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Abstract

This paper tackles the identification and estimation of a high dimensional
factor model with unknown number of latent factors and a single break in the
number of factors and/or factor loadings occurring at unknown common date.
First, we propose a least squares estimator of the change point based on the
second moments of estimated pseudo factors and show that the estimation error
of the proposed estimator is O,(1). We also show that the proposed estimator
has some degree of robustness to misspecification of the number of pseudo fac-
tors. With the estimated change point plugged in, consistency of the estimated
number of pre and post-break factors and convergence rate of the estimated pre
and post-break factor space are then established under fairly general assump-
tions. The finite sample performance of our estimators is investigated using
Monte Carlo experiments.
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1 INTRODUCTION

Large factor models where a large number of time series are simultaneously driven
by a small number of unobserved factors, provide a powerful framework to analyze
high dimensional data. Large factor models have been successfully used in business
cycle analysis, consumer behavior analysis, asset pricing and economic monitoring
and forecasting, see for example Bernanke, Boivin and Eliasz (2005), Lewbel (1991),
Ross (1976) and Stock and Watson (2002b), to mention a few. Estimation theory of
large factor models also experienced some breakthroughs, see Bai and Ng (2002) and
Bai (2003), to mention a few. While most applications implicitly assume that the
number of factors and factor loadings are stable, there is broad evidence of structural
instability in macroeconomic and financial time series. Stock and Watson (2002a,
2009) argue that given the number of factors, standard principal component estima-
tion of factors is still consistent if the magnitude of the factor loading break is small
enough. Bates, Plagborg-Mgller, Stock and Watson (2013) further argue that a suf-
ficient condition for consistent estimation of the factor space is that the magnitude
of the factor loading break should converge to zero asymptotically. The condition
becomes increasingly stringent if one is to ensure the same convergence rate of the
estimated factor space derived in Bai and Ng (2002). This plays a crucial role in
subsequent forecasting and factor augmented regression models, and in ensuring con-
sistent estimation of the number of factors. However, in many empirical applications,
the magnitude of the factor loading break could be large and the number of factors
may also change over time. Examples include important economic events such as the
European debt crisis, or political events such as the end of the cold war, or policy
change such as the end of China’s one-child policy, to mention a few.

In the presence of a large factor loading break, estimation ignoring this instability
leads to serious consequences. First, the estimated number of factors, using any exist-
ing method, e.g., Bai and Ng (2002), Onatski (2009, 2010) and Ahn and Horenstein
(2013), is no longer consistent and tends to overestimate. This is because a factor
model with unstable factor loadings can be represented by an equivalent model with

extra pseudo factors but stable factor loadings. Moreover, the inconsistency of the



estimated number of factors will be transmitted to the estimated factors. In such
cases, it is hard to interpret the estimated factors, and the forecasting performance
may also deteriorate since adding extra factors in the forecasting equation does not

1. Consequently, a series of tests are proposed

always control the true factor space
to test large factor loading break, including Breitung and Eickmeier (2011), Chen,
Dolado and Gonzalo (2014), Han and Inoue (2015) and Corradi and Swanson (2014).
Once a large factor loading break has been detected, one still has to estimate the
change point, determine the number of pre and post-break factors and estimate the
factor space.

In fact, identification and estimation of a factor model in the presence of structural
instability have inherent difficulties. First, without knowing the change point, it is
infeasible to consistently estimate the factors and factor loadings even if the number
of pre-break and post-break factors were known. Second, existing change point esti-
mation methods require knowledge of the number of regressors and observability of
the regressors, see for example Bai (1994, 1997, 2010). Hence, to estimate the change
point along this path, even if the number of pre-break and post-break factors were
known, we still need at least a consistent estimator of the factors, which is infeasible
without knowing the change point. For example, consider the case where the number
of factors is known, constant over time and after a certain time period, the factor
loadings are all doubled. This model can be equivalently represented as the model
where factor loadings are constant over time, while factors are all doubled after that
time period. In this case, estimating the change point directly following Bai (1994,
1997) is not promising. Cheng, Liao and Schorfheide (2015) propose a shrinkage
procedure that consistently estimates the number of pre and post-break factors and
consistently detects factor loading breaks when the number of factors is constant,
without requiring knowledge of the change point. This result is a significant break-
through. However, it only leads to a consistent estimate of the change fraction and

does not lead to consistent estimates of the factors or factor loadings. In addition,

! Consider the case where all factor loadings are doubled after the change point. Also, the number
of factors is imposed a priori as in many empirical studies. In this case, the true factor space would
not be controlled for.



Chen (2015) also proposes a consistent estimate of the change fraction.

In contrast with Cheng, Liao and Schorfheide (2015), we first propose a least
squares estimator of the change point without requiring knowledge of the number of
factors and observability of the factors. Based on the estimated change point, we
then split the sample into two subsamples and use each subsample to estimate the
number of pre and post-break factors as well as the factor space. The key observation
behind our change point estimator is that the change point of the factor loadings in
the original model is the same as the change point of the second moment matrix of
the factors in the equivalent model. Estimating the former can therefore be converted
to estimating the latter, thereby circumventing the estimation of the original model.
This observation was first utilized by Chen et al. (2014) and Han and Inoue (2015) to
test the presence of a factor loading break. Here we further exploit this observation
to estimate the change point. More specifically, we start by estimating the number
of pseudo factors and the pseudo factors themselves ignoring structural change. This
leads us to identify the equivalent model. Based on the estimated pseudo factors, we
then estimate the pre and post-break second moment matrix of the pseudo factors for
all possible sample splits. The change point is estimated by minimizing the sum of
squared residuals of this second moment matrix estimation among all possible sample
splits.

Under fairly general assumptions, we show that the distance between the estimated
and the true change point is O,(1). Although our change point estimation itself is a
two step procedure, a significant advantage is that it has some degree of robustness to
misspecification of the number of pseudo factors. The underlying mechanism is that if
the number of pseudo factors were underestimated, the change point estimator would
be based on a subset of its second moment matrix, hence there is still information to
identify the change point. While if the number of pseudo factors were overestimated,
no information would be lost although extra noise would be brought in by the extra
estimated factors. The latter is similar to Moon and Weidner (2015) who show that
for panel data with interactive effects, the limiting distribution of the least squares
estimator of the regression coefficients is independent of the number of factors as long

as it is not underestimated. Estimating the number of pseudo factors therefore can be



seen as a procedure selecting the model with the strongest identification strength of
the unknown change point. From this perspective, our method shares some similarity
with selecting the most relevant instrumental variables (IVs) among a large number
of IVs.

Based on the estimated change point, consistency of the estimated pre and post-
break number of factors and consistency of the estimated pre and post-break factor
space are established. Also, the convergence rate of the estimated factor space is
the same as the one in Bai and Ng (2002) for the stable model, which is crucial
for eliminating the effect of using estimated factors in factor augmented regressions.
Note that these results are based on an inconsistent change point estimator (the first
step estimator). This is different from the traditional plug-in procedure, in which
even consistency of the first step estimation does not guarantee that its effect on the
second step estimation will vanish asymptotically. In general, the effect of the first
step error on the second step estimator depends upon the magnitude of the first step
error and how the second step estimator is affected by the first step error. In the
traditional plug-in procedure, usually the first step error needs to vanish sufficiently
fast to eliminate its effect. In the current context, while the first step error does not
vanish asymptotically, the second step becomes increasingly less sensitive to the first
step error as the time dimension 7' goes to infinity. That is to say, the robustness of
the second step estimators to the first step error relies on large 7. Similar robustness
has also been established in Bai (1997). In fact, in Bai (1997) it is a direct corollary
that the asymptotic property of the estimated regression coefficients is not affected
by the inconsistency of the estimated change point. However, in the current factor
setup, it is nontrivial to establish this robustness because estimating the number of
factors and factor space is totally different from estimating the regression coeflicients.

Our assumptions are quite general. We allow for cases with a change in the number
of factors, which can be disappearing or emerging factors. We also allow for cases with
only partial change in the factor loadings and cases in which a change in the factor
loadings do not lead to extra pseudo factors. Our Assumptions 1-7 are either from or
slight modification of Assumptions A-G in Bai (2003). These allow for cross-sectional

and temporal dependence as well as heteroskedasticity of the idiosyncratic errors. The



main extra assumption we impose is that the Hajek-Renyi inequality is applicable to
the second moment process of the factors. As discussed in the next section, this
assumption is more general than explicitly assuming a specific factor process and can
be easily satisfied. It is also worth noting that for a regularly behaved error term, our
results do not rely on the relative speed of the number of subjects (V) and the time
series length (7).

The rest of the paper is organized as follows. Section 2 introduces the model
setup, notation and preliminaries. Section 3 discusses the equivalent representation
and assumptions. Section 4 considers estimation of the change point. Section 5
considers estimation of the number of pre and post-break factors. Section 6 considers
estimation of the factor space. Section 7 discusses further issues relating to the
limiting distribution of the change point estimator. Section 8 reports the simulation

results, while Section 9 concludes. All the proofs are given in the Appendix.

2 NOTATION AND PRELIMINARIES

Consider the following large factor model with structural change in the factor loadings:

fori=1,..,Nandt=1,..T,
(1)

where f; = (fo;, f1,)- fie and fo, are ¢ and r — ¢ dimensional vectors of factors

- Jooi + [l Feig, if 1<t < [roT]
YT Sei+ i+ e, if [FoT]+1<t<T

with and without structural change in their factor loadings, respectively. \g; is the
factor loadings of subject ¢ corresponding to fo;. A1, and Ay, are factor loadings of
subject ¢ corresponding to f;, before and after the structural change, respectively. It
is easy to see that r — ¢ = 0 and » — ¢ > 0 correspond to the pure change case and
the partial change case respectively. e;; is the error term allowed to have temporal
and cross-sectional dependence as well as heteroskedasticity. 79 € (0, 1) is the change

fraction and ko = [1(T] is the change point.



In matrix form, the model can be represented as:

FPAy + FEA,
FAy + F3 A,

+ LB, (2)

where FY = [fo1, .., fororll's F2 = [forrorisn, - forl's FI = [fia, o frpror) and
F} = [fijror)41, - fir) are of dimensions [7oT] X (r — q), [(1 — 70)T] X (r — q),
[T0T] x q and [(1 — 7¢)T] X g, respectively. Ag = [Ao1,--s don]y A1 = A1,y AN
and Ag = [Aa1, ..., A2 )" are of dimensions N X (r —¢q), N x g and N x g, respectively,
E = [eq,...,er]" is of dimension T' x N. The matrices F?, FY, F}, F}, Ao, A1, Ao
and E are all unknown. In addition, Ag1 = [Ao, A1] = (Aor1, -, Adorn) and Age =
[Ao, A2] = (Mo2.1,---s Ao2.v)’ are of dimension N x r. Note that in general not only
the factor loadings but also the number of factors may have structural change. In
our representation, structural change in the number of factors is incorporated as a
special case of structural change in factor loadings by allowing either Ag; or Ags to
be degenerate. In case the number of pre-break and post-break factors are r; and 79
respectively, with » = max{ry,r}, f; and \; are always r dimensional vectors and
both Ag; and Agy are of dimensions N x r. If r; < ry, some columns in Ay, are zeros
and the number of such columns is 7o — 1. In this case, Ag; is degenerate and Ay,
is of full rank. Similarly, if r; > 75, some columns in Agy are zeros and Ag; is of
full rank. If r; = ro, both Ag; and Agy are of full rank r. In addition, we want to
point out that although cases with either disappearing factors or emerging factors
are allowed for, cases with both disappearing factors and emerging factors are not
necessarily identifiable within this mathematical setup. A model with s; disappearing
factors and s; emerging factors can be equivalently represented as a model with s; — s9
disappearing factors.

Throughout the paper, ||A|| = (trAA’)z denotes the Frobenius norm, - denotes
convergence in probability, < denotes convergence in distribution, vec(A) denotes the
vectorization of matrix A, r(A) denotes the rank of matrix A, 6y = min{v/N, T},
(N,T) — oo denotes N and T' going to infinity jointly.



3 EQUIVALENT REPRESENTATION AND ASSUMPTIONS

Since at least one of Ag; and Agy is of full rank, for the moment, suppose that Ag;
is of full rank. Due to symmetry, all results can be established similarly in case
Agz is of full rank. When Ag; is of full rank, the rank of the N x (r + ¢) matrix
[ Ay A, A, | is between r and r + q. Suppose [ Ao A1 Ay ] is of rank r + g1,
where 0 < ¢; < ¢, then Ay can be decomposed into Ay = [ Aoy Aoy }, where Ay is
of dimension N X ¢; and contains the columns in Ay that are linearly independent
of Agi. Ass is of dimension N X ¢y and contains the columns in A, that are linear

combinations of columns in [ Ao A1 Ay } such that Ay = [ Aoy A1 Ay ] Z for
some (7 + q1) X gz matrix Z. Therefore, _ Ay A1 Ay | is of full rank (r+¢) and

Mo A= [0 A An |4
[Ao AQ} = -Ao Ay A21-Ba
I I 0r—g)xan
where A = " ] and B = Ogx(r—q)  Ogxau Z | . It follows that model
q1Xr

Ogyx(r—q) Iy,
(2) has the following equivalent representation with stable factor loadings:

[ [ o 1| '
X: :Fl F1:|:A0 A1:|, +E
F F [AO AQ]
B I VO Y e VY
F) Fy | (| Ao Ay Ay | B)
[ [ po g | a ,
_ LTt [AO Ay A21]+E (3)
R B




FY Fl A

Next, define G = (¢1,...,97) = and'= 1| Ay Ay Ay |, then
Y BB

X = GI'+BE, (4)

{ Afy, if 1<t < [roT] (5)

o Bf,, if [roT) +1<t<T

and we call 7 + ¢; the number of pseudo factors. Equivalent representation of model
(2) was first formulated by Han and Inoue (2015). Here our representation generalizes
and complements their result. Our representation is fairly general. The big break
case discussed in Chen et al. (2014) corresponds to the case ¢; = ¢, while the type
1, type 2 and type 3 breaks discussed in Han and Inoue (2015) correspond to the
cases ¢ = ¢, ¢ = 0 and 0 < ¢; < ¢ respectively. The type 1 and type 2 changes
discussed in Cheng et al. (2015) are also special cases of this representation. To
ensure this equivalent representation is unique up to a rotation, it remains to show
G is asymptotically full rank, i.e., %Zle 9t9; 2. 2 for some positive definite S.

Define Xp = E(f.f}), a1 = E(g:g;) for t < ko and g2 = E(g.g;) for ¢ > ko, then

Yg1 = AXpA, Ygo= BYpB, (6)
ZG = TOAEFA,—F (1 —To)BZFB,. (7)

Proposition 1 If 7g € (0,1) and X is positive definite, Y. is positive definite.

For the case where Agy is of full rank, A; can be decomposed as[ A1 Apa },
where [ Ay Ay Apy ] is of full rank and A1s = | Ag Ay A ] Z for some Z.
Define O = |: AO AQ All i|

Our assumptions are as follows:

Assumption 1 (1) E|fi||* < M < oo, E(f.f)) = Sp, Sp is positive definite,
= oA S e, ﬁzz=k0+l fifl 5 Sp, (2) there exists d > 0 such that
|AYXp A" — BEpB'|| > d for all N.

Assumption 2 ||| < A < oo for 1 =0,1,2, |+I'T = Sr|| — 0 for some positive

definite matrix Xr or H%@'@ — Z@H — 0 for some positive definite matrix Xe.
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Assumption 3 There exists a positive constant M < oo such that:
1 E(ey) =0, E |eit|8 <M, foralli=1,...N,andt=1,...,T,
2E(epejs) = Tijus fori,j=1,..,N, andt,s =1,...T, also

1 N N T T

NT Zi:l ijl Zt:1 25:1 |Tijes| < M,

4

3 For every (t,s =1,..,7), E ‘\/LN Zfil[eiseit — ]E,(@Z.S@it)]‘ < M.

Assumption 4 There exists a positive constant M < oo such that:

B 1 N 1 ko 2 o

(N Zi:]_ \/_k_o Zt:l fteit ) — )
1 N 1 T 2

E<N Zz:1 VT — ko Zt:ko-H freir|| ) < M.

Assumption 5 There exists an M < oo such that:
1B(5) = yn(s.t) and S Jyn(s,t)] < M for every t < T,
2 B(exejr) = Tijp with |1i54] < 745 for some 7;; and for all t = 1,...,T, and

Zé\;l |75l < M for everyi < N.
Assumption 6 The largest eigenvalue of 5+ EE' is Op(ézL).

NT
Assumption 7 The eigenvalues of XgYr or YgXe are distinct.

Assumption 8 Define ¢, = vec(ff| — Xr). The data generating process of factors is
such that the Hagjek-Renyi inequality’ applies to the process {e;,t = 1,....ko}, {e,t =
ko,..,1}, {en,t =ko+1,....T} and {e;, t =T, ..., ko + 1}.

Assumption 9 % — 0.

Assumption 10 There exists M < oo such that:

1 For every s =1,...,T, E(supﬁ Zfikﬂ
k<ko

2
\/LN Zz‘]\iﬂeiseit — E(eseqn)]| ) < M,

) <M

2
BEST

B(sup Yoy | J Loit [eisen — Bewsei)]
Y]

2See Appendix for an introduction of the Hajek-Renyi inequality.



2
k N
B(sup i it |y S leweu — Blewew)]| ) < M,
0
E(sup 7 21 | o 2o E N<M
(:SET—k Zt:k+1 \/_ﬁzz‘:1[€is€it_ (eiseit>] )_ ,
Z R0
2 E(sup 1 S LSV e 2) <M
k<£}ko—k t=kt1 || U 2wim1 Vi€it|| ) <= M,
E 1 k 1 N ) 2 <M
(supg 22y \/_sz‘:l Vieal| ) < M,
k<ko
E(sup == >0 Ly~ <M
(SUP =5 Do tmost || 7 2oimt Vi€it|| ) < M,
k>ko
E(sup 7 3/ Lyn N<M
(23]? T Dotk || 7 Doimt Yi€it|| ) S M.
Z R0

Assumptions 1-7 are either from or slight modification of Assumptions A-G in Bai
(2003). Assumption 1(1) corresponds to Assumption A in Bai (2003) and should be
satisfied within each regime. f; can be dynamic and contain their lags. Assumption
1(2) enables the identification of the change point and is general enough to cover
all patterns of factor loading break likely in practice. It does not matter whether B
depends on N or not, as long as the distance between the pre and post-break second
moment matrix of g; is bounded away from zero as N — oco. If 7”([ Ao A1 Ay ]) >
7‘([ Ao A }), then AX A’ # BB, Ifr([ Ao Ay Ay }) - 7‘([ Ao Ay ]), then
AYpA" = Yp and BYXpB' # X except for some very unlikely case, for example,
some post-break factor loadings are —1 times their pre-break factor loadings. Note
that here to simplify analysis, the second moment matrix of the factors is assumed
to be stationary over time, since in general how to disentangle structural change in
Y from structural change in factor loadings is still unclear. Assumption 2 corre-
sponds to Assumption B in Bai (2003) and implies that ||+ Ay Aot — Sag, || — 0 and
H%AIOQAOQ — ZA02H — 0. Note that one of Ag; and Ay, is allowed to be degenerate.
This allows for cases with disappearing or emerging factors. In addition, Ay could
contain a small change. Let A)g; be the change of \y;. As discussed in Bates et al.
(2013), if AXg; = ﬁ/@ and ||k;|| < & < oo for all i, consistency of the estimated
number of factors and the factors themselves will not be affected. For simplicity, we
assume that Ay is stable. Assumptions 3 and 5 correspond to Assumptions C and E
in Bai (2003), which allow for the temporal and cross-sectional dependence as well

as heteroskedasticity. Assumption 4 corresponds to Assumption D in Bai (2003) and

10



should be satisfied within each regime. This is implied by Assumptions 1 and 3 if
the factors and the errors are independent. Assumption 6 is the key condition for
identifying the number of factors and is implicitly assumed in Bai and Ng (2002) and
required in almost all existing methods of determining the number of factors or the
number of dynamic factors. For example, Onatski (2010) and Ahn and Horenstein
(2013) assume E = AeB, where ¢ is an i.i.d. T'x N matrix and A and B characterize
the temporal and cross-sectional dependence and heteroskedasticity. This is a suffi-
cient but not necessary condition for Assumption 6. In this paper, Assumption 6 can
be relaxed to "The largest eigenvalue of 3=EFE’ is 0,(1)", yet still allows consistent
estimation of the number of factors. Assumption 7 corresponds to Assumption G in
Bai (2003).

Assumption 8 strengthens Assumption 1(1) and imposes further requirement on
the factor process. Instead of assuming a specific data generating process, here we only
require that the Hajek-Renyi inequality is applicable to the second moment process of
the factors, which incorporates i.i.d., martingale difference, martingale, mixingale and
so on as special cases and renders Assumption 8 in its most general form. Assumption
10 imposes further constraints on the idiosyncratic error. Note that stationarity is
not assumed in Assumption 10. In rare cases, Assumption 10 is not satisfied, but
we can still proceed with Assumption 9. Compared to ‘/TT — 0, which is assumed in

Chen et al. (2014), Han and Inoue (2015), Assumption 9 is significantly weaker and

much easier to be satisfied since even when 7' is much larger than NV, IOJ%T could still

be very close to zero.

4 ESTIMATING THE CHANGE POINT

4.1 THE ESTIMATION PROCEDURE

In this subsection, we discuss how to estimate the change point with an unknown
number of latent factors. First, we estimate the number of factors ignoring structural
change. Define 7 as the estimated number of factors using the information criteria in

Bai and Ng (2002), we will have (Nl%gn P(F =r+ q) = 1, since model (2) can be

11



equivalently represented as model (3). Note that ¢; could be zero, since structural
change does not necessarily lead to overestimating the number of factors. Using 7,
we then estimate the factors using the principal component method. This identifies
the factors g;. As noted in (6), the second moment matrix® of g, has a break at
the point ky. Hence, estimating change point of factor loadings can be converted
to estimating change point of the second moment matrix of ¢g,. Although ¢, is not
directly observable, the principal component estimator ¢; is asymptotically close to
J'g, for some rotation matrix J. And J 5 J, = Eé@\/_% as (N,T) — oo, where
V and & are the eigenvalue matrix and eigenvector matrix of Eé ZGZ% respectively.
Hence change point estimation using g; will be asymptotically equivalent to using
Jog:- Tt is easy to see that the second moment matrix of Jyg; shares the same change
point as that of g;. Therefore, we proceed to estimate the pre-break and post-break
second moment matrix of g; using the estimated factors g,.

More specifically, following Bai (1994, 1997, 2010), for any k& > 0 we split the sam-
ple into two subsamples and estimate the pre-break and post-break second moment

matrix of g, as

- 1 Eo =

X = Eztflgtgt’

S = S 44 8
2 = ﬂ . k+1gtgt7 ( )

and define the sum of squared residuals as

S(k) = 3" vec(d;— 50 foee(Gi~ S0+ Y, [vee(§di— o)) [oee(@i— ).
9)

The least squares estimator of the change point? is

k = argmin S(k). (10)

3The first moment of g; may also help identify the change point, but it requires the true factors
ft to have nonzero mean.
4 Alternatively, one referee points out that one may consider quasi-maximum likelihood estimation

of the change point: kys = arg max[—Fk log ’21‘ — (T — k) log ‘22’]

12



Here we use S(k) to emphasize that the sum of squared residuals is based on the

estimated factors.

Remark 1 The change point estimator also can be based on §; instead of g;, where
(G150 07) = G =GVyr = (1, 97)' VT and Vyr is diagonal and contains the first

r 4 q1 largest eigenvalues of ﬁX X' in decreasing order.

4.2 ASYMPTOTIC PROPERTIES OF THE CHANGE POINT ESTI-
MATOR

In what follows, we shall establish the rate of convergence of the proposed estimator,
which allows us to identify the number of pre-break and post-break factors as well
as the factor space. Since (N,lTh;Ii) OOP(? =714 q) = 1, estimation of the change point
based on 7 and the true number of pseudo factors r + ¢; is asymptotically equivalent.
The proof is similar to footnote 5 in Bai (2003). Therefore, we can treat the number
of pseudo factors r 4 ¢; as known in studying the asymptotic properties of our change
point estimator.

Define 7 = /%/T as the estimated change fraction, we show in the appendix that
7 is consistent for 7¢. This implies for any ¢ > 0 and n > 0, P(7 € D) > 1 — € for
sufficiently large N and T', where D = {k : |k — ko| /T < n}. Using similar stategy,
we can further show that for any ¢ > 0 and 1 > 0, there exist an M > 0 such that
P(k € Dy;) < e for sufficiently large N and T, where Dy, = {k : k € D, |k — ko| >
M}. Taken together, we have:

Theorem 1 Under Assumptions 1-8 and 9 or 10, k — ko = O,(1).

This theorem implies that the difference between the estimated change point and
the true change point is stochastically bounded. This is quite strong since the possible
change point is narrowed to a bounded interval no matter how large 7" is. Although
k is still inconsistent, an important observation is that k — ko = O,(1) is already
sufficient for consistent estimation of the number of pre-break and post-break factors
and consistent estimation of the pre-break and post-break factor space, which will be

discussed further in the next three sections.
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Theorem 1 differs from existing results in the change point estimation literature.
First, in the current setup N goes to infinity jointly with 7', thus we should be able
to achieve consistency of k as shown in Bai (2010) for the panel mean shift case,
because large N will help identify the change point when the change point is common
across individuals. Our result is different from Bai (2010) and instead similar to
the univariate case, e.g., Bai (1994, 1997), because k is based on G:g; which is a
fixed dimensional multivariate time series with mean shift. Second, our result is also
different from Bai (1994, 1997) because in the current setup we are using estimated
data §:g; rather than the raw data Jyg:g;.J; to estimate the change point, i.e., the
data §:g; contains measurement error §:g; — Jog:g;J5. Eliminating the effect of this

measurement, error on estimation of change point relies on large V.

Remark 2 Theorem 1 holds with either Assumption 9 or 10, but we do not need
both. Usually Assumption 10 is satisfied. In this case, there is no restriction on the

relative speed of N and T going to infinity. Even when Assumption 10 is violated,

logT

our results only require =%~ — 0, which can be easily satisfied.

Remark 3 Note that Theorem 1 requires the covariance matriz of the factors to be
stationary, and thus is not robust to heteroskedasticity of the factors. This problem
also appears in other recent papers in the literature, for example, Chen et al. (2014),

Han and Inoue (2015) and Cheng et al. (2015).°

4.3 THE EFFECT OF USING ESTIMATED NUMBER OF PSEUDO
FACTORS ON ESTIMATION OF THE CHANGE POINT

Since our method for estimating the change point is a two step procedure, a natural
question is how will the model selection error in the first step affect the performance
of the second step estimation. Although consistent model selection guarantees that

asymptotically we can behave as if the true model is known a priori, the finite sample

®A main drawback of this approach is that the proposed procedure is not able to distinguish
breaks in the factor loadings (an important issue in empirical practice) and breaks in the factor
variance (an issue of minor importance since the estimator remains consistent in this case). We
would like to thank an anonymous referee for emphasizing this fact.
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distribution of the post model selection estimator could be dramatically different
from its asymptotic limit even when the sample size is very large. This is because
the probability of misspecifying the model in the first step may be nonignorable even
when the sample size is very large if consistency of the first step model selection is
not uniform with respect to the parameter space. The distribution of the post model
selection estimator is a weighted average of its distribution given the true model is
selected and given some misspecified model is selected, where the weight is given by
the probability of selecting that model. When the probability of misspecifying the
model is indeed nonignorable and the distributions with the true and misspecified
models selected are very different, we can imagine that the composite distribution
could be far away from its asymptotic limit.

In the current context, the Leeb and Potscher (2005)’s criticism still applies. But,
we argue that our change point estimator still has some degree of robustness to the
first step estimation error, especially if we only care about the stochastic order of the
change point estimation error. This is because if the number of pseudo factors were
underestimated, k would be based on a subset of the second moment matrix of Jog:.
Hence there is still information to identify the change point. While if the number
of pseudo factors were overestimated, no information would be lost but extra noise
would be brought in by the extra estimated factors. Therefore, estimating the number
of pseudo factors can be seen as a procedure selecting the model with the strongest
identification strength of the unknown change point. From this perspective, our
method shares some similarity with selecting the most relevant instrumental variables
(IVs) among a large number of IVs.

In case 7 is fixed at some positive integer m < r+ q;, we have the following result:

Corollary 1 For any positive integer m < r + q1 and change point estimation based
on 7 = m, with Jy replaced by J§* which is of dimension (r + q1) X m and contains
the first m columns of Jo, and || J§"Eq 1 — J§Ec2J5| > d for some d > 0 and
all N, Theorem 1 still holds.

In case 7 is fixed at some positive integer m > r 4+ ¢;, we can not prove the

robustness of Theorem 1. Nonetheless, if the change point estimator were based on
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g; instead of g;, we can prove:

Corollary 2 For any positive integer m > r+ q; and change point estimator k based

on g; and 7 =m, if ‘/TT — 0, Theorem 1 still holds.

Note that Corollary 1 also applies to k. Corollary 2 shows that k is robust to
overestimation of the number of pseudo factors. This result is similar to Moon and
Weidner (2015) who show that for panel data with interactive effects, the limiting
distribution of the LS estimator is independent of the number of factors used in the

estimation, as long as this number is not underestimated.

Remark 4 If the condition "||J"Sq1J§" — J§"Ec 2§ || > d for some d > 0 and all
N " is not satisfied for all m, estimation errors of the number of the pseudo factors
may affect the uniform validity of the estimation procedure. In such case, simply
fixing T at the maximum number of pseudo factors may be preferred, especially when

this mazimum number is small or some prior information is available.

Remark 5 As can be seen in the equivalent representation, the pseudo factors in-
duced by structural change are relatively weaker than factors with stable loadings in
the original model because a portion of their elements are zeros and the magnitude of
those monzero elements is small if the magnitude of structural change is small. Since
underestimation is more harmfull compared to overestimation, we recommend choos-
ing a less conservative criterion in estimating the number of pseudo factors. We will

discuss this further in the simulation section.

Up to now, we have only touched upon the stochastic order of k — ko. We will
postpone the discussion of the imiting distribution and instead put more emphasis
on the estimation of the pre and post-break number of factors and factor space. We
will show that k& — ko = O,(1) is a sufficient condition for the results in subsequent
estimation. Thus for the purpose of subsequent estimation, the limiting distribution

is not needed.

6Underestimation will result in loss of useful moment conditions while overestimation will bring
in irrelevant moment conditions. In the current setup, loosing useful moment conditions is more
harmful.
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9 DETERMINING THE NUMBER OF FACTORS

In this section, we study how to consistently estimate the number of factors in the
presence of structural instability in the factor loadings or the number of factors them-
selves. We first relax the sufficient condition proposed by Bates et al. (2013) for the
consistent estimation of the number of factors in the presence of structural change
using the Bai and Ng (2002) information criteria. The condition they propose is
% |Al? = O(ﬁ), where A is the matrix of factor loading breaks. In the current
setup, A = Ay — A;. We show, in the following proposition, that their condition can

be relaxed to + N O(g?iT) for some ¢ > 0.

Proposition 2 In the presence of a single common break in factor loadings, the
estimator of the number of factors using the Bai and Ng (2002) information criteria is
still consistent if + IA]? = O(ﬁ) for some ¢ >0, g(N,T) — 0 and 0479(N,T) —
oo, where g(N,T) is the penalty function.

The formal proof is in the Appendix. This proposition complements Theorem 2
below. Note that ¢ can be arbitrarily close to zero, hence our condition is much weaker
than that of Bates et al. (2013). The intuition behind our result is that change in
factor loadings can be treated as an extra error term and as long as ¢ > 0, the first r
largest eigenvalues of X X' are still separated from the rest. By adjusting the speed
at which the penalty function goes to zero accordingly, the number of factors can still
be consistently determined. Some caveats are the following: When c is less than two,
the magnitude of this extra error term becomes large. To outweigh the error term,
the speed at which the penalty function g(/N,T') goes to zero has to be slower than the
speed at which |A||* goes to zero, so that % — 00. This may be problematic
in real applications, since when c is close to zero, not all factors are necessarily strong
enough to outweigh the extra noise brought by the factor loadings breaks. And even if
factors are strong enough, we still need to pin down ¢, which is difficult. In addition,
the above result is not applicable for the case where + |IA[* = O(1), nor the case

where the number of factors also change. In view of these caveats, Proposition 2 is

more of theoretical importance and demonstrates how far we can go following Bates
et al. (2013).
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To estimate the number of pre and post-break factors in the presence of large
break, we propose the following procedure: split the sample into two subsamples
based on the estimated change point &, and then use each subsample to estimate the
number of pre and post-break factors. Let 7y and 7y be the estimated number of
pre-break and post-break factors using the method in Bai and Ng (2002). We have
the following result:

Theorem 2 Under Assumptions 1-8 and 9 or 10, lim P(fy = ) = 1 and

N,T)—oc0

(Nl}gn P(fy = 1) = 1, where 1 and ro are numbers of pre-break and post-break

factors, respectively.

Theorem 2 together with Theorem 1 identifies model (2) and provides the basis
for subsequent estimation and inference. Note that k — kg = 0O,(1) is sufficient
for the consistency of 7; and 7, i.e., consistency of the second step estimators 7
and 7y does not require consistency of the first step estimator k.7 This is because
k—ky = O,(1) is the exact condition that guarantees the extra noise brought by
a change in factor loadings does not affect the speed of eigenvalue separation. In
general, the effect of the error in the first step, which could be either estimation or
model selection, on the second step estimator depends on the magnitude of the first
step error and how the second step estimator is affected by the first step error. In the
traditional plug-in procedure, usually the first step error need to vanish sufficiently
fast to eliminate its effect. In the current context, although the first step error does
not vanish asymptotically, the second step becomes increasingly less sensitive to the
first step error as T' — oo. This can be seen more easily by considering the case
k — ko

number of factors and factor space are estimated using each subsample whose size is

in which T' is very large while is bounded. Since the pre and post-break

O(T), misspecifying the change point by a bounded value would affect their behavior
very little. In other words, while large 7" does not help identify the change point, it

increases the magnitude of misspecification of change point that can be tolerated.

"When estimating the pre and post-break number of factors and factor space, we consider k as
the first step estimator.
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To better demonstrate the difference between our result and traditional plug-in
procedure, we sketch the key steps in proving the consistency of 7y. The estimator of
the number of pre-break factors 7, is based on the pre-break subsample ¢t = 1, ..., k.
What we need to show is: for any € > 0, P(7, # r1) < € for large (N, 7). Based on
)k’ ko‘ = 0,(1), we have for any € > 0, there exists M > 0 such that P( ‘k k:()’ >
M) < e for all (N,T). Based on this M, P(7, # r1) can be decomposed as

P(fl 7£ 1,

k— ko‘ > M)+P(7 # 11, ko—M < k < ko)+P(F1 # 11, ko+1 < k < ko+M).

The first term is less than P(‘l;: — ko) > M), hence less than € for all (N,T). The
second term can be further decomposed as

S PGk £,k = k),

k=ko—M

where P(71(k) # 71,k = k) denotes the joint probability of k = k and 7 (k) # 7, and
71(k) denotes the estimated number of pre-break factors using subsample ¢t = 1, ..., k.
Obviously, P(7 (k) # 71,k = k) < P(#1(k) # 1), hence the second term is less than

z(’:kof 1 P(71(k) # r1). Furthermore, the factor loadings in the pre-break subsample
are stable when k < ko and for k € [ky — M, ko], k — oo at the same speed as ko,
hence we have for each k € [ko — M, ko, P(71(k) # r1) < 357 for large (N, T'). The

second term is therefore less than ZZOZ,CO = ¢ for large (IV,T'). The argument

VS vesy
for the second term also applies to the third term, except for some modifications.
First, the third term can be decomposed similarly as

S pE ) A=k <Y k) £ 1),

k=ko+1 k= k‘o-i-].

and it remains to show for each k € [ky + 1,ko + M|, P(7i(k) # r) < 47 for
large (N, T). Unlike the second term, when k € [ko + 1, kg + M| the factor loadings
of the pre-break subsample ¢t = 1,....,k has a break at ¢ = k;. Hence, the results
already established for the stable model are not directly applicable. Nevertheless,
the number of observations with factor loading break, k — kg, is bounded by M.

Therefore, in estimating the number of factors, these observations will be dominated
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by the observations t = 1, ...kg, as kg = [17oT] — oc.

6 ESTIMATING THE FACTOR SPACE

In this section, we discuss the estimation of the pre-break and post-break factor
space. As in last section, we split the sample into two subsamples based on the
change point estimator k, and then use each subsample to estimate the pre-break and
post-break factor space. For each possible sample split k, define X (k) = (21, ..., xx)’,
Fi(k) = (f1,., fr) and Fs(k) = (frx+1,---, fr). Let u be any prespecified num-
ber of pre-break factors, which does not necessarily equal ;. The principal compo-
nent estimator of the pre-break factors and factor loadings are obtained by solving
V(u) = min g7 S SN (i — fI\)2 Since the true factors can be identified only
up to a rotation, the normalization condition has to be imposed to uniquely determine
the solution, and based on different normalization conditions there are two solutions.
For the first one, the estimated factors, Flu(kj), equal VT times the eigenvectors corre-
sponding to the first u largest eigenvalues of 7 X (k) X'(k) and Av(k) = %X’(kz)ﬁf(k:)
are the corresponding estimated factor loadings. For the second one, the estimated
factor loadings, AY(k), equal VN times the eigenvectors corresponding to the first
largest eigenvalues of 7 X'(k)X (k) and Fi(k) = +X(k)AY(k) are the correspond-
ing estimated factors. Following Bai and Ng (2002), we define the rescaled estima-
tor F(k) = Fl“(k)[%pf’(k)pf(k)]%. The estimator of the post-break factors F¥ (k)
can be obtained similarly based on the post-break subsample, where v is the pre-
specified number of post-break factors. Next, define H{' (k) = HEURHOT TG

N k

HY(k) = AB%XOQ E 2/(;)55(1@)' Let f*(k) and f’(k) be the estimated factors based on

change point estimator k for t< k and t> k respectively, we have the following

theorem:

Theorem 3 Under Assumptions 1-8 and 9 or 10,

1 k Au wl 1

SN ORI il = O )
LS g —mydos] = 0
T — o L—t=k+1 || ¢ o2
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Theorem 3 implies that our estimator of the factor space is mean squared con-
sistent within each regime and the convergence rate is the same as that obtained by
Bai and Ng (2002) for the stable model. Consistent estimation of the factor space
has proved to be crucial in many cases, including forecasting and factor augmented
regressions. Note that the convergence rate Op(ﬁ) plays a crucial role in eliminating
the effect of using estimated factors, for which consistency is not enough. Bates et
al. (2013) show that if we ignore the structural change, consistency of the estimated
factor space requires |A[]? = o(1). In contrast, to guarantee the convergence rate
Op(ﬁ) of the estimated factor space, it requires + A7 = O(ﬁ). While reason-
able for a small break, these two conditions especially the latter are not suitable for
a large break. As discussed in Banerjee, Marcellino and Masten (2008), this is the
most likely reason behind the worsening factor-based forecasts. In contrast, our result

allows for a large break, and hence improves and complements Bates et al. (2013).

Remark 6 Note that k — ko = O,(1) is both a necessary and sufficient condition
for Theorem 3. If ’/} — k:o‘ is of order larger than O,(1), the convergence speed in
Theorem 3 will be affected.

Remark 7 Theorem 8 is based on arbitrarily w and v rather than 71 and 75, the
estimated number of pre-break and post-break factors. On the other hand, 71 and 75 are
based directly on eigenvalue separation, without using consistency of the estimated pre-
break and post-break factor space. Hence, Theorem 8 and Theorem 2 are independent
of each other. Alternatively, we can choose u = 71 and v = 7. Since 71 and 7o are
consistent, this is asymptotically equivalent to the case in which vy and ro are known.
The same argument was used by Bai (2003) for deriving the limiting distribution of the
estimated factors. When ry and ry are known and under Assumptions 1-8 and 9 or 10,
we have 1 S°E | ) — BBV = 0,() and 2 S | ) — a3y s =
Op(52-)-

2
(SNT
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7 FURTHER ISSUES

To make inference about the change point, we seek to derive its limiting distribution.
Define

v = wvec(Jygig;Jo — X1) for t < ko,
v = wvec(JygigiJo — Xa) for t > ko, (11)

where ¥, = JiX¢1Jo and Xy = JjX g 2Jo are the pre-break and post-break means of
Jb9:9;Jo. The limiting distribution of k is as follows:

Theorem 4 Under Assumptions 1-8 and 9 or 10, k — k KR arg min W (1), where

W) = =18, -5 - 22 [vee(Sy = )]y, forl=~1,-2, ..,
W(l) = 0 forl=0,

ko—+l
W) = 1S -%° - 22 o Uec (So — X))y forl=1,2,.... (12)

If y; is independent over ¢, then W (1) is a two-sided random walk. Note that y; is
not assumed to be stationary. By definition, if f; is stationary, then ¢; and hence 1,
is stationary within each regime. In this case Zt ko +l and Zfi;é 41 can be replaced
by Zt:l and thl. The main problem is that this limiting distribution is not free
of the underlying DGP, hence constructing a confidence interval is not feasible. In
previous change point estimation studies, the shrinking break assumption is required
to make the limiting distribution independent of the underlying DGP. However, in
the current setup, the break magnitude ||y — ¥|| is fixed and it is unreasonable to
assume ||3y — ;|| — 0 as T' — oo. In fact, feasible inference procedure without the

shrinking break assumption is an open question. We conjecture that bootstrap is one

possible solution and leave this for future research.

Remark 8 Bai (2010) also considers a fized magnitude for the break. The differ-
ence between our result and Bai (2010) is that our random walk is not necessarily
Gaussian. This is because the dimension of yi, (r + q1)?, is fized and y;; and yx; are

not independent for j # k. In contrast, in Bai (2010), the dimension of e;, N, goes
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to infinity and ej; and ey, are independent for j # k so that the CLT applies to the

weighted sum of e;.

Remark 9 In some special cases, the limiting distribution of k — ko is one-sided,
concentrating on | > 0. For example, if Ay, A1 and Ay — Ay are orthogonal to each
other and the factors are also orthogonal with each other, then [vec(Xy — 1)y =0
for allt < ko. It follows that W(l) > W(0) for alll < 0, hence argmin W (l) > 0.

Remark 10 As in Theorem 1, Theorem 4 holds with either Assumption 9 or 10.

Remark 11 As in Remark 1, when change point estimation is based on 7 = m <

r + q1, Theorem 4 holds with Jy replaced by Ji".

8 SIMULATIONS

In this section, we perform simulations to confirm our theoretical results and examine

various elements that may affect the finite sample performance of our estimators.

8.1 DESIGN

Our design roughly follows that of Bates et al. (2013), with the focus switching from
small change to large change and from forecasting to estimating the whole model, i.e.,
estimating the change point, the number of pre-break and post-break factors and the
pre-break and post-break factor spaces.

The data is generated as follows:

S foihoi + fldi + Ve, if 1<t <[roT]
* fohoi + flidai +V0eis, if [ToT)+1<t<T

As discussed in Section 2, in case the number of pre-break and post-break factors
is 71 and ry respectively, with r = max{r, 2}, fi and \; are always r dimensional
vectors. If r; < 7y, the last 75 — r; elements of \;; are zeros while if 71 > 7y, the last
r1 — 72 elements of \y; are zeros. ¢; and 6, control the magnitude of noise and here

we take 0 = r1, 05 = rs.
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The factors are generated as follows:
fip=pfic1iptu,fort=2,...., Tandp=1,..7,

where u;,, is 1.i.d. N(0,1) for ¢t = 2,...,7 and p = 1,...,r. Fort =1, fi, is i.i.d.
N(0, #) for p =1,...,r so that factors have stationary distributions. The scalar p
captures the serial correlation of factors.

The idiosyncratic errors are generated as follows:
eir =01 +vfore=1.., Nandt=2,.,T.

The processes {u:,} and {v;;} are mutually independent with v, = (viy,...,0n.)
being i.i.d. N(0,Q) fort =2,...,T. Fort =1, e.; = (e, ...,en,1) is N(0, 72zQ2) so
that the idiosyncratic errors have stationary distributions. The scalar o captures the
serial correlation of the idiosyncratic errors. As in Bates et al. (2013), Q,;; = =1
captures the cross-sectional dependence of the idiosyncratic errors.

We consider three different ways of generating factor loadings corresponding to
three different representative setups. The first setup allows both change in the number
of factors and partial change in the factor loadings, with (ry,r) = (3,5) and one
factor having stable loadings. In this case, \; is independent N (0, z;(R?)) across
t. Both A\;; and \y; are four dimensional vectors. The first two elements of \;; are
independent N (0, z;(R?)Iy) across i and the last two elements of \; ; are zeros. Also,
A2,; is independent N (0, z;( R?)14) across i. Hence the number of pseudo factors in the
equivalent representation is r; + 79 — 1 = 7. The scalar z;(R?) is determined so that
the regression R? of series i is equal to R?.® The second setup allows only change in
the number of factors, with (ry,73) = (3,5) and three factors having stable loadings.
In this case, \g; is independent N (0, z;(R?)I3) across i. Both A;; and \y; are two
dimensional vectors, A;; are zeros while \y; is independent N (0, x;(R?)I5) across i.
Hence the number of pseudo factors is 5. The third setup allows only partial change in

the factor loadings, with (ry,r2) = (3, 3) and one factor having stable loadings. In this
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case, \g; is independent N (0, z;(R?)) across i. Both A;; and )y, are two dimensional
vectors, Ay ; is independent N (0, z;(R?)1;) across i while A ; = (1—a)A; ;+v/2a — a%d;,
where a € [0, 1] and d; is independent N (0, x;(R?)I;) across i. Hence the number of
pseudo factors is 5 except for a = 0. The scalar a captures the magnitude of factor
loading changes, with the the ratio of mean squared changes in the factor loadings
to the pre-break factor loadings being equal to 43—“. We consider a = 0.2, 0.6 and 1,
which correspond to small, medium and large changes, respectively. Finally, all factor
loadings are independent of the factors and the idiosyncratic errors.

For each setup, we consider the benchmark DGP with (p, o, 5) = (0,0,0) and ho-
mogeneous R? and the more empirically relevant DGP with (p, o, ) = (0.5,0.2,0.2)
and heterogeneous R?. For homogeneous R?, R? = 0.5 for all i, which is also consid-
ered in Bai and Ng (2002), Ahn and Horenstein (2013) (to name a few) as a benchmark
case in evaluating estimators of the number of factors. For heterogeneous R?, R? is
drawn from U(0.2,0.8) independently. For each DGP, we consider four configurations
of data with T" = 100,200,400 and N = 100,200. To see how the position of the
structural change affects the performance of our estimators, we consider 79 = 0.25

and 0.5.

8.2 ESTIMATORS AND RESULTS

The number of pseudo factors in the equivalent model is estimated using /C),; in Bai
and Ng (2002) for Setups 1 and 2. For Setup 3, it is estimated using /C); in case a = 1
and /Cp3 in case a = 0.2 and 0.6. The maximum number of factors is rmax = 12.
Estimating the number of pseudo factors is the first step of our estimation procedure,
and the performance of 7 will affect the performance of &, which in turn affect the
performance of 7y, 79 and the estimated pre-break and post-break factor spaces.
Therefore, it is worth discussing the choice of criterion in estimating the number of
pseudo factors. As can be seen in the equivalent representation, the pseudo factors
induced by structural change are not as strong as factors with stable loadings in

the original model? because a portion of their elements are zeros and the magnitude

9All factors in the equivalent model are called pseudo factors, but not all pseudo factors are
induced by structural change. Factors with stable loadings in the original model are still present in
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of those nonzero elements is small if the magnitude of structural change is small.
Consequently, estimators of the number of factors which perform well in the normal
case tend to underestimate the number of pseudo factors, while estimators which tend
to overestimate in the normal case, perform well in estimating the number of pseudo
factors. Moreover, the magnitudes of pseudo factors induced by structural change are
not only absolutely smaller, but also relatively smaller, especially when the change
point is not close to the middle of the sample. This decreases the applicability of the
ER and GR estimators in Ahn and Horenstein (2013), whose performance rely on the
factors being of similar magnitude. In our current setup, we found that among IC,;,
IC), in Bai and Ng (2002) and ER, GR in Ahn and Horenstein (2013), on the whole
IC,, performs best. Compared to ICy3, IC); is more robust to serial correlation and
heteroskedasticity of the errors, but ICp3 has an advantage in case the change point
is far from middle or the magnitude of change is medium or small’’. Since IC)
and IC)3 are relatively less conservative, these findings are consistent with the above
observations. In addition, we also found that underestimation of the number of pseudo
factors deteriorates the performance of k significantly more than overestimation. This
is because k is based on the second moment matrix of the estimated pseudo factors,
hence underestimation will result in loss of information while overestimation will bring
in extra noise. As long as the overestimation is not severe, these extra noise have
very limited effect on the performance of k. In view of these results, we recommend
choosing a less conservative criterion in estimating the number of pseudo factors.
The change point is estimated as in equation (10). We restrict & to be in [ry, T —75]
to avoid the singular matrix in subsequent estimation of the number of pre-break and
post-break factors. This will not significantly affect the distribution of & since the
probability that k falls out of [r1, T — ro] is extremely small. To save space, we only
display the distributions of k for (N,T) = (100,100). Of course, the performance
of k& improves as (N,T) increases. Figure 1 is the histogram of k of Setup 1 for

(N,T) = (100,100). Figures 2 and 3 are histograms of k of Setup 3 for (N,T) =

the equivalent model.

190ur comparison here is limited by the experiments performed. A more comprehensive compari-
son in case the change point is far from middle or the magnitude of structural change is medium or
small is left for a future study.
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(100,100) with @ = 1 and 0.2, respectively. Each figure contains four subfigures
corresponding to 7o = 0.25 and 0.5 for (p,a,8) = (0,0,0) with homogeneous R?
and (p,a, 8) = (0.5,0.2,0.2) with heterogeneous R?. Under each subfigure, we also
report the average and standard deviation of 7 used in obtaining k. The number of
replications is 1,000.

It is easy to see that in each subfigure the mass is concentrated in a small neigh-
borhood of k. In most cases, the frequency that & falls into (ko — 5, ko + 5) is around
90%. This confirms our theoretical result, & — kg = O,(1). In Setup 3, even when
a decreases from 1 to 0.2, the performance deteriorates very little. Comparing the
left column with the right column of each figure, we can see that the performance
of k deteriorates as 7o moves from 0.5 to 0.25. This is because when 7 is close to
the boundary, some pseudo factors in the equivalent model are weak and hence the
PC estimator of these factors is noisy. In Setup 3, based on Theorem 4 and the fact
that all factors and loadings are generated independently, it is not difficult to see
that these weak factors are in W(l) for [ = —1,—2, ..., hence k — ko is likely to be
negative. This explains the asymmetry of Figures 2 and 3. Comparing the first row
with the second row of each figure, we can see that the performance of k deteriorates
for (p,a, 8) = (0.5,0.2,0.2) with heterogeneous R?. This is consistent with Theorem
4, since 3, is serial correlated when factors are serial correlated and serial correlation
increases the variance of Zfi;olﬂ [vec(3y — X1)])'y and Zfi;éﬂ[vec(ZQ — )|y, for
each [.

Based on l~€, we then split the sample and estimate the number of pre-break and
post-break factors using /C)» in Bai and Ng (2002) and GR in Ahn and Horenstein
(2013), with maxima rmax; = 10 and rmazy = 10. The performance of ER is
similar and will not be reported. Based on l%, r1 and 7o, we then estimate the pre-
break and post-break factors using the principal component method. To evaluate the
performance, we calculate the R? of theQmultivariate 2{"egression of FI'(k) on Fi(k)
and E () on Fy(F), B, = ”PFj;jl;j Lot
should be close to one if N and T" are large.

2
. Theorem 3 states that R b5

Tables 1-3 report the percentage of underestimation and overestimation of 7,
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7o and averages of R% » over 1,000 replications. x /y denotes that the frequency of
underestimation and o;/erestimation is 2% and y% respectively. On the whole, the
performance of IC,, and GR are similar. If we choose the better one in each case,
the performance of 7; and 75 behave quite well and in most cases close to their
correspondents based on the true change point ky. For Setups 1 and 3, (N,T) =
(100, 200) is large enough to guarantee good performance in all cases. For the case
7o = 0.5, (N,T) = (100,100) is large enough. Note that for Setup 3, even with
a small magnitude of change a = 0.2, 7, and 74 still perform well. For Setup 2,
(N, T) = (100, 200) is large enough in all cases, except for the case with p = 0.5. The
performance of R%  1s good for all cases.

Comparing the7 results of 79 = 0.5 with 79 = 0.25 and p = 0 with p = 0.5
in each table, we can see that the deterioration pattern is in accord with that of
k. This is not surprising since in the current setup, the estimation error in k is
the main cause of misestimating 7y and 7. For r;, underestimation of ky decreases
the size of the pre-break subsample while overestimation increases the tendency of
overestimating r;. Comparing Tables 2 and 3, we can see that underestimation is less
harmful. Finally, it is worth noting that there is still room for improvement of the
finite sample performance of 1, 7o, either through improving the performance of &
or through choosing an estimator more robust to misspecification of the change point

among all estimators of the number of factors in the literature.

9 CONCLUSIONS

This paper studied the identification and estimation of a large dimensional factor
model with a single large structural change. Both the factor loadings and the number
of factors are allowed to be unstable. We proposed a least squares estimator of the
change point and showed that the distance between this estimator and the true change
point is O,(1). The main appeal of this estimator is that it does not require prior
information of the number of factors and observability of the factors and it allows
for a change in the number of factors. Based on this change point estimator, we are

able to dissect the model into two separate stable models and establish consistency
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Figure 1: Histogram of & for (N, T) = (100, 100), (r1, 72,7 + ¢1) = (3,5,7)
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7o = 0.25, ave(F) = 5.68, sd(7) = 0.60 7o = 0.5, ave(7) = 6.85, sd(7) = 0.38

0.2s - 05+

Frequency
Frequency
I

0.15 4 05|

(p, v, B) = (0.5,0.2,0.2), heterogeneous (p,ar, B) = (0.5,0.2,0.2), heterogeneous
R? 19 = 0.25, ave(r) = 5.75, sd(7) = 0.58  R? 79 = 0.5, ave(F) = 6.74, sd(7) = 0.48

Notes: p, o and [3 denote the factor AR(1) coefficient, the error term AR(1) coefficient and the
error term cross-sectional correlation respectively. cwe(f) and Sd(f) denote the average and the
standard deviation of the estimated number of pseudo factors that are used to estimate the change

point respectively.
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Figure 2: Histogram of & for (N, T) = (100,100), (ry, 72,7 + ¢1) = (3,3,5),a = 1
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7o = 0.25, ave(F) = 4.51, sd(7) = 0.56 7o = 0.5, ave(F) = 5.00, sd(7) = 0
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(p, v, B) = (0.5,0.2,0.2), heterogeneous (p,ar, B) = (0.5,0.2,0.2), heterogeneous
R% 19 = 0.25, ave(r) = 4.86, sd(7) = 0.35 R?, 79 = 0.5, ave(F) = 5.00, sd(7) = 0

Notes: p, o and [3 denote the factor AR(1) coefficient, the error term AR(1) coefficient and the
error term cross-sectional correlation respectively. cwe(f) and Sd(f) denote the average and the
standard deviation of the estimated number of pseudo factors that are used to estimate the change

point respectively.
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Figure 3: Histogram of k for (N,T) =

Frecuency

0.25
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4.85, sd(F) = 0.36
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5.94, sd(7) = 1.08

Notes: p, o and [3 denote the factor AR(1) coefficient, the error term AR(1) coefficient and the

error term cross-sectional correlation respectively. cwe( ) and Sd( ) denote the average and the

standard deviation of the estimated number of pseudo factors that are used to estimate the change

point respectively.
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Table 1: Estimated number of pre-break and post-break factors and estimated factor
space for setup 1 with ry =3, 79 =5, r+q¢1 =7

N T 7o = 0.25 7o =05
ICps GR IC, GR

~ ~ 2 = ~ ~ ~ 2
T1 To T T 9 RF‘F T1 T 9 T1 To RF~'F

p=0,a=0,5 =0, homogeneous R?
100 100 4/8 2/2 11/7 5/1 094 0/0 13/0 0/1 2/0 0.96
100 200 0/0 0/0 0/0 0/0 095 0/0 0/0 0/0 0/0 0.96
200 200 0/0 0/0 0/0 0/0 098 0/0 0/0 0/0 0/0 0.98
200 400 0/0 0/0 0/0 0/0 098 0/0 0/0 0/0 0/0 0.98
p=0.5a=02,3=0.2, heterogeneous R?
100 100 3/13 2/3 23/4 5/2 095 0/4 8/1 1/2 10/0 097
100 200 0/2 0/0 2/0 0/1 096 0/0 0/0 0/0 0/0 097
200 200 o0/1 0/3 2/0 0/1 098 0/0 0/0 0/0 0/0 0.99
200 400 0/0 0/0 0/0 0/0 0.98 0/0 0/0 0/0 0/0 0.99

Notes: Number of factors in each regime is estimated using _[Cp2 in Bai and Ng (2002) and G R
in Ahn and Horenstein (2013). x/y denotes the frequency of underestimation and overestimation is
2% and y%. p, @ and [3 denote the factor AR(1) coefficient, the error term AR(1) coefficient and

the error term cross-sectional correlation respectively.
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Table 2: Estimated number of pre-break and post-break factors and estimated factor
space for setup 2 with ry =3,y =5,r4+¢; =5

N T 7o = 0.25 To=05
IChp GR IC, GR

~ ~ 2 ~ ~ 2
T1 T9 T1 T 9 Rﬁ’,F ™ T 9 T1 T9 RFF

p=0,aa=0,5 =0, homogeneous R?
100 100 3/41 15/6 9/39 29/0 091 0/10 18/2 0/9 12/0 0.96
100 200 0/6 2/1 0/6 5/0 095 0/2 1/0 0/1 1/0 0.96
200 200 0/6 2/0 0/5 4/0 097 0/1 0/0 0/1 0/0 098
200 400 0/1 1/0 0/l 1/0 098 0/0 0/0 0/0 0/0 0.98
p=0.5a=023=0.2, heterogeneous R*
100 100 1/68 20/14 10/59 46/0 0.89 0/26 13/6 1/20 30/0 0.96
100 200 0/27 5/4 2/22 13/0 094 0/6 1/2 0/5 4/0 0.97
200 200 0/31 4/5 1/24 14/0 095 0/7 1/1 0/6 5/0 0.98
200 400 0/7 1/ 0/5 4/0 098 0/2 0/0 0/1 1/0 0.99
p=0,a=0.2,3=0.2, heterogeneous R?
100 100 1/43 11/7 9/38 28/0 0.91 0/11 9/2 0/9 12/0 0.96
100 200 0/6 1/1 0/6 4/0 096 0/2 0/0 0/1 1/0 097
200 200 0/9 1/0 0/5 4/0 098 0/1 0/0 0/0 0/0 0.98
200 400 0/1 0/0 0/l 1/0 098 0/0 0/0 0/0 0/0 0.98

Notes: Number of factors in each regime is estimated using ICpg in Bai and Ng (2002) and GR
in Ahn and Horenstein (2013). x/y denotes the frequency of underestimation and overestimation is
2% and y%. p, @ and [3 denote the factor AR(1) coefficient, the error term AR(1) coefficient and

the error term cross-sectional correlation respectively.
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Table 3: Estimated number of pre-break and post-break factors and estimated factor
space for setup 3 with ry =3, 79 =3, 7+ ¢ =5

N T 7o = 0.25 7o =05
IChs GR ICp GR

™ 7:2 7:1 f2 R fl fg ™ T R%‘F

2
F.F
p=0,a=0,5 =0, homogeneous R?, a = 1
100 100 5/4 o0/1 14/0 0/1 097 0/0 0/0 0/0 0/0 0.97
100 200 o0/0 0/0 1/0 0/0 097 0/0 0/0 0/0 0/0 0.97
200 200 0/0 O0/0 0/0 0/0 098 0/0 0/0 0/0 0/0 0.99
200 400 0/0 0/0 0/0 0/0 099 0/0 0/0 0/0 0/0 0.99
p=0.5a=02,3=0.2, heterogeneous R? a =1
100 100 3/9 o0/8 27/0 0/4 097 1/4 0/4 2/1 1/2 0.97
100 200 0/2 0/4 4/0 0/2 098 0/1 0/0 0/0 0/0 0.98
200 200 O/t 0/3 2/0 0/2 099 0/0 0/0 0/0 0/0 0.99
200 400 o0/0 o0/1 1/0 0/1 099 0/0 0/0 0/0 0/0 0.99
p=0,a=0,5 =0, homogeneous R?, a = 0.6
100 100 4/3 0/1 12/0 0/0 097 0/0 0/0 0/0 0/0 0.97
100 200 o0/0 0/0 1/0 0/0 097 0/0 0/0 0/0 0/0 0.97
200 200 0/0 o0/0 O0/0 0/0 0.99 0/0 0/0 0/0 0/0 0.99
200 400 0/0 O0/0 0/0 0/0 099 0/0 0/0 0/0 0/0 0.99
p=0.5a=02,3=0.2, heterogeneous R?, a = 0.6
100 100 3/9 0/6 26/0 0/3 098 1/2 0/3 2/2 2/2 0.98
100 200 o0/2 o0/3 3/0 0/1 098 0/1 0/1 0/0 0/0 0.98
200 200 o0/t 0/3 2/0 0/1 099 0/0 0/0 0/0 0/0 0.99
200 400 o0/0 0/t 1/0 o0/1 099 0/0 0/0 0/0 0/0 0.99
p=0,a=0,5 =0, homogeneous R?, a = 0.2
100 100 5/8 o0/1 18/0 2/0 097 0/0 0/0 0/0 1/0 0.97
100 200 2/5 3/7 10/0 16/0 097 0/1 1/0 2/0 1/0 0.97
200 200 o0/0 O0/0 1/0 0/0 099 0/0 0/0 0/0 0/0 0.99
200 400 0/0 0/0 0/0 0/0 099 0/0 0/0 0/0 0/0 0.99
p=0.5a=02,3=0.2, heterogeneous R?, a = 0.2
100 100 5/13 0/0 33/0 0/0 098 1/2 1/2 3/0 2/0 0.98
100 200 1/3 0/0 7/0 4/0 098 0/0 0/0 0/0 1/0 0.98
200 200 0/2 o0/0 3/0 0/0 099 0/0 0/0 0/0 0/0 0.99
200 400 0/0 o0/0 1/0 0/0 0.99 0/0 0/0 0/0 0/0 0.99

Notes: Number of factors in each regime is estimated using ICp2 in Bai and Ng (2002) and GR
in Ahn and Horenstein (2013). x/y denotes the frequency of underestimation and overestimation is
2% and y%. p, «,  and a denote the factor AR(1) coefficient, the error term AR(1) coefficient,

the error term cross-sectional correlation, and the break magnitude respectively.
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of the estimated pre and post-break number of factors and convergence rate of the
estimated pre and post-break factor space. These results provide the foundation for
subsequent analysis and applications.

A natural step is to derive the limiting distribution of the estimated factors, factor
loadings and common components as in Bai (2003). It will also be rewarding to further
improve the finite sample performance of our change point estimator. In addition,
following the methods in Bai and Perron (1998), it will be straightforward to extend
our results to the case with multiple changes. Many other issues are also on the
agenda. For example, what are the asymptotic properties of the estimated change
point, estimated number of factors and estimated factors when the factor process is
I(1)?
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IDENTIFICATION AND ESTIMATION OF A LARGE FACTOR
MODEL WITH STRUCTURAL INSTABILITY
APPENDIX

A HAJEK-RENYI INEQUALITY

Hajek-Renyi inequality is a powerful and almost indispensible tool for calculating the
stochastic order of sup-type terms. For a sequence of independent random variables
{z,t = 1,...} with zero mean and finite variance, Hajek and Renyi (1955) proved

that for any integers m and T,

sup ck ‘Z

m<k<T

1 m T
) < W(CizztzlaerZt:mHC?Uf) (A-1)

where {cy, k= 1,...} is a sequence of nonincreasing positive numbers and Ex? = o?.

The Hajek-Renyi inequality was extended to various settings, including martingale
difference, martingale, mixingale, linear process and vector-valued martingale, see Bai
(1996). From expression (A-1), it is easy to see that if 02 is constant over time,

1 k
T D

201

P( sup Sers

m<k<T

> M) <

hence when m = 1, sup %Ele x| = Op(1) as T — oo and when m = [T'7] for

1<k<T
€ (0,1), sup )% S m| = Op(\/LT) as T — oo; and
m<k<T
P > M) < —(1
(msﬁllch;T \/_Z o +Zk =m+1 k?

= 0,(y/IogT) as T — oo since 3.5, +—logT

k
hence when m = 1, sup ‘\/LE Doy T
1<k<T

converges to the Euler constant and when m = [T'7] for 7 € (0,1), sup ’\/LE S| =
m<k<T

0,(1) as T — oo since 35 el ¥ =37 z— ;{;1% — logT —log Tt =log L. The

last result also can be obtained from the functional central limit theorem.



B SOME NOTATION AND CALCULATION

By symmetry, it suffices to study the case k < k. To study the asymptotic properties
of the change point estimator, we will first decompose the estimation error of pseudo
factors and the least squares criterion function S(k).

Define Vyr as the diagonal matrix of the first r +¢; largest eigenvalues of + X X'
in decreasing order and G as /T times the corresponding eigenvector matrix, V as
the diagonal matrix of eigenvalues of EéﬁgE% and ® as the corresponding eigenvector
matrix, J = CEGGY L Jo = zécbvfé. By definition, %=X X'GVy; = G. Plug in

X =GI" + E, we have G — GJ = (GI'E'G + ET'G'G + EE'G)Vy; and

1 T 1 T 1 T 1 T
;o y-1t ~ 1 - 1 . 1 .
—Jg = VNT(T Zs:l Gsyn(s,t)+ T Zs:l GsCor+ T Zs:l GsNst + T Zs:l 9s€41)s
ele 'TVe /F/eS
Where CSt = s - = ’YN(S t) nst = %and Sst = gtN :
Next, deﬁne

z = vec(gig; — Jogtg:Jo)
= wvec[(ge — J'9:)(G — J'g.)'] + vec[(G — T g:) 91T
+veclJ'gu(Ge — J'gu)'| + vecl(J — Jo)gegy(J" — Jy)']
+vecl(J" — Jo)gigiJo] + veclJogigy(J" — Jy)']. (A-2)

It follows that

Uec(fltflg) = wvec(Xq) +y + 2 for t < ko,
vec(Gigy) = vec(Xa) +y + 2 for t > ko, (A-3)

where X1, Y5 and y; are defined in Section 7.

For £ < k‘o,
vec(Xy) = vec(X +y Zt Y thl 2, (A-4)



vec(Yy) = wee(Xy) + 77:_ o [vec(Bg) — vee(Xy)]

—k
1 T 1 T
Tk Zt:k—i-l Vet T 2
ko — k
= 7? ’ [vec(X1) — vee(3y)] + vee(Xs)

1 T 1 T
T % Zt:k—f—l AT g 2o

—k ko — k
_ T =k [vec(3y) — vee(3)], by = :]?_ p

DD e s DI

~ 1 k B 1 T
2k = 7 thl Rty B2k = T_& Zt:kH Zt-

[vec(X1) — vee(Xs)],

It follows that

vee(X1) = wee(S1) + Gk + Zik,

’U€C(ig) = wec(Xq) + ax + Yog + Zop = vec(Ba) + by + Yo + Zok,

and for k < ko,
S(k)
k

- thl(yt + 2t — Yk — Elk)/(yt + 2 — ik — Z1x)

k
+ Z etz — o — Bk — ) (Yo + 2 — Tk — Bk — ax)

t=k+1
T

+ Zt:koﬂ(yt + 2t — Yok — Zok — bi) (ye + 2 — Yo, — —bg)
/ / T /
= (ko — k)ajay, + (T — ko)bj.by + Zt:l(yt +2¢) (e + 2)
—k(Guk + Zue) Gk + Z1k) — (T — k) (Far + Zok)' (J2r + Zon)
ko _ _
—2aj, Zt:k+1(yt + 2t — Yok — Zok)

T
, _ _
—2by, Zt:k0+l(yt + 2t — Yor — Zok),

(A-9)

(A-10)



S(k) — S(ko)

= (ko — k)ajax
(T ko) bj,br.
G+ 2] = 1, e 2V, 20}
- ﬁ[zj:k+l(yt * Zt)]/[ztikﬂ(yt +2)]
T —1 ko [ZtT_koJrl(yt + Zt>]/[ZtT_ko+1(yt +a)l}
—2aj, Zfik+1(yt + 2t)

T
. /
2by, Zt:ko_'_l(yt + 2t)
+2[(ko — k)ay, + (T — ko)bx) (Yar, + Zax)
= AA+B"+C*"+D"+E*"+ F"+G". (A-11)

C PROOF OF PROPOSITION 1

Proof. In Assumption 1, X is assumed to be positive definite, hence AXrA’ and
BY. B’ are both positive semidefinite. For any r+¢; dimensional vector v, if v'Xgv =
TV AL p A'v+(1—70)v' BEp B'v = 0, it follows that v/ AX p A'v = 0 and v/ BE p B'v = 0.
Again because Y5 is positive definite, this implies A’v = 0 and B'v = 0. Plug in A,
it follows that the first r elements of v are zero. Plug in B, it follows that the last
¢1 elements of v are zero. These together imply that v = 0 and consequently ¥ is

positive definite. m

D PROOF OF CONSISTENCY OF T

Proof. To show 7 — 79 = 0,(1), we need to show for any ¢ > 0 and any n > 0,
P(|7 =70l >1n) < eas (N,T) — oco. For the given 7, define D = {k : (1o —n)T <
k < (1o +1)T} and D¢ as the complement of D, we need to show P(k € D°) < e.
k = argmin S(k), hence S(k) — S(ko) < 0. If k € D¢, then ;mnS( ) — S(ko) < 0.
This implies P(k € D¢) < P(,?Elgis(k) S(ko) < 0), hence it suffices to show for any



given € > 0 and 7 > 0, P(Ignglg(k‘) — S(ko) <0) <eas (N, T) — oo
6 (&
Suppose w € {w : Ignbng(k) — S(ky) < 0}. For any k* € D¢, if argming(k:) —
ebe keDe

S(ky) = k*, then S(k*) — S(ko) < 0, and hence 50)=5ke) < ) Since k* € De,

S |k —kol .
min S(k):s(ko) < S(kf S(ko)  Clombined together, we have mlnM < 0.
keDe  |k—kol |k —kol _keDe |k—kol

other words, we proved that for any k* € D¢, Ign}:l)gS (k) — S(ko) < 0 together with

In

argminS(k) — S(ko) = k* implies mlnw < 0. Thus minS(k) — S(ko) < 0
keDe keD¢c keD¢c
S(k ) ( 0)

implies min < 0. Similarly, m}jnM < 0 implies lgngls (k) — S(ko) < 0.
c e c

S (k) =S (ko)
Therefore, {w : iIEIgISU{?) S(ko) < 0} = {w: ingl rl < O
By symmetry, it suffices to study the case k < k.
G 5 S(k) = S(ko)
— < = — = <
Plpin, Sh) = Stho) < 0)=P( _min =5 —— <0
P( min M sup €] sup ||
keDek<ko |k — ko| T repek<ko|Ko — k| keDek<ko|Ko — K
2 | £ |G|
+ sup + sup + ).

keDe k<ko Ko — k| keDek<ko Ko — k| keDe ko |Ko — K|

We will show the right hand side are dominated by the left hand side.
First consider term A* + B*,

A+ B , A
kefgrcl,ll?<ko |k —ko| — kelr)rcl,ll?<ko \ko — K| keDCII?<k0akak
T—k
—  min ( 9V2vec(Ly — 51)] [vec(Sy — 1))

keDek<ko T — k
2 2 2 4 2
> (I=70)" X2 = Eu” = (1 = 70)" | ol" 1 Ee2 — Zeall” -

Next consider term C*,

) SR TRy S TR RES) SRRy SR |
_ _’foko’“i[z e+ 20 [ (et 22)
(Y o+ (3, (ot 20)
+k0/~; : ko 1— K [Zfik+l(yt * Zt)]/[zfok (e =)




Hence,

I ) AR () DU
R et DA URE)() DA TR )
) DA TR () DR SS)
— IOt
For C7,
o 0= e e [T ]
Skgﬂ%a-ﬁllf*ﬂiiw2+%21ﬂt )

= ey k Hzt Y

kEDC Jk<ko kO

vy k Hzt -

kEDC Jk<ko kO

By part (1) of Lemma 3, sup \/LE S ull = 0,(/Tog T), hence the first term is
keDe k<ko
Op(logT) By part (1) of Lemma 7, the second term is 0,(1), hence sup C} = 0,(1).

keDe k<ko
*
For C3,

sup C; < 2 sup —
keDe k<ko ke De,k<ko ko ko —k

DIUEES

Hzt e 2

S?@KQ%ZL%W%ZT W%ZWH
ko — kzt k+1 “
= 2(keDSEIIc)<kO kiozf_lyt +ke]§2]§<ko kiozf_IZt>
BT e DA T oD DA )

By part (1) of Lemma 3, the first term and the third term are Op(\/if), and by

parts (3) and (5) of Lemma 7, the second term and the fourth term are o,(1), hence



sup C5 = o0,(1).

keDe k<ko
For C7,
2
sup C3 = sup = o— H (y + 2t)
ke D¢ k<ko ’ keDe,k<kg k’o ko —k Zt k+1
< sup — H H
"~ keDe 113<k0 ]{?0 ]{?0 - Zt k+1 Zt k41 t
R R Yt — sup 2
ko ke De k<ko k;o k t=k+1 ko ke De k<ko ko s bkt

By part (1) of Lemma 3, sup = O,(1), hence the first term

Zt k+1 Yt
keDec k<kg W

2
is O,(%). By part (7) of Lemma 7,  sup k:o |k0 T HZt pi1 2t|| = 0p(1), hence

keDe k<kg
sup C§ = Op(l)-

keDe k<ko
Therefore, sup ko— ‘ < sup Ci+ sup Ci+ sup Cf=o,(1).
keDe k<ko keDe k<kg keDe,k<ko keDe k<ko
Similarly,
D* 1 1 T T
< - ’
kO - k’ - 'T - k/'[) T — k [Zt:k0+1(yt + Zt>] [Zt:k0+1(yt + Zt)]
1 1 T , ko
n ‘2—T ey S) DN R E1() SN
1 1 k‘() , kO
Sy > w2 (et )]
= Di+ Dj + Ds.
sup Dj
keDe k<ko
< 2 H H
o k61§21£<k0T kO T ]{,’ Zt ko+1 Yi k‘EDSllkl?<k0T k‘o T k Zt ko+1 2t

= O() +0p(1) = 0p(1),



where the equality follows from part (1) of Lemma 3 and part (9) of Lemma 7.

1 T 1 T
T —k Zt:koJrl Ye T —k Zt:koJrl “t )

sup D3 < 2( sup sup
keDe k<ko keDe k<ko keDe k<ko
sup g sup E
ke De k<ko ko —k Lr=pir ! kepc,;Kko k:o kL=

1 1
= (Op(ﬁ> + Op(l))(Op(ﬁ) +0p(1)) = 0,(1),

where the equality follows from part (1) of Lemma 3 and parts (9) and (5) of Lemma
7.

sup D3
keDe< k<kg

< 2 su H
- kEDC,IIc)<k0T k’k’o—k Zt k+1 Ye

= O(3) +0p(1) = 05(1),

su
keDC,IIc)<k0T k:k:g k Hzt i1

where the equality follows from part (1) of Lemma 3 and part (7) of Lemma 7.

Therefore, sup

‘< sup Di+ sup Di+ sup Dj=op(1).

k —
keDek<ko |0 keDe k<ko keDe k<ko keDe k<ko
Next consider term E™.
E*
sup = 2 sup ‘ (ye + 21)
keDe k<ko | Ko — k keDe k<ko /fo k t=k+1

IN

2”22-21” sup
keDe k<ko

k?o —k Zt k+1
1 ko
ko — k 2k th ‘

—=). By part (5) of Lemma 7, the
= 0,(1).

+2|2y — X4l sup
keDe k<ko

By part (1) of Lemma 3, the first term is O,(

E*
ko—k

second term is 0,(1). Therefore, sup
keDe k<ko



For term F™,

o
T e
b || Sy 2 01+ )
- keDSBIIcho |ko — k|
< QHZ]l—ZQHH yel| + 2121 — o ’ 1 ZT .
T — kg t=ko+1 T — ko t=ko+1

By part (1) of Lemma 3, the first term is O (\/LT) By part (9) of Lemma 7,

1 o
[ s gt e Sl ] = ot Thewtoe, sy [o5
op(1).

For term G*, note that (ko — k)ay = (T' — ko)bg,

G* L -
sup = 4 sup |ay(Yox + Z21)|
keDe k<ko | Ko — K keDe k<ko

T —k T

<4 s TRl Y )

keDe k<ko t=k+1
< — -
< 4B =% sup T_kzt:k+1yt

keDe k<ko

+4[|Xs — 4| sup

1 T
Tk Zt:kJrl ZtH ‘

ke De k<ko
The first term is bounded by
su su
k<£] T — kzt kY 1 — To k<;g)T H t=ki1? k>k T Hzt hot1”

and by part (1) of Lemma 3 this term is O (\/LT) By part (9) of Lemma 7, the second

kf_*k = 0p(1).

term is 0,(1). Therefore, sup
ke De< k<kg

E PROOF OF THEOREM 1

Proof. To show k — ko = O,(1), we need to show for any € > 0 there exist M > 0
such that P(‘l;‘ — k0’ > M) < e as (N,T) — oo. By consistency of 7, for any € > 0
and min{rg,1 — 79} > n > 0, P(k € D) < € as (N,T) — oo. For the given



n and M, define Dy = {k : (to — )T < k < (10 + )T, |k —ko| > M}, then
P(|k — ko‘ > M) = P(k € D) + P(k € Dy). Hence it suffices to show that for any
e > 0 and n > 0, there exist M > 0 such that P(k € D) < € as (N,T) — oo

Again by symmetry, it suffices to study the case k < kg. Similar to the proof of

consistency of 7, it suffices to show for any given € > 0 and n > 0, there exist M > 0

such that P( min 1|4k0+51;| < sup kf_k) + sup kf_k) + sup kOE_k +
keDp k<ko keD s ,k<ko keD s ,k<ko k€D yr,k<ko
F* G*
sup wE| T sup ko_k‘) <eas (N, T) — o0
k€D, k<ko keD s ,k<ko
First consider term A* + B*,
* *
A"+ B o T — ko ,
min = min  apay = min ) lvec(Xe — Xq)] [vec(3y — 34))]
keDark<ko |ko — k| k€D k<ko k€D k<ko T — k

> (1—79)2 82 — Zu]* = 1 = 70)* | o]l * 262 — Seall®

Next consider term C*. Similar to the proof of consistency of 7,

C* *
sup ‘ sup ‘ < sup C{+ sup C;+ sup Cj.
keDyrk<ko | Ko — K|~ keDk<ko |[Ko — K| ™ keDk<ko keD,k<ko keD k<ko
For C7,
sup C7 <2 sup ——H sup ——H
keDk<ko keD,k<ko ko K Zt e keD Jk<ko ko K Zt 1
By part (1) of Lemma 3, sup \/LE S we| = 0,(1), hence the first term is Op(7).
keD, k<ko
By part (2) of Lemma 7, the second term is 0,(1), hence sup Cf = 0,(1).
keD,k<ko
For C73,
1 k 1 k
sup C5 < 2( sup ||— vl + sup ||— z
keDheky (keD,k<k0 ko Zt:l 1 ke J<ko || Ko Zt:l i
sup sup
keD k<ko ko —k Zt kY keD,k<ko ko —k Zt k+1 tH

By part (1) of Lemma 3, the first term is O ( =), the third term is O,(1) and by
parts (4) and (6) of Lemma 7, the second term and the fourth term are 0,(1). Hence

sup C3 = 0,(1).
keD,k<ko

10



For C3,

1
sup C3 <2— sup

> :
sup
keD,k<ko ko keD k<o k?o —k t= k+1

korep k<kok0 —k Hzt fp1 t

By part (1) of Lemma 3, sup

HWZt i1 Ut|| = Op(/1ogT), hence the first

keD k<ko
2
term is O,(*%%). By part (8) of Lemma 7, sup ko |k0 Tl HZt w1 2| = op(1).
keD,k<ko
Hence sup Cj = o0,(1). Therefore, sup ]ffk‘ = 0,(1).
k€D, k<ko k€D, k<ko 0
Similarly,
D* D* * * *
sup < sup < sup Dj+ sup D3+ sup Ds.
keDyrk<ko | Ko — K|~ keDk<ko |[Ko — K| ™ keDk<ko keD,k<ko keD k<ko
sup Dj
keD,k<ko
< 2 su H su H
- keka<koT ko T —k Zt ko ! keka<koT koT —k Zt ko1 !

Op(:) + 0y(1) = 05(1),

where the equality follows from part (1) of Lemma 3 and part (9) of Lemma 7.

D; < 2 ! > ! . ) g )
sup 2 > sup = Yt sup 2t
keD,k<ko keDk<ko || T — K t=ko+1 keDk<ko || T — K t=ko+1
Sup g sup E 2
keD,k<ko ko —k t= k+1 keD,k<ko ko —k t=k+1

1
= (Op(ﬁ> +0p(1))(Op(1) + 0,(1)) = 0,(1),

where the equality follows from part (1) of Lemma 3 and parts (9) and (6) of Lemma

11



sup D;
keD,k<ko
2
< 2 H H
N ke%ukgkoT k’ko—k’ Zt k+1 v kels)ukgkoT k:k:o k Zt k+1 “t
logT
= Oy )+ 0p(1) = 0p(1),

T

where the equality follows from part (1) of Lemma 3 and part (8) of Lemma 7.
Therefore,  sup

D*
—| = 0,(1).
keD s, k<ko ko*k‘ p( )

Next consider term E*.

E*
ko — k

sup
k€D, k<ko

‘ < 2|8 =%y sup
kGDl\/j,k<k0

kg—kzzt h1?
k;o—k;zt k+1 “

+2 ||22 - 21” sup
keDr,k<ko

> §(1-70)%[|Z2 — 4%

For any given § > 0, P(2 || Xy — 1]  sup ﬁ Zfikﬂ Yy

k€D, k<ko
>51T0 %2 — 24)) < 5; 2—>OaSM—>oo,hence

= P( sup ko > Zt k+1 Yt
k‘ED]w,k‘<kJ0

the first term is dominated by = min ?k .7~ By part (6) of Lemma 7, the second
k€Dyy, k<k0 0~ ‘

t i 1). Theref ——11isd ted b AEB as M
erm is 0,(1). Therefore, keDS;,Iz<ko 2 | is dominate ykeDrflw11]r€1<k0 gy as M — oo.
For term F™,
F* ‘
sup
keDark<ko | Ko — K
T
3 F ‘ [0 | = (0 + 20)
< sup sup
keD k<ko | ko — K keD k<ko ko — K|
1 T
< 20¥ =2 202 — X
< 2% 2| HT " kg Lt—ko+1 Yel| + 2121 a| ‘T . Zt:kﬂﬂ 2t

By part (1) of Lemma 3, the first term is O (%) By part (9) of Lemma 7, the
second term is 0,(1). Therefore,  sup k(ik = 0,(1).

kGD]\/j,k<k0

12



For term G*,

*

ko — k

sup
keD s ,k<ko

< sup
keD,k<ko

G*
ko — k

1 T
<4(¥,— X _—
' o || 2 1” kezl’lkp<k0 T—k Zt:k+1 Yi

1 T
T —k Zt:kﬂ ZtH '

+4|2y — X4|| sup
keD,k<ko

The first term is bounded by

o |7 ] < T e [l s [
and by part (1) of Lemma 3 this term is O (\}) By part (9) of Lemma 7, the second
term is 0,(1). Therefore,  sup kOG_k =0,(1). m

kEDA/j,kJ<kO

F PROOF OF COROLLARY 1

Proof. The proof is the same as the proof of Theorem 1, except for some slight

modification. When m < 7 + ¢1, Vyr, G and J are replaced by Vire, G™ and
Jm respectively, where Vyr is the diagonal matrix of the first m largest eigenvalues
of % X X’ in decreasing order and G™ is VT times the corresponding eigenvector

! Ixm
matrix and J™ = LL&E™ G GEm (v )L Vi B V™ where V™ is m x m diagonal matrix,

N
containing the first m dlagonal elements of V. Glg “ contains the first m columns of
G G hence 2 Y : V2 1mphes 2. D where D contains the first m columns

of Yr SpV3, Hence D(V™)~! contains the first m columns of X 2V 2 and it follows

that J™ % J* where Ji* contains the first m columns of J,. m

(G PROOF OF COROLLARY 2

Proof. For any integer m > 7 + ¢, let G™ be the T x m matrix that contains
VT times the eigenvectors corresponding to the first m eigenvalues of + X X’ and
Vi be the m x m diagonal matrix that contains the first m elgenvalues. Then let
97, ..., g1) = Gm = GmV](,”T. When m = r + ¢, we simply suppress the superscript
m. For any k > 0, define 37" = %Zf LG7Gr and By = T ZtT:kH G797 . The sum

13



of squared residuals is

om k m am/ UL A Ami/t V.
S™(k) = ) lvee(ggr — £ [vee(3 gt — E7)]

T m am/! UL m Am/ UL
D, e g = S ee(g g = 5], (A-12)
and the least squares estimator of the change point is k = arg min 5™ (k) = arg min(5™ (k)—
5™ (ko))-
Consider the difference S™(k) — S(k). After some calculation, we have
Sm<k) Zr+q1 Z Zm )
Jj=r+q+1 1,j=r+q+1
T Am Am\ 2 1 k NN AV 1 T A AM
[thl(git gjt) - E(thl Jit gjt) - ﬂ(zt:kH Yit gjt) J-
It follows that
(5™ (k) = S™ (ko) — (S(k) — S(ko)
r+q1 m 1 koo o amng
B Z Za =r+q1+1 Ziyj:r+q1+1)[k_0(zt:1 9it 930"+
1 T AT A\ 2 1 k Am A2 1 T AM A
T — ko (thk; +1 Git gjt) - E(thl it gjt) - T——k’(zt:kﬂ Git ggt) ]

Y 3 )Lt + Lijs — Lojs — Liza)
_ Lo Liw— Lia).
Jj=r+qi+1 t,j=r+q1+1 " " " "

Following the same procedure as proving Theorem 1, it is not difficult to show

argmin(S(k) — S(ko)) — k¢ = O,(1). Thus based on the proof of consistency of
(57 (0)-8™ (ko) (S0)=Shk0) | _ (7). Com-

7 and Theorem 1, it suffices to show sup

hthy k—ko
sider sup _ko‘ fori <r+q and j > r+ ¢ + 1 as a representative. By defin-
k;éko
ition, £ 5S°F gm2 = V2 where Vyp; is the [-th diagonal element of Vyz. Thus
T 2ut=1 91t NT,l . g
T A~ T ~ L;
% t= L9 = Op(1) and T — 19;’;2 = 0 (—41—) It follows that :;1]? 31 <
0
T ~ i i L;
Trg 2ot-1 gy L = Op(;g—T) Similarly, Sup‘ 2 Sup) 2| and ,?:,? L
0

are all Op(é%). With TT — 0, the proof is finished. =
NT

14



H PROOF OF THEOREM 2

Proof. Consider the consistency of 71. Due to symmetry, the consistency of 7, can
be established similarly. What we need to show is: for any € > 0, P(7; # r1) < € for
large (N,T'). Based on ‘l% — ko
such that P()l;: - k‘o‘ > M) < e for all (N,T). Based on this M, P(7, # r1) can be

= O,(1), we have for any € > 0, there exist M > 0

decomposed as
P(fl 7£ 1, )];7 - k’o‘ > M)—FP(?Zl 7é Tl,ko—M S ]~€ S ko)—f-P(fl 7& 7"1,]60—}-]. S l;? S k0+M)

The first term is less than P(‘l;: - ko) > M), hence less than € for all (N,T). The
second term can be further decomposed as

S Pk £,k = k),

k=ko—M

where P(71(k) # 71, k = k) denotes the joint probability of k = k and 7, (k) # 7, and
71(k) denotes the estimated number of pre-break factors using subsample t = 1, ..., k.
Obviously, P(7y(k) # ri,k = k) < P(f(k) # r1), hence the second term is less
than ZZ(’:krM P(71(k) # r1). Furthermore, since for each k € [kg — M, k], the factor
loadings in the pre-break subsample are stable, P(71(k) # r1) < 357 for large (N, T).

Therefore, the second term is less than ZZOZko = ¢ for large (N, T).

M W
The argument for the second term also applies to the third term, except for some

modifications. First, the third can be decomposed similarly as

ko+M

ZmM P(iy(k) #rk=k) <) P(Fi(k) # ),

k=ko+1 k=ko+1

hence it remains to show for each k € [ko + 1, ko + M], P(71(k) # r1) < 57 for large
(N, T). Unlike the second term, when k € [ko+1, ko+M | the factor loadings of the pre-
break subsample t = 1, ..., k has a break at t = kg, hence results already established
in previous literature for stable model is not directly applicable. To overcome this
difficulty, we treat change in factor loadings as an extra error term such that z; =

! _ / _ _ / _
fido2i + €ir = fidori + e + wir = ai + wy, where a; = fiAo1; + ey, wy = 0

15



for 1 <t < ko and wix = f{Ao2; — f{Aor; for t > ko + 1. In other words, when
k > ko + 1 the pre-break subsample t = 1,...,k can be regarded as having stable
factor loadings and an extra error term in observations t = kg + 1,...k. In matrix
form, we have X (k) = A(k)+W (k), where X (k), A(k) and W (k) are all kx N matrix.
Define w¥, of and Bf as the j-th largest eigenvalue of 1 X (k) X'(k), 7z A(k)A’(k) and
ﬁW(k:)W’ (k) respectively. By Weyl’s inequality for singular values, the perturbation

’ Nk

effect of the extra error matrix W (k) on the eigenvalues of A(k) is

Vab - Vit <\ < o o (a1

hence (y/wk — \/ak)? < B, Since the number of nonzero elements in the k x N

matrix W (k) is only (k — ko) x N and k — ko < M, simple calculation shows that

1 e N
k ~ ! = — ;
51 S tr(Nk’W(k)W (k)) N]’C Zi:l Zt:]ﬂﬁ-l th
1 N k 2 2 2
< 2 D0 D I (ol + e
1 ko+M N2 1
< 83 IR = 0. (A-14

t=ko+1

In addition, according to Bai and Ng (2002), of = v; + 0,(1) for j < rq, where v;

1

is the j-th largest eigenvalue of EFEAM, and of = Oy(5—) for j > ry. It follows

Kr
that o = o +21/050,(J) + Opl1) = vy + (1) for J < iy amd ] = Oy () +
O,( 5NT)O ( =)+ Op(7) = Op( ) for j > ry. This implies that the estimator of

number of factors using Bai and Ng (2002) based on the sample X (k) is still consistent
for k € [ko + 1, ko + M|, hence P(71(k) # 1) < 57 for large (N, 7). m
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I PROOF OF PROPOSITION 2

Proof. The proof is similar to Theorem 2.

1 / . 1 N T )
NTW(T)W (1)) = NT 21:1 Zt:koﬂ Wi
T
< kHHft||2||Ao2,z-—Am,z-||2

1 N 1
= G ARG S e = doril) = O o

By Weyl’s inequality for singular values, (/o — /8] < \/w? < /ol + /57,
hence (y/wl —/aF)? < 8] = Op(6§ ). Tt follows that wj = af + 2, /aTOp((s%L) +

j
Op(é%) = vj +0,(1) for j <7y, and w] = Op(a?i )+ Op(522)0p(——) + O,( ;T) =

T

pT < tr(

). (A-15)

1
ONT 51%

O(éc ) for j >r; whenc < 2. =

J PROOF OF THEOREM 3

Proof. Again by symmetry, we only need to show the first half.
To show ;221;1 ftu( k) — Hi'(k )ft
there exist C' > 0 such that P(5NTk Zt 1

(6%) we need to show for any € > 0,

o (k) — Hy () |
(N, T). First, based on ’/;: - ko‘ = O,(1) we can choose M > 0 such that P(’l;; - k;()’ >
M) < § for the given e. Next,

P&t S0, || f k) — By () f,
~ 2 ~
= POt X | f ) — HY (W) >0,]k—ko\ > M)
+ N POk S || fR) = ()
~ N 2
< PA[f = ko| > M) + S0, PR S ||fe ) - BEG S| > €
A 2
<5+ Zif;;ﬁ{M P(é?VT% Zf:l fi(k) — Hi“(k')ft > C).
fi(k) — H;ﬂ(k)ft = Oy(53-) for each k € [ko — M, ko +
M], then for the given € and for each k € [kg — M, k:o + M], we can take C'(k) >
~ 2
0 such that P(6%+ SO0 |[f(k) — HY(R) || > C(k)) < for all (N,T).

> () < € for all

2
> ()

>QE=@.

1 k
If we can show >/,

€
2(2M+1)

17



Take C' = max  C(k), then P(é?VT%ZfZI

kE[kofM,k(rFM}

fit(k) = HY' (k) fi
ZSC?{ v sy = € for all (N,T), hence it remains to show for each k € [ky —
. 2
M7k0+M], %Zle f#(k)_H%/(k)ft :Op(ﬁ)

First consider the case kg — M < k < kqo. In this case, factor loadings are stable

>(J)_

£
2

and kg — M < k guarantees k — oo as kg — oo, hence Theorem 1 of Bai and Ng
(2002) is applicable.

Next consider the case ko +1 < k < ko + M. Following the same notation as
proof of Theorem 2 and define E(k) = (e, ...,e1)’, we have X (k) = A(k) + W(k) =
Fi(k)Ay, + E(k) + W (k), thus

X(R)X'(K)
= Fi(k)Au A FL(F) + Fi (k)M [E(F) + W (R)]
HE(k) + W(E)| A Fy (k) + [E(k) + W(E)][E(k) + W(K)].  (A-16)

It follows that

fi(k) = HY(R) i = ]\}k[p (k)P (k)M e + FY(R)E(R) Aoy fi + FY (K)E(K)e,
Y (R) Fy (k) Ayywe + B (k)W (k) Aoy f; + E (k)W (k)w,

Y (R)E(k)w, + F (k)W (k)e,]
= Qui(k) + Q2u(k) + Qa4(k) + Que(k) + Qs4(k) + Qo (k)

+Q7(k) + Qsu(k), (A-17)

. 2
and %Zle “k) — HY(B)fil| <830 _, i S 1Qumi(K)|?. Following the same
procedure as proof of Theorem 1 in Bai and Ng (2002), it can be shown for m = 1,2, 3,
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LS 1Qua(R)]* = Oy

1
e Quelk)

1
=S Qs

1
=3 IQsh)

IN

IN

IN

IA

IN

). Next, noting that w; = 0 for 1 <t < ko,

NT

2

(k)A{nwt

)
%Z Z Fem| DG S 1P |
S F0) BIES A )(N > ||A01,i||2>
DD SN "

D T DS DN TAGTES SN

(3 0 Pors = A DG S L)
0,(10,(1N0MOMO,(7) = Oyl )

/

\_/

2

1
5o
e A
G || H " o ><1Zkl||ft||2>

%Z » Aori — Aol )( Zs ko1 I£:11%)

0,()0(1)0,(1)0 <>op<%>=op<%>,

k)W (k) Aoy fi

S 1F“'() W (k)
G S [F Dt 0 Bl 3
G rw] % ' Whons = il
3 kHHsz S A

1 1 1
Op(l)O(l)Op(f)Op(f) = Op(ﬁ)7
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2

k)E(k)w,

IS eI = th 1

Nk; kY
< Y wH —iz’;lzj;e@
(¢ Zt ARG S o = Aonl)
- 0p<1>op<1>op<%>0<1> = 0,(5)

2

IS el = 23
g 0] =t S e
558 %Zt o Hsz >
%Z ||)\011 >\02z|| Eﬁ Zt:1 Zjil e;

= 0,()0,()0M)0,1) = 0,7,

EYW (k)ey

IN

IA

hence%ZleHth( )|I? —O( )form—45678 n

K PROOF OF THEOREM 4

Proof. Define V (k) = S(k)—S(ko), U(k) = A*+E* = (ko—k)ajar—2al > 1% 1 (ye+
2) for k < ko. For any fixed constant M < oo, define VM (k) = V (k) for |ko — k| < M,
UM(k) = U(k) for |ko — k| < M, WM (1) = W (I) for ||| < M. VM(k), UM(k) and
W™ (1) are all finite dimensional random vector.

Step 1: VM (k) & UM (k) as (N, T) — oo for any fixed M < oc.

By symmetry we only need to study the case k < k.

It suffices to show  sup |V (k) = U(k)| = 0,(1).

|k07k|<M,k<k‘0

sup  [V(k) = U(K)| < sup B[+ sup  [C7[+

|ko—k|<M,k<ko |ko—k|<M,k<ko |ko—k|<M,k<ko
sup |D*| + sup |F™*| + sup |G™|.
|ko—k|<M,k<ko |[ko—k|<M,k<ko |ko—k|<M,k<ko
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. ko — k 1
sup Bl = sup (T — ko) () |2 = Ti* = O() = o(1).
|ko—k|<M,k<ko |ko—k|<M,k<ko T—k T
sup |C*| < M sup ‘ = 0,(1).
|ko—k|<M,k<ko keD,k<ko k(] —k
Similarly, sup | D*|, sup |F*| and sup |G*| are all 0,(1).
|ko—k|<M,k<ko |ko—k|<M,k<ko |ko—k|<M,k<ko

Step 2: UM (k) 5 WM (k — ko) as (N, T) — oo for any fixed M < oo.
UM (k) = (ko — k)ajay, — 2a}, S50 j1 (e + 21), for |kg — k| < M and k < k.
For |ko — k| < M,

T —k
2 = 112 - S

(ko — k)apar = (ko—k‘)HZz—21||2+(k70—k‘)[(T_k

1
= (ko —k)||Z2 — % + O<T)’

By part (6) of Lemma 7,

ko
—Qa;czt:kﬂzt’ < oM -3 sup

sup
|k0—k|<M,k<k0 |k0_k|<Mk<k0 ko th k+1 tH
< 2M |32y — X 1 .
B I l ke%l,lkliko ko k Zt p (1)
Next
_9./ ko _ . / ko o T — ko_ B , ko
2ay, bkt yr = —2[vec(Xa—1)] Zt:kH Y —2( T — 1)[vec(E2—31))] Zt:k—l—l Yt
and
T — ko ko
sup —2 — Dvec(Xy — X1)]
\ko—k|< M, k<ko ( T—k Jvee(¥a = )] Zt:kﬂ Ye
2M ko 1
Yo — 2 su =0, (=
S 132 — %] |k07k|<1\12k<k0 Zt:kH : b(7)
Taking together, UM (k) <, (ko — k) |20 — 2 — 23200 o1 lvec(Ba — X1)]'y, for

ko — k| < M and k < ko. Similarly, for |ko — k| < M and k > ko, UM (k) <,

(k — ko) | Z2 — Sul* — 2300 1 [vec(B2 — 1)]'ye.
Step 3: VM(k) % WM (k — ko) as (N, T) — oo for any fixed M < occ.
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Based on step 1 and step 2 and using Slutsky’s Lemma, VM (k) < wM (k — ko).

Step 4: argmin VM (k) — kg <, argmin WM (1) as (N,T) — oo for any fixed
M < oo.

If W (1) does not have unique maximizer, then these exist [ # I’ such that W (l) =
W (l"). It’s easy to see P(W(l) = W(l')) = 0. The number of integer pairs (/,1’) is
countable and sum of countable zero is zero, hence the probability that W (1) does
not have unique maximizer is zero.

Next, for a finite dimensional vector z, f(x) = arg min x is a continuous function,
hence by continuous mapping theorem we have arg min V (k) — kg <, arg min WM (1).

By definition of convergence in distribution, for any ¢ > 0 and any |j| < M, there

exist N7 >0 and T} > 0 such that for N > N and T' > T},
| P(arg min VM (k) — ko = j) — P(argmin W (1) = j)| <e.

Take N* = max{N},[j| < M} and T* = max{T},|j| < M}. For N > N* and
T > T+, |P(argmin VM (k) — kg = j) — P(argmin W™ (1) = j)| < € for all |j| < M.

Step 5: k — ko > argmin W (l) as (N,T) —

Step 5.1: By Theorem 1, k — ko = O,(1) as (N,T) — oo, hence for any € > 0,
there exist M; < oo, Ny > 0 and 77 > 0, such that for N > N; and T > Tj,
P(‘l} —ko| > M) < £

Step 5.2: [ = argmin W (1) = O,(1) as (N, T) — oo

First note that P(|§|n>i]1\1/[W (1) <0) < P(lr<11j§\14W1 (1) <0)+ P(g%\I}WQ (1) <0)

= P(lig%{—l 12 = S * = 2322 ylvec(S2 — B0)) 'y} < 0)
+P(lsu]\13{l 122 = Zu* — 2 32300 [vee(Ss — 1)y} < 0)
>

< P(sup 2[vec(Sy — )ALy > (S0 — 5 )

I<—M
+P<?£}32[vec<zz — )/ i1 e > 152 = Su)

> ||22—21H) _ C

— 2 - M

ko+1
SUP H Zt ko+1 Yt Zt ko+1 Yt

by HaJek Renyl inequality. Hence for any ¢ > 0, there exists M; < oo such that
P(sup W (I) < 0) < £ Since W (0) = 0, min W () < 0, therefore P(‘Z’ > M) <

7[> M2

> IIEz—ElH> + P(
-2 I>M
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P(min W (l) <0) <
7[> M2
Step 5.3:
Take M = max{Mj, M,}. Based on step 4, for any ¢ > 0 there exist Ny > 0 and

T3 > 0, such that for N > Ny and T > Ts, for all |j| < M,

£
3

|P(argmin VM (k) — kg = j) — P(argmin W (1) = j)| <

Wl m

Step 5.4:
Take N* = max{Ny, No} and T* = max{7},T>}. For any N > N* and T' > T*,
if j| > M,

P@—%:ﬁ—ﬂhﬁ)<P@—%:ﬁ+Pd:'<fﬁkkq>M
P(‘Z‘>M)<§+§<e;
if [j| < M,

k—ko = j implies arg min VM (k)—ko = j, hence P(k—ko = j) < P(argmin VM (k)—
ko :j),

argmin VM (k) — ko = j implies k — ko = j or ’l; — ko‘ > M,

hence P(argmin VM (k) — ko = j) < P(k — ko = j) + P( )ic — ko‘ > M),

oo|m

therefore ‘P(l% — ko =j) — Plargmin VM (k) — ko = j ‘ < P( )k ko‘ > M)
Similarly ‘P (I=j)— Plargmin WM () = j ‘ < P( ‘ ) > M)
P(k—ky=j)—P(= ‘ )P (k — ko = j) — P(argmin VM (k) — ko = 7)
+ | P(arg min VM (k) — ko = j) — Plargmin W (1) = j)|
+p@:ﬁ—P@@mmwM<) ﬁ
<st+sti<e
Therefore, we proved that for any € > 0, there exist N* > 0 and 7™ > 0, such
that for N > N*and T > T*, |P(k — ko = j) — P(I = j)‘ < ¢ for all j. By definition,

therefore

ki — ko % argmin W(l). m

L PROOF OF LEMMAS

Lemma 1 Under Assumptions 1-5, %Zthl 19: — J'gt||2 = Op(l;%).

NT
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Proof. This Lemma is Theorem 1 of Bai and Ng (2002) for the equivalent model,
therefore it suffices to verify Assumptions A-D of Bai and Ng (2002).

Assumption A:

By Assumption 1, B [lgll* < max{|A|1*, | BI*}E |f* < M < o0, 27, gugf —
Tom Y A fIA+(1=70) 7 Yiis1 BASIB 5 70ASpA'+(1—70)BEpB' = La
and Y is positive definite.

Assumption B:

By Assumption 2, (3]l < [|(N Mois Ao || = (Poall® + IAeall® + [AalP)? <
V3\ < 0o and H%FT — ZFH — 0 for some positive definite matrix Xr.

Assumption C:

Assumption 3 together with Assumption 5 implies Assumption C.

Assumption D:

E(x Zf\;l % Zthl Gi€it

+2||BI”B(x XL,

2
)<2HA” E( Zz 1 fZ i€l )
< 2roM 4 2(1 —7o)M = 2M. m

f Zt ko+1 Jt€it

Lemma 2 Under Assumptions 1-5 and 7, ||J — Jo|| = 0,(1).

Proof. This Lemma follows from Proposition 1 of Bai (2003). Assumptions A-D is

verified in Lemma 1, Assumption G is identical to Assumption 7. =

Lemma 3 Under Assumptions 1-8,
(1) Hajek-Renyi inequality applies to the process {ys,t = 1,....,ko}, {ys,t = ko, ..., 1},
{yp,t =ko+1,...,T} and {y;,t =T,.... ko + 1},
(2) sup 3 >y g:ll* = Op(1), sup 75 S i lgrl® = Op(1), sup = o2y lell* =
k<ko k>ko k<ko
0y(1) and sup 2 3oL, lal” = Oy(1).

Proof. (1) P( sup ¢ HZL Yt AR (o] = Se) Ao

> M) = P( sup ck‘J’

m<k<kg m<k<k‘0
M) < P(|BA|> sup ¢ HZt L&l > M) < S(me2, + S ® mi1 Cr)s where the last
m< < 0

inequality follows from Hajek-Renyi inequality for process {e;,t = 1,...,ky}. Other

processes can be proved similarly.
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(2) supt St o < DAIPELAI + JAI supd SEL (P ~ BRI, where
B[l = trSe. Define Dy = £ 520, (fuf; = Ee), then [F X0, (15l = BISAI)| =
trDi] < VP R(rDYE = VT Dl it follows | supk S (1P~ B 107)] <
sup [ S (P~ B0 < v ([ 5E

Renyi inequality. Thus :upkzt lgel? < ||A|| E | fl*+ | AlI> Op(1) = O,(1). Other

, which is O,(1) by Hajek-

terms can be proved similarly. m

Lemma 4 General Hajek-Renyi inequality (Theorem 1.1 of Fazekas and Klesov (2001)):
Let B4, B,,..., B, be a sequence of nondecreasing positive numbers. Let oy, aa,...,

a, be a sequence of nonnegative numbers. Let r be a fived positive number. For

the partial sum process S; = ZZ le, assume for each m with 1 < m < n,
E( sup [S)|") <>, au, then E( sup S’ ) 4370 1

1<i<m 1<i<n

Note that no dependence structure on { Xy, k = 1,.....} is assumed.

Lemma 5 Under Assumptions 1-8 and 10,

W) s |[F 506 = Taad | = 0y,

(Z)kEDSBIE)SkO H e Ge = T'gr)i] ‘ = Opl57):
(3)k€DS},l]§<k0 kolk fok+1( — J'91)9i Op(ﬁ);

(@) _sw |5 T~ 90T = 05
(5)]66%171]{13@0 ko th ki1 (Gt — J'9)(Ge — ' ge)' ’— 5%T)7
©) s [|E G~ 790G~ T | = 0
(7)sup || 7= th ki1 (G — J'g0) g1 ‘— 5;T>

k<ko

Proof. We will prove parts (2), (5) and (7). Proof of parts (1), (3) and (4) is similar
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to part (2), proof of part (6) is similar to part (5). First consider part (2).

1 k
su — P J’/ /J
keDC,lE)gko k Zt:l (9 91)9; '
k = T s T -
e Sup % Ztil VN%%(Z&:Z{ gS’YN<87 t) + 28:1 gSCst
kepnksko T ZST 1 GsTst + ZsT 1 gsgst)g;,‘]
= o J s s, t
B (kGDC,IIc)gkO Zt 125 1 95) 917w (8, )H
o ——Z’“ ZT Tg.gia(s.
keDe k<kg t=1 =1
+ su . .
kEDC,IISSkO Zt 128 1 J'9:)9:C s
T oup __Zk ZT J'9:9:C
keDe k<ko =1 Ldg—1
+ su 5o — J'g, .
keDC,II:gk;O Zt 125 1 9s) 91Nt
Trend __Zk S Tading
keDe,k<ko t=1 s=1
+ su . J/ X .
keDC,ilc)gko Zt 1 Z 71 95)9iE st
k T
+ su - J'g.q' . VLl 17
keDC,iI:gko Tk Zt:l 2521 9s9:€st|) ” NT” /1]

= (I+I+II+1V+V+VI+VII+VII)||[Var| 1]

Consider the eight terms one by one.

I
ORI S 3 D DRTANCY b
S ||gs—J'gs||2>%k s (G 1ol 0, Y, bt 0P
N e A S D DA L PHET =5 DD SN CTIRL
- op<$>op<1>op<%>,
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where last equality follows from Lemma 1, Lemma 3 and ) gu£<k 11 ST (s b))
€D k<ko
Losup L0 (ST Myy(s,t)]) < AM? by part (1) of Assumption 5.
keDe k<ko

11
1
< ||J su — s s, t
< s 255 el |1 S dnteo
1 : 1T |1 =* 2
< |IJ||(= s]|7)2 su — — (s, ) )z
< WG o2 s <TZS_1 L dants 0]

1 ; 1
< WG o H s 257 HodH s 7230 S bt 0

keDe k<ko
1
);

= 00,00 7

where the last equality follows from Lemma 2, Assumption 1, Lemma 3 and  sup %% Doe1 Dot
keDe k<ko

Iy (s, )] = O,(#) as explained above.

117
< (%Z 1Gs — gl )%kegy};k (% Zil
< (% ZT:1 15 — J/gs||2)é\/1ﬁ(% ZS 1k€DC k<k0
< &Y g - Tl h(_sup, kzt lgil?)? f

1
(f Zs 1 gepe k<kokzt !

1 1
- OP(E)OP(l)\/_NOP(l)‘

2

1 k 1 N A
k Zt:l g’gﬁ Zizl[eiseit — E(eiseq)]|| )2

Zt 122 1 ezsezt (eiseit)]

T 2

N =

)

2

N|=

)

\/— Z ezsezt ezseitﬂ

27



IA

IN

v

11 k T 1 N
J Su T s — €is€it — E €isCi
171 keDe /I:<k0 k Zt=1 2521 g gt]\[ Zizl[ t ( )] '
2
1 1
J Su ezsez €is€; 5 su 2
I s £ 3 | Sy Do, el = Bleweu] | D _sup 237 lal?)

D=

171l \/_—(_ Z ||98H % sup_ o Zt '\ T ZS L Z.: [eiseir — B(eiseir)] )

/fGDC k<ko
)2
ap 25 )

kJEDC k<ko

op<1>¢iﬁop<1>op<1>0p<1> — 0y,

VN

where the last equalities follow from part (1) of Assumption 10.

IN

IN

IA

IN

IN

V

1 1 1 T 1 k 1 N
ol s JI s 2 T " %
(3 = Tal” P osi (5D | 2§ 2y i€
1 T
(T 23:1 13 — J'gslI)

1 2.1 1 1 1 k N , 2
s 2 su —— i€i

( 25:1”9 ||) \/N(keDC,llc:)gkg ]{:\/Nztzl Zi:l,y t9¢
1 T

(=2, g = Ta.l)

sup kzt 1

1 7 9,1 I =k 9,1
2 su — 2
X Il s 157 Lal)
keDCk<k0

1 1
05 )0

2

)z

N|=

)2

—_

N

1
2

v

Op(1)0p(1)

VI
TSN 5 D DA Z g en)d]
1] 12;959; LI ) DN DA

2
Wil s 75 keszl£<kok2tl”gf” O N DA ) DA B
0,(1)0,(1)—=0,(1)0,(1),

VN
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where the last equalities follow from part (2) of Assumption 10.

VII ,
SCOMNESCACEREINES D 5 SIS S DAY ] Bt
< 3 g el )5kegy£<ko(%2j:1(%z;Hgt 2 e
SNED SN REAYCHEPT SRS pUN TYCEILS g [ o b
= 0510, —=0,(1).
VIII
< Wl s ‘ Zt 128 | 9:0i( Z givicis)
< s 5 3 S el | X e
< )

1 k 2 1 T 2\ 1 1 1 T
I s 230 o) 30 ool =7 32,
1
VN

1 N
TR D i

= Op(1)0p<1)0p(1) Op(l)a

T

2
where the equalities follow from E(# > ., ) < M, which follows

\/_IN sz\il ViCis
from part (ii) of Lemma 1 in Bai and Ng (2002).
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Next consider part (5).

sup
keD,k<ko

1
sup
keD k<koko — K

IN

IA
W

IN

8( sup

k:g—k;

2.

BANC

t=k+1

t=k+1

(

1

keD,k<ko ko — k —~t=k+1

+ sup
keD,k<ko ko

+ sup

keD,k<ko k?() —k t=k+1

+ sup

keD k<ko /fo —k t=k+1

+ sup

keD,k<ko kfo —k t=k+1

+ sup

keD k<ko ko — k —~t=k+1

+ sup
keD,k<ko kﬁo

+ sup

keD,k<ko /{:0 —k t=k+1

k t=k+1

k t=k+1

T

>,
s=1

—J9) (Gt —

:€
7Y
D

7Y,

O

J’/gt)/

2
+

T

2 ‘ 1

) [Vt

st

— J'gs)vn(s,t)
2
J gsvn (s, 1)

2

st

2

2

v

gS st

T - T -
%(Zs:l gSP)/N(S7 t) + Zs:]_ gSCSt
T - T .

+ 25:1 gsNst + 25:1 gsgst)

! Zstl gsYn(s,1) Zil 9sCst

2

2
=1k

2

= 8(IX +X +XI+XII+XIIT+XIV+XV+XVI)||[Vit|”

Consider each term one by one.

o< Y

”gs -
1 1
= Oz )0()

J/98||2)

sup
keD,k<ko kio

30
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>
IN

(s, 0F

9,1 T 2
IR (5 3 gl s

keD,k<ko kﬁo k e—~t=k+1 T
1

— 0,(10,(10y(7);

where the equalities are explained in proof of term 1.

XTI ,
< (% Zil 135 = J'g:1") . (; ZS - k<k0k0 7 2 Zil[eiseit — E(eisear)]| )
= 05500

XII ,
< PG e, s e 3 e e — B
= 0,000,150,

where the equalities follow from part (1) of Assumption 10.

XIIT
1 T ) 1 Ny 5
< (= 7 1 -
B (Tzs:l 1. = T ezs)ukzk k?o k £—t=k+1 T Zi:l 9s7iCit
1 T ) . N )
< (= o 1 1 -
< (G el G Y el s ko_th e e
1 1
= 0,(—)0,(1)—0,(1)
S0y N
xiv < WRIESY oo 1 N 2
< /] fzsﬂg“jgs Nkef)ukgkoko—kzt . Zi:17i€it
1
= 0,000,0)30,(1).
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where the equalities follow from part (2) of Assumption 10.

XV

1 T
< G2l s J s
< (2o 5= Tl) e%u;ﬁkoko =D k+1T

2

i Zjil ng}/ieis

2

1T ., 9 11
< G = Tal) e e 3 el L | o e
1 1
= OP(E)Op(l)NOp(l)
XVI
e S T T Sl =S
- T Lg% eka< k fo Ltepsr 1 s=1 \/_ i—1 1iCs
1
= Op(l)Opu)Op(l)NOp(l)a
2
where the equalities follow from E (7 S \/LNZ?; v€is|| ) < M, which follows

from part (ii) of Lemma 1 in Bai and Ng (2002).
Finally consider part (7).

—Jad Il < J

sup || 7 kzt o (Gt = T'90)9, ‘ < sup |l kzt vy (00— '), ‘
1 T ~ / /

o e Y |

Based on parts (3) and (4), the first term is O ( —). Following the same procedure

as part (2), it can be shown the second term is also Op(m>' n
Lemma 6 Under Assumptions 1-9, terms (1)-(7) in Lemma 5 are o,(1).

Proof. The results can be proved following the same procedure as proving Lemma
5, the differences are stated below. Assumption 10 is used in the proof of 11, IV,
X1, XII,V, VI, XIII, XIV to calculate the stochastic order of

2
sup kzt 1 \ﬁzz 1[ezsezt E(eiseit)] )
keDe k<ko
sup ¢ Zfﬂ ‘L Z]‘\il[eiseit - E(eiseit)] 2,
ke D, k<ko =L VN &i=

32
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2
sup th 1 \ﬁzz 1 ViCit|| >
keDe,k<ko
2
sup th 1 fZZ 1 Vi€t
keD,k<ko

Without Assumption 10, all are no longer necessarily O,(1). Nevertheless, we
can use Lemma 4 to show that all are O,(logT) without making any dependence
assumption on the error process.

2
Denote X, = LN , then

i]\il [eiseit - E(eiseit)]

1 k 2 1 k
D =X

Taking r =1, 8, = k and oy = M, then for each m with 1 <m <T,

1 N
\/_N Zizl[eiseit - E<eiseit)]

E( sup |S:|) =E(S,,) <mM < " g, A-18
(sup (5. = B(S,) > (A-18)
hence by Lemma 4,
( sup —‘ — < AMlogT + 4M~, (A-19)
1<k<k0

where v is the Euler-Mascheroni constant. It follows that
2

k N
sup % D i1 ‘Tlﬁ > imileiseir — B(eiseir)]

Y

keDe k<ko
2
sup th 1 \FZZ 1leiseir — E(eiseit)]‘ are both O,(logT’). All other terms
keD,k<kg
can be proved to be O,(logT') similarly. Now /1] = Op(\ﬁvlo fT ), IV = O,(1/*%5),
V = O,(55L), VI = 0,(/*%5), XI = O b(xe), XIT = O,(%57), XIII =
NT
Op(]i;’(;%T ) and X1V = O,(*EL). With Assumption 9, all terms are 0,(1). =
NT
Lemma 7 Under Assumptions 1-8 and 9 or 10,
2
(1) swp 258w = 0. @) s 2[sh x| = o),
keDe ko ™ keD, k<k0
(3) sup Lz = op(1), (4) sup IS0 2| = 0,(1),
keDe k<o ™ keD,k<ko
(5) swp g[S a] = o). ©) sw 2 Hzt e 71| = 0p(1),
keDe k<ko keD,k<ko
2
() gm0 o | St =] =0, 9 s gty [T a| = o),
keDe k<ko kED,k
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T
Tl—k Zt:k+1 zt|| = op(1).
0

Proof. We will prove the results under Assumptions 1-8 and 10 first. Under Assump-
tions 1-9, the proof follows the same procedure, except for using Lemma 6 instead of
Lemma 5. Recall that z, = vec[(g:—J'g:)(g:—J 9¢)'| +vec|(G:— S 9:) g, T | +vec| T g (G: —
S g)'] +vecl(J = Jo)gegi(J — Jo)] + vec[(J — Jy)grg;Jo] + vec[Jog:g,(J — Jo))-

For parts (1) and (2),

IS =
zZ
t=1 t

koo B koo
< (> @ =T - TaY||+ 2|, @~ Taa|
+ HZ — J0)gegi(J — Jo) H +2 HZ Jé)gtgéJoHV
2
< 4 HZ (9 — Jlgt)(gt - J’gt)l ‘ + 16 HZ (9 — J’gt)géJ )
2
+4HZ — Jo)9:9:(J — Jo) H +16HZ Jé)gtgéJoH - (A-20)
Consider the four terms one by one.
Using Lemma 1,
2
sup —-— J J
e kp<k0 /fo 2 Hzt 1 gt gt)(ﬂt gt)
< S g Tl =0yl )
= (o) T 2 1007 Tl V= Ol

Using part (6) of Lemma 5,

‘ 2

su J J
keDe I£)<k0]€0 k Hzt 1 (G = S'9)(5e = J'gn)'

1 * 2 1
< su — g — J'9) (G — ') || = Op(—=—).
S S k;zt:l(gt 96)(G — J'gt) n( T T)
Using part (1) of Lemma 5,
> @ J‘< SR Fana|| = o,
sup - o—— su — — = —).
reDeko /fo k (G = TaaT|| < N AR Y-
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Using part (2) of Lemma 5,

= OP(L)

2
6NT

1 —F .
- thl(gt —J'g1)g,J

F<
keDe k<ko

sup A Hzt (G = T'g)g;T

keDec k<ko k[)

Using Lemma 2 and Assumption 3,

2 1 k
4 ! _
sup 1[50 = g7 = )| <1 =l sup |2 37 | = o).

2 1 k
— - — Tougia|| < 1T = ol 1ol sup || N =0,01).
sup - [ S50 = Topmgi| < 1= BIP 1l sup | £ 370 et = o (1)

2
are both o,(1).

2

11 k

and sup *o k HZIS:I Zt
keDe¢ k<kg

11 k
It follows sup -1 Hthl 2
keD,k<ko

For parts (3) and (4),

1 k
e DO

1 ko .
< k_o Hzt 1(gt —J'9)(Ge — J'g0)’ (G = T gtJ‘
T Hzt (' = T0)9:9i(J = o) H +2-— Hzt_ gtgtJoH (A-21)
Using Lemma 1,
1 K 11 ) 1
s ~ J/ ~ J/ /‘ < Jl — O -
o e[S e - e < g 3 e el = 05,
11 T
J J ‘ < Tal*=0
s S DONRCEPAITER A ELe) SR AN @VT)
Using part (1) of Lemma 5,
1 k 1 k 1
sup — o~ Tgid| < s |4 3 — J'g)g || = Op(=—).
Lo 1> G= T < 5w N E D, T ‘ o5 )
Using part (2) of Lemma 5,
sup HZ — T'9)g J‘ sup lzk G — T'a)gd || = Op(——)
keDc,k<k0ko t=1 A = keDe k<ko || B ——t=1 ! ot PNt
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Using Lemma 2 and Assumption 3,

kels)ukp<k0 ko Hzt 1 = Jo)ougi( = o) H <17 = Bl kels)l,lkpéko %Zk 9:91]| = o»(L),
swp [ (= BT — )| <1 = Al s [E5 g = o
ke De k<ko Ko t=1 keDe k<ko || B “—~t=1
sp S Iyatn]| < 17— B swp |25 gl = 0p(1),
keD, k<kok0 t=1 keD k<ko || K
sup IS0 Tagia]| < 10— Bl s |25 ]| = 0,0,
ke De k<ko ko t=1 keDe k<ko || K “—~t=1
It follows that sup "z and  sup _, zt|| are both 0,(1). parts
k€D, k<ko ° keDe k<ko

(5), (6), (7), (8) and (9) can be proved following the same procedure. More specifically,
part (5) uses Lemma 1, Lemma 2, part (3) of Lemma 5 and Lemma 3; part (6) uses
parts (5) and (4) of Lemma 5, Lemma 2 and Lemma 3; parts (7) and (8) follow from
(5) and (6) respectively; part (9) uses Lemma 1, Lemma 2, part (7) of Lemma 5 and

:EE ﬁ ZtT:kH g:9;|| = O,(1), which is proved below.
>R0
1 T , 1 T , 1 T )
[ < -
]f;li;[i) T — k‘ Zt:k+1 gtgt — ]?E]g T o k Zt:k‘+1 gtgt + H T _ k’ Zt:koJrl gtgt
T

< /
< :EIE) kﬁo —k Zt ft 1 gtgt + 2 H T — ko Zt:ko-H 9tG;
= 0,(1).
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