¢;,W;) and Z]r = (—¢;,W,) and let f] =1,z = Li—oo;ix(—o0,;)- To
prove (F.1), it suffices to show that
lim Pr(Ui_ {d(f;. fi: /5, f}) < (ce)'? & (Z;,Z}) € S x Si}) = 1. (F.7)
This is because (F.6), (F.7), and the triangle inequality imply that the event
K, = {d(fj,fﬂ; }",fw) < 2(ce)'/? for some j < n}
holds w.p.a.1. Moreover,
Ay £ 5. 1) S Alfy fi £, Fo) + (e (by (F.2))

< 3(ce)'/? for some j < n (if K, is true.)
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Therefore, since K, holds w.p.a.1,

1 = Tim Pr(K,) < lim Pr(d(f;, f; 5, f7) < 3(ce) for some j < n)
n—oo

n—o0

and (F.1) follows because € was arbitrary.
So we now prove (F.7). Since é; = ; — A(X;, 0,6,) and

|fi = fil = |1(—oo,2j] ~ Loozj]l S M(coogy) = Lmooijll = Lizjne;eive;l;

we have that

€;Ve;j
/ ‘f] - fj|2 dPE\X:x,W:w / d]P)s\X::E,W:w

AE;
< ¢z, w)|A(X;, 6, 6))] (by Ass. 3.2(ii))
< (o, w)(lf2o(X)| 16 = 6ol + [p(X;, 0. 60)]) (by Ass. 3.1)
< ¢, w) ([0 (X;)11 16 — 6oll + _sup 0(X;,6,60))).
0€B(00,||0—00]|)
Similarly,
15 = £ = 11t sopx(—oomy) — Leymo)x(-oomy)] < 11igy00) = Ljey00)| = Ligyne;gv-z)

implies that
J 1= B dossvms < Clow) (a5 16~ oll +_sup (X, 60)).
0B (00,110—00l|)

Hence,

A (f5, £1 F5 15) S Clopn (lio(X)I N0 — 6ol + sup [p(X;,6,60))). (F.8)
0€B(00,10—60]))

Consequently, for each r,n > 0,

{2y, fi F ) >y 0 {110 = 6ol| < n}

C {lICll2zxw (lio(X)[[n + sup  [p(X;,0,60)]) > 7},
0€B(60,m)

which, by (F.8), implies that for each j,

(s S5 5. 15) > 1Y UL(Z5, Z) & S x Se) N {118 — ol < 0}

C ¢l x (lio(Xp) 10+ sup |p(X;.0,60)) > r} U{(Z;, Z5) & Sr x Sr}-
963(90,77)
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Hence, we have that

iy (5 £ F5, 05 > 1Y U{(Z5. 25) & Se x Sey) {116 — 6ol < 0}

C O {lCll2xw (20X +  sup  [p(X;,0,600)]) > r} U{(Z), Z}) & Sx x Si}.
963(90,77)

Therefore, since the observations are iid and p := Pr((Z;, Z}) € Sy x S,) > 0 for all j,

PO ({2, £33 f: 7)) > ry U {(Z5, 25) & S x 8e1) {110 = 6ol < n})
<

(Pr(l¢llzew (X )0+ sup_ |p(X1,6,60)]) > 7) +1—p)"
0eB(60,m)

< (¢ o pxw Bl (X)) 0+ B sup  |p(X1,0,600))) +1—p)"
06B(00,7})

< (rHI¢ e (1 GHof0) 2 |2 + L+ 1 = p)",

where the second inequality is by Chebychev and the third by Jensen and Assumption 3.1. Let
r := ce and choose 7 small enough so that r=(|||2py (|| (£0t0)/*[|l2px +1)n+1—p < 1. Then,

Y P (P (s £ f5 f7) > e UL(Z5, Z5) & Sn x Se}) N {18 = 6oll < }) < oo,
n=1
Hence, by Borel-Cantelli,

Pr(CVy (2 3 05 1) > e} U{(Z5, Z2) €S2 x S) 01 {18~ oll < n} i0) =0
<

Pr(U_y ({2 (fy, £ £, 7)< eed N{(Z5, Z5) € S x Se}) U{II6 — 6]l = n} ab.mn) =1,

where “a.b.f.m n” is short for “all but finitely many n.” Therefore, since lim,, o, Pr(||6 — || >
n) = 0 by Assumption 3.4, it follows that

lim Pr(U_ {d(f;, f5: /5. 1) < (c)? & (2, 7)) € S: x S, }) = 1. O
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