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LITIGATION AND THE PRODUCT RULE: A RENT SEEKING APPROACH

1. Introduction

Deciding a legal case often requires combining estimates about two or more elements of
interest to law. For example, if the law holds an injurer liable when he or she is negligent and when
his or her negligence can be said to have (proximately) caused the injury, a fact finder must evaluate
and somehow combine the likelihood of the injurer's negligence and the likelihood of the causal link
between his negligent behavior and the injury. The mathematics of the matter tells us that, following
what is known as the "product rule" for combining independent probabilistic assessments,* the two
probabilities need to be multiplied.? The injurer should only be held liable if this product of the two
probabilities is larger than the hurdle established by the standard of proof (e.g. preponderance of
the evidence, or 0.5). However, the law does not seem to abide by this rule. In the example above,
most lawyers think that the law calls for liability as soon as each element of the plaintiff's case is
established by the relevant standard of proof.? Imagine for example that the fact finding generates
a conclusion that there is an 80 percent chance of negligence and a 60 percent chance of causation.
If the product rule is used, the defendant will not be held liable under the preponderance of the
evidence standard (i.e., 0.8 x 0.6 = 0.48 < 0.5), whereas if each element is assessed separately, the

defendant will be held liable (i.e., 0.8>0.5 and 0.6>0.5).

The suppression of the product rule is a puzzling legal phenomenon which has no easy
explanation (Cohen, 1977). For that reason, it has provoked an extensive scholarly debate during the
last four decades (see e.g. Kaye, 1979; Levmore, 2001; Stein, 2001; Allen and Stein, 2013; Cheng,
2013; Clermont, 2013). When fact finders are not instructed to multiply the probabilities attached

to discrete elements of a lawsuit, the law allows plaintiffs to win cases upon aggregate probabilities

1 n reality, the issues will not always be independent.
2 See Cohen (1989).
3 See Stein (2001) at 1204 n.6 (citing case law and pattern jury instructions that suppress the product rule).



that fall well below fifty percent. Consequently —so goes the argument—courts deliver, over the run
of cases, more incorrect decisions than correct ones (Kaye, 1979; Schoeman, 1987; Robertson and
Vignaux, 1993). Some authors have tried to rationalize the suppression of the product rule. For
example, Levmore (2001) relies on Condercet's theorem and Clermont (2013) on fuzzy logic and
belief functions as justifications. Others, however, have criticized these justifications (see e.g. Allen

en Jehl, 2003).

In this article, we explore the differences in rent seeking behavior of litigants when the
product rule is and is not used and show that there are some important arguments in favor of
suppressing the product rule. First, when the product rule is suppressed the plaintiff's equilibrium
probability of winning is equal to the product of the inherent qualities of the several issues at stake.
The probability of winning is always lower when the product rule is used, and this is especially so for
relatively strong cases. Second, for many of the weakest cases, the expected value of the plaintiff’'s
case is larger when the product rule is used. Third, for relatively strong cases, the litigation
expenditures are typically larger when the product rule is used. This further decreases the plaintiff's

expected value for strong cases.

This article unfolds as follows. In the next section, we provide some theoretical background
regarding the existence of multiple tests to determine liability. Section 3 then takes a formal
approach to both rules (suppression and no suppression of the product rule) and determines the
equilibrium litigation expenditures of both parties. Given these results, Section 4 then uses
simulations to compare the two rules in terms of the expected judgment, litigation expenditures and

the expected value of the parties’ cases. Finally, section 5 concludes.

2. Theoretical Background

In the context of accident law, the general question before the court is whether, in the event

of an accident, the injurer should be held responsible for the victim’s losses. The law has evolved



various ways of answering this question. Under a negligence standard, the victim generally has to
prove that the injurer was both negligent, and that his or her negligence was proximate cause of the
accident. From an economic perspective, however, one can show that either test alone should be

sufficient for assigning liability in an efficient manner.

To see why, consider a simple unilateral care model in which x=the cost of injurer care; p(x)=
the probability of an accident, with p’<0 and p”>0; and L=the victim’s loss from an accident.* The
cost-minimizing level of injurer care, x*, therefore solves the equation 1=—p’(x*)L. According to the
marginal Hand test for negligence, the injurer would be found negligent if, for some actual choice of

care, x, the court determines that

1<-p’(x)L, (1)

which will be true if and only if x<x*.> As has been shown by standard economics models of accident

law, no further inquiry is needed.

But suppose that, for whatever reason, the court adds the additional requirement that the
injurer’s negligence must also be proximate cause of the victim’s harm. One test for proximate
cause is to ask whether the injurer could have reasonably foreseen that his or her negligence would
result in an accident. In formal terms, this question concerns the functional relationship between
injurer care and accident risk as embodied in the probability function p(x). Thus, we might formulate
a test along these lines which says that, for any given choice of care by the injurer, he or she is

proximate cause of the accident if and only if

—p'(x)>T (2)

4 Making the model bilateral care would not qualitatively alter the present argument.
5 The Hand test is usually stated as B<PL. Here, B=1 and PL=—p’(x)L.
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for some threshold T.® This amounts to asking whether, from the injurer’s perspective prior to the
accident, additional care could have reduced the probability of an accident by “enough” for a

reasonable person to have foreseen it.

In applying this test for proximate cause, the question is how the threshold T should be
determined. Comparison of (1) and (2) immediately reveals that the tests for negligence and
proximate cause are equivalent if we set T=1/L. Thus, they are, in principle, redundant in the sense
that they should arrive at the same result regarding injurer liability (Miceli, 1996). However, if the
court treats them as independent tests, then errors are possible.” Suppose, for example, that the
court sets T>1/L. Then some injurers who are negligent according to the Hand test will be absolved
of liability by the proximate cause test. And in the opposite case where T<1/L, all negligent injurers
will also be judged proximate cause, but so will some injurers who are not negligent. However, as
long as priority is given to the Hand test (i.e., as long as an injurer must be negligent to be liable),
then the outcome will be efficient in this case in the sense that no injurers with x>x* will be held

liable.

The preceding analysis has presumed that the two tests, although redundant, can at least be
applied deterministically. In reality, this will not be possible because of legal and evidentiary
uncertainty. The fact that the tests will be probabilistic in practice raises the question of how the
court should combine them—that is the problem posed in the introduction. The remainder of this
paper therefore takes as given the existence of multiple tests and examines the consequences for
litigant behavior and judicial outcomes of the particular rule the court adopts for combining the

tests. ®

3. Model of Litigant Behavior

6 See, for example, Shavell (1985).
7 This will necessarily happen if the same T is set for all cases, given that L will vary.
8 See Shavell (1980) and Miceli (1996) for some possible reasons why the two tests might be desirable.

4



We look at a tort case with evidentiary uncertainty and with two independent issues at
stake. For each issue, we can use Bayes’ rule to compute the conditional probability that the court
will consider the plaintiff to be right about that issue, denoted P,,;, with i=1 or i=2, as follows:

_ Po i XiF;
PoiXiF; + (1= Py;)Y;(1 = F;)

(3)

Py

where
Po,i = court’s prior probability that the plaintiff's assertions about issue i are correct, Po; €[0,1];
Fi = index of the inherent quality of issue i, normalized so that F;€[0,1];
Xi = plaintiff’s litigation effort for issue i;
Y; = defendant’s litigation effort for issue i.

In this formulation, Pg; can be interpreted as a measure of the court’s “bias” regarding issue i.
Specifically, if Po=Y5, the court is unbiased, whereas if Pgi>(<)%, it can be said to have a pro-plaintiff
(pro-defendant) bias. Alternatively, one could interpret Po; as reflecting noise in the court’s
assessment of the evidence presented at trial. Under such an interpretation, if Po; = 1/2, the court
attaches equal weight to each party’s evidence, whereas if Pg; > (<) 1/2, the court gives more weight
to the evidence produced by the plaintiff (defendant). This could, for example, be the case when
judges think that on average, evidence produced by the plaintiff (defendant) is more reliable.
Finally, XiFi can be interpreted as the “evidence against” the defendant, which depends positively on
both the factual evidence against him and the plaintiff’s litigation effort. Likewise, Y{(1—F)) is the

“evidence for” the defendant.

As noted in the introduction, the specific question of interest here is how the two rules
affect the litigation efforts of the parties—that is, the plaintiff’s choice of X; and the defendant’s
choice of Y;. To answer this question, we first need to account for the uncertain outcome of a trial.
Specifically, the parties have to form an expectation about their chances of winning under either

rule. To do this, we suppose that the source of uncertainty at trial is the court’s bias. Thus, we



assume that F is common knowledge,® but that Py is a random variable whose distribution is known

by both parties. For simplicity, we will assume that Py is uniformly distributed on [0,1].
3.1. Product Rule Not Applied

In the situation in which the product rule is not applied, the plaintiff’s objective is to choose

X; and X> to maximize

Prer(X1,X2,Y1,Y2)) — X1=Xa, (4)
while the defendant chooses Y; and Y, to minimize

Prnpr(X1,X5,Y1,Y2)] +Y1+Ys (5)
where Pypr(X1,X2,Y1,Y2) is the plaintiff’s probability of winning, and J is the amount at stake. The first-

order conditions defining the reaction functions for the plaintiff and defendant, respectively, are

(Pnpr)xid = 1 (6)
(Pnpr)vid = —1. (7)

Simultaneous solution of these four equations determines the Nash equilibrium levels of effort:
(X1 */XZ*/ Yl *I Yz*)

The probability of plaintiff victory in the case where the product rule is not applied, given a

preponderance-of-the-evidence standard, is given by

Pue(X1,X2,Y1,Yz) = prob (P, >1/2) x prob (P, >1/2)

Yl(l_ Fl)
Y,(1-F)+X,F,

Y,(1-F)

=prob (P,, >
Prob (R Y,(1-F,)+X,F,

) (8)

) x prob (F,, >

For a uniform distribution of the court’s prior, this becomes
Yl(l_ Fl) )(1_ Yz(]-_ FZ) ) — XlFl X2F2
Y,A-F)+XF Y,A-F)+X,F) XK HI-F) X,F+Y,1-F)

Per (X3, X,Y,Y,) = (1- (9)

Using this expression in (6) and (7), we obtain the Nash equilibrium effort levels

X*=Y*=F(1-F)FJ and X,*=Y,*=F,(1-F,)FJ (10)

% This can be justified by supposing that the facts of the case are made public during pre-trial discovery.
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These values can then be used to calculate the expected judgment at trial, Pner(X1,X5,Y1,Y2)) =
F1F2J, the overall expected value of trial to the plaintiff, and the expected cost of trial to the
defendant (i.e., the optimized values of the expressions in (2) and (3)). These are FiF2)-F (1- F)F,J
-F,(1-F,)RJ and F:F2J+ F(1-F)F,J + F,(1- F,)FJ, respectively. Interestingly, note that the
expected judgment turns out to be proportional to the product of the inherent quality of the several

issues.
3.2. Product Rule Applied

In a situation in which the product rule is used, the plaintiff's objective is to choose X; and X;

to maximize

Por(X1,X2,Y1,Y2)] —X1=X3, (12)
while the defendant chooses Y; and Y, to minimize

Per(X1,X5,Y1,Y2)) +Y1+Y, (12)

where Ppr(X1,X2,Y1,Y2) = prob (P, XP,, >1/2)

1+ Poyl(a—l) XK X,F,

(Pollab+a+b—1)—(b—1))) with a_Yl(l— F)ad " Y,(1-F)

= prob(PR, , >

For a uniform distribution, the probability equals:

el _ri 1+ P, (a-1)

dP,,
a+l’ Y ((@b+a+b-1)P,—(b-1) °

a
Ta+l (ab+a+b-1)° (13)

2ab(In(a+1) +In(b+1)—In2) + (a-Lab+ > (a—1)2
a+l

Note that the limiting cases (a=0 or b=0 and a=<° or b=0) lead to the simple formulas we
would expect to find. Specifically, if a=0 or b=0, the plaintiff can't win one of the issues, and so his or
her probability of winning the trial should be zero. This is indeed what we find if we set a=0 or b=0 in

(11). Atthe other extreme, when a=c°, we would expect only the second issue to be relevant, and



indeed, when we set a=c< in (11), we find a probability of winning of_P_, which is exactly the
b+1

probability of winning if issue 2 were the only issue. A similar argument applies for the case of b=co,

The first-order conditions for the plaintiff's and defendant’s problems can again be solved
simultaneously to obtain the Nash equilibrium effort levels, (X:** X2**, Y ** Y,**) (see the
Appendix). These equilibrium effort levels can then be used, as above, to compute the expected
judgment, the plaintiff’s expected value, and the defendant’s expected cost, of a trial. The
complexity of the expressions precludes drawing conclusions regarding the outcomes under the two
rules analytically. However, the next section uses numerical simulations to reveal the key

differences.

4. Implications
4.1. Expected judgment

The expected judgment is always lower when the product rule is applied because, compared
to non-use of the rule, the plaintiff has to surpass a higher hurdle. Interestingly, the difference in
expected judgment is lower for cases in which the inherent quality of both issues is very weak and
for cases in which the inherent quality of at least one issue is very high, as compared to cases in
which both issues are of intermediate strength (e.g. F1=0.7 and F,=0.75). This makes sense since, if
the court views either one of the two issues as slightly weaker than it actually is, surpassing the
evidentiary hurdle becomes very problematic when the product rule is applied, but not when the

product rule is eschewed.

The figures below illustrate the preceding conclusions. In the graphs, the X-axis represents
the inherent quality of issue 1, and the Y-axis the inherent quality of issue 2. The dark area in Figure
1 shows the cases for which the difference between the expected judgments is smaller than 5 % of
the amount at stake. The dark area in Figure 2 shows the cases for which the difference between the

expected judgments is smaller than 10 % of the amount at stake. The graphs verify that the product



Inherent quality issue 2

rule lowers the expected judgment most for cases of intermediate strength (i.e., cases in the non-

darkened areas).
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Figure 1. Difference expected judgment <5 % of Figure 2. Difference expected judgment < 10% of
the amount at stake (black area). the amount at stake (black area).

4.2. Litigation expenditures regarding issue 1

The litigation expenditures regarding issue 1 may be either lower or higher when the
product rule applies than when it does not. Interestingly, expenditures are higher under the product
rule for cases in which the inherent quality of the first issue is relatively large. Figure 3 illustrates
this. Intuitively, for these cases, under the product rule, the marginal value of the expenditures is
larger because they may partially compensate for the relative weakness of the second issue. Such
compensation is not possible when the product rule is not applied. For example, suppose there is an
80 percent chance that the court will consider the posterior probability of issue 2 to be 30 %, and a
20 % chance that it will assess this probability at 60%. Suppose further that the plaintiff can make an
investment with respect to issue 1 which may bring the court's posterior assessment of this issue
from 80 % to 90 %. When the product rule does not apply, this investment may have little benefit,
but when the product rule applies, making this investment is the only way to still have a chance to
win the trial (i.e., in case the court considers the posterior probability of issue 2 to be 60%, the

combined posterior probability increases from 0.8x0.6=0.48 to 0.9x0.6=0.54).



For cases in which the inherent quality of the first issue is somewhat lower or weaker,
expenditures are lower when the product rule is used. Here, the marginal value of expenditures is
often lower under the product rule. Suppose that an additional investment by the plaintiff could
bring the court's posterior assessment regarding issue 1 from 60 % to 70%. When the product rule is
not used, this expenditure has value as long as the court assesses the posterior probability of issue 2
to exceed 50 %. When the product rule is used, however, this expenditure only has value if the court

assesses the posterior probability of issue 2 to be at least 71.4 %.

09 4
0.8 4
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06

05+

Inherent quality issue 2

0.4 4

03 4

024

014

T T T T T
0.1 02 03 04 05 06 07 08 09

Inherent quality issue 1

Figure 3. Expenditures of issue 1 are larger
under the product rule (black area).
The case regarding issue two is completely symmetrical to the previous case. The litigation
expenditures regarding the second issue may be either lower or higher when the product rule
applies than when it does not. Expenditures are higher when the product rule is used for cases in

which the inherent quality of the second issue is relatively large.

4.3. Total litigation expenditures

For the majority of cases (not taking into account the decision to file), total expenditures are
smaller when the product rule is used than when it is not. Expenditures are larger under the product
rule when the inherent quality of at least one of the issues is quite large. The black area in Figure 4

represents cases for which total expenditures are larger under the product rule, while the black area
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in Figure 5 represents the cases for which the difference in total expenditures is larger than 5 % of

the amount at stake.
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Figure 4. Total expenditures are larger under Figure 5. Difference in total expenditures > 5%
the product rule (black area) amount at stake (black area).

4.5. Expected value of the plaintiff

For strong cases, the plaintiff's expected value is typically lower under the product rule. This
follows from the analysis above, given that for these types of cases the expected judgment is lower
and the expenditures are higher. For many weak cases, especially the weakest ones, the plaintiff's
expected value is larger under the product rule. For these cases, the reduction in expenditures
outweighs the reduction in the expected judgment. In Figure 6, the dark area represents the cases

for which the plaintiff's expected value is larger when the product rule is used.

Note however that these cases will generally not be filed because the plaintiff's participation
constraint is not satisfied—i.e., these cases have negative expected value. (Of course, some of these
cases may be filed if the plaintiff has an exogenous benefit of going to trial; e.g. having his day in
court.) The dark area in Figure 7 shows which cases are filed under the product rule, while Figure 8

shows which cases are filed when the product rule is not applied.
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Inherent quality issue 2

Inherent quality issue 1

Figure 6. Plaintiff's expected value is larger
under the product rule (black area).
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Figure 7. Cases filed under product rule (black area). Figure 8. Cases filed with suppression of product rule

(black area).

5. Conclusion

In cases where the court must judge multiple legal questions in order to assign liability, the
question arises as to whether it should judge them individually or jointly. In the presence of
evidentiary uncertainty, this amounts to asking whether the probability of each element separately,
or the product of the probabilities, must surpass the legal threshold in order for the plaintiff to win.
This question has provoked a large literature debating the two approaches. In this paper, we have

contributed to this debate by examining how the two rules affect the amount that plaintiffs and

12



defendants invest in legal expenditures at trial. Our conclusions are as follows. First, when the
product rule is not used, the expected judgment is proportional to the product of the inherent
quality of the several issues at stake. Second, the expected judgment is always lower when the
product rule is used, and especially strong cases suffer from this. Third, due to decreased litigation
expenditures, for many of the weakest cases the plaintiff's expected value is larger when the
product rule is used. Finally, for relatively strong cases, litigation expenditures are typically larger
when the product rule is used. In combination with the lower expected judgment, this may

substantially decrease the expected value for plaintiffs with meritorious suits.
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Appendix

With the product rule, the equilibrium expenditures equal (proof on file with the authors):

2F,(1-F)(Inl- F)+In(l-F,) +In2)- 2R F,(1- F) - F,(3F, -1) - (2F, -)¥1- F)(1- F,) - 2F,(2F, -1)(1- F,)
(F1 + (ZFz _1)(1_ Fl))z

X, **=Y,**=F (- F)] +F,(-F,) )

2F,(1-F)(In(l-F)+In(l-F,)+In2) - (2F, -1)F, - (2F, -1)4(1-F,)
(F1 + (2F2 _1)(1_ ':1))3

~2FY(1-F) J

2F,(1-F,)(In(L-F,) + In(L- F) +In2) ~2FF, (1-F,) - F,(3F, 1) - (2F, ~1{1-F, )1~ F) ~2F, (2F, ~)(L-F,) |
(Fz +(2|:1_1)(1_ Fz))z
2F (1-F)(In(l-F,)+In(l-F) +In2) - (2F, -1)F, - (2F, -)¥1-F) J
(Fz + (2F1 ’1)(1’ Fz))3

X " =Y, "=, (- F)J +F (-F)

~2F(1-F)

Note that the limit cases (Fi=0 or Fi=1) lead to the results we should expect to find. For example,

regarding the expenditures concerning the first issue, when F,=1, only the first issue should matter.

When we set F>=1 in (12), we find that X1=Y1=F1(1-F1)J. When F,=0, the outcome of the case is

certain (the defendant will win), and it's no use investing in the first issue. Indeed, when we set F,=0

in (14), we find that X;=Y1=0.
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