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In this paper, we introduce a method of generating bootstrap samples with unknown patterns of cross
sectional/spatial dependence which we call the spatial dependent wild bootstrap. This method is a spatial
counterpart to the wild dependent bootstrap of Shao (2010) and generates data by multiplying a vector
of independently and identically distributed external variables by the eigendecompaosition of a bootstrap
kernel. We prove the validity of our method for studentized and unstudentized statistics under a linear array
representation of the data. Simulation experiments document the potential for improved inference with
our approach. We illustrate our method in a firm-level regression application investigating the relationship
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1 Introduction

Economic data is often characterized by dependence and heterogeneity and accounting for these features is
important when performing statistical inference. This paper presents a bootstrap method that is robust to spatial
(cross sectional) dependence and heterogeneity of unknown forms in the context of a linear regression model.
Spatially dependent observations often need to be indexed in more than one dimension and are not naturally
ordered nor regularly spaced. This makes the application of the bootstrap potentially challenging. For instance,
the spatial block bootstrap (see e.g. Lahiri and Zhu (2006), and Nordman, Lahiri and Fridley (2007)) requires
a careful partition of the data into blocks which may not be feasible in many applications.

Our approach in this paper is based on a variation of the wild bootstrap and does not require resampling
blocks of observations. We propose a residual-based wild bootstrap using a regression model, where the external
random variables used to perturb the residuals are cross sectionally dependent. Covariances between pairs
of external random variables are equal to a kernel weight that depends on a distance measure. Shao (2010)
proposed this method for the time series case with distances equal to time gaps, calling it a “dependent wild
bootstrap.” The theory for the spatial context is not trivial; however, it is as easy to apply as in the time series
case, requiring only (potentially imperfect) measures of distances between all pairs of observations.

The economics involved in applications with spatial data often suggests “economic distance” measures
which can be used to model spatial dependence which decays with distance. We exploit the availability of such
distance measures to generate bootstrap observations with cross sectional dependence. Distance measures can
vary depending on the application and multiple metrics are also easily allowed in our setup. This allows our
method to apply to panel data settings. For instance, our example application in Section 7 illustrates using our
method with firm-level data where correlations across firms arise from both overlap in their local markets and
similarity in their technologies.

We prove the first order asymptotic validity of our “spatial dependent wild bootstrap” under a set of reg-
ularity assumptions that are similar to those used in the spatial HAC literature (Conley (1999), Kelejian and
Prucha (2007), Kim and Sun (2011)). In particular, we assume that the score vector for each observation i is
a linear transformation of a possibly infinite number of common i.i.d. random innovations. Modelling spatial
dependence as a linear process is quite common in the spatial econometrics literature (see e.g. Kelejian and
Prucha (2007), Kim and Sun (2011, 2013) and Robinson (2011)). It avoids having to index observations in
a Euclidean space, as required with mixing conditions, and a special case of this model is the popular spatial
autoregressive (SAR) process. Compared to Shao (2010), who assumes a stationary mixing time series, our as-
sumptions allow for heterogenous spatial dependence in dimensions higher than one, but we rule out nonlinear
forms of dependence.

We generate spatially dependent external random variables using the eigendecomposition of the bootstrap



kernel matrix. This matrix contains weights given by a kernel function evaluated at the distance measure and
is equal to the bootstrap covariance matrix of the n x 1 vector of external random variables. Hence, it must be
positive semi-definite, and a sufficient condition is that we choose a bootstrap kernel function whose Fourier
transform is weakly positive. A similar assumption is imposed by Shao (2010) in the one-dimensional time
series context. We discuss a class of kernels that satisfy this condition when spatial dependence is of dimension
higher than one and the distance is Euclidean. We also propose a modification for cases where the bootstrap
kernel matrix is not positive semi-definite. Our bootstrap method contains several existing methods as special
cases. One is the regular wild bootstrap. The other is the cluster wild bootstrap, popularized by Cameron et al.
(2008) and studied by Djogbenou et al. (2019).

We provide a theoretical justification for bootstrap hypothesis tests based on studentized statistics requiring
the use of a spatial HAC estimator for the original and the bootstrap test statistics. We allow for kernels used
to construct test statistics to be different than those used for generating the bootstrap data. This is important
since the bootstrap kernel function needs to be positive semi-definite, but one may want to use other kernels
to construct test statistics. We also allow for the use of restricted residuals when computing bootstrap critical
values for hypothesis tests. The use of restricted rather than unrestricted residuals often results in better size
control.

The structure of the paper is as follows. In Section 2 we describe the setup and review the spatial HAC
literature. In Section 3 we introduce the spatial dependent wild bootstrap and prove the consistency of the
bootstrap distribution under a set of regularity assumptions that rely on a linear array representation for the
score vector. The results of this section can be used to justify the construction of bootstrap percentile intervals,
which do not require studentization. In Section 4 we discuss hypothesis testing based on studentized test
statistics. Section 5 discusses an extension of our method to nonlinear models. Section 6 illustrates the finite
sample performance of the method in comparison to alternative asymptotic-based methods. In Section 7, we
illustrate our method in a firm-level regression investigating the relationship between a firm’s sales growth and
the import activity in its local market, where two metrics characterize residuals’ dependence. An appendix

contains mathematical derivations.

2 Linear regression with spatial or space-time dependence
We consider the following linear regression model

Yi=xiB+u, i=1,....n



where the (p x 1) vector of regressors, X, and error term u;j, might be spatially or space-time dependent. The

OLS estimator of f is
-1
R n n
p= (Z Xixf> Y xiyi.
i=1 i=1

Under some regularity conditions, we know that
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where Q = plimy_..n~1 Y ; xix! is a positive definite matrix and

n 1 n
Jh=Var [nY2Y xui | == Y E (ViV!), where V; = xu;.
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We assume throughout that J, is nonsingular uniformly in n. According to (1), the asymptotic covariance

matrix of B is Cp = Q~1J,Q %, which we need to estimate for inference on B. A consistent estimator of Q is
A 1
Qn =~ ) XX
i=1

Estimating Jn in the presence of spatial (cross sectional) or space-time correlation is more challenging as all
pairs of observations could potentially be correlated.

The literature on spatial HAC inference confronts this problem by using auxiliary data on distances to
model covariances between observations and to construct a nonparametric estimator for J,, see Conley (1999).
The basic idea is that measurements of a distance between observations can serve to characterize covariance
structures in a manner analogous to time lags in a time series setting. Observations that are deemed close are
modelled as potentially highly dependent, but those far enough away are approximately independent.

The spatial HAC literature has considered estimators of the form:

h=ty vk ("J) wa @)

NS = \dh :

where Vi = x;G; and K (-) is a real-valued kernel function with K(0) = 1. The distance between i and j is
denoted d;j and d, is a scale parameter (bandwidth). We require dj; > 0, d;j = 0, dij = d;;, but not the triangular
inequality djj < dik + dxj. This approach can be viewed as an extension of smoothed periodogram spectral
density estimators that have long been used in the time series literature, e.g. Bartlett (1955) where distances
are analogous to time lags. It can be viewed as a generalization of what are commonly called cluster or group
dependence estimators, see e.g. Liang and Zeger (1986) and Moulton (1986), where observations are taken to
be correlated within a known set of groups or clusters but independent across groups/clusters. These cluster
estimators are a special case of spatial HAC with a discrete distance metric reflecting group membership and a

uniform kernel K.



Distances need not be based upon physical locations; they can be much more general measures of ‘economic
distance’ as in Conley (1999). For example, Conley and Ligon (2002) use an economic distance measure based
on the transportation cost between countries in the context of a cross-country growth regression. Other examples
include economic distances based on the similarity of input and output structures as considered by Chen and
Conley (2001) and Conley and Dupor (2003). In many applications, distances can be based on attributes, e.g.
input shares for firms. In these cases, observations’ locations can be indexed by a vector of attributes s; € R7,
and the distance between two units, i and j, may correspond to the Euclidean distance between s; and s;. Our
method will be applicable with non-Euclidean metrics as well, possibly with a modification (see Section 3.3).

The existing spatial HAC literature also allows for the presence of measurement error in d;j (see e.g. Conley
(1999), Conley and Molinari (2007), Kelejian and Prucha (2007) and Kim and Sun (2011)), i.e. J, is based on

dij rather than on the “true” measures d;j, where d;; is such that
d~ij = dij +§ij7

where éij is a measurement error. We will follow this literature and also allow for measurement errors in d~ij
when applying the dependent wild bootstrap. Regularity conditions on éij will be discussed in Section 3.2.
Our method is readily applicable to a panel data setting where distances between observations are in part a
function of the observations lead/lag in time. When distances between pairs of observations are derived from
locations, e.g. s; and sj, time can be viewed as just another element of these location vectors with K defined
to be a product kernel with one time series and one spatial component as in Conley (1999) (see also Kim and
Sun, 2013). In general, distance can depend on any fixed number of metrics, see e.g. Kelejian and Prucha
(2007) who suggest a HAC estimator with M metrics based on K (miny<m<wm {dijm/dn}), where dij » denotes
the mt" distance measure between i and j. For ease of exposition, we present our theory using a single distance

measure.

3 Bootstrap inference

3.1 The bootstrap method

The bootstrap data generating process is described as follows. Let

yi*:)(fﬁ—i_ui*’i:la"-?n' (3)

and generate
U? =0 Ni; 4)

where G; = y; — x{ 8 and n; is an external random variable chosen by the researcher.



In this section, we rely on the unrestricted estimator [3 to generate the bootstrap observations on the de-
pendent variable and discuss bootstrap consistency results that do not impose any constraint on 3. We will
discuss hypothesis testing in the next section, where [3 can be a restricted OLS estimator which imposes the
null hypothesis under consideration. This is a key advantage of our method since the bootstrap literature has
shown that imposing the null on the bootstrap DGP can result in large size improvements. See e.g. Davidson
and MacKinnon (1999) and Djogbenou, MacKinnon and Nielsen (2019).
The choice of n; is crucial. The regular wild bootstrap generates n; in an i.i.d. fashion such that E* (n;) =0
and Var* (n;) = 1 for all i. This implies that the bootstrap errors u;" are independently distributed, conditional on
the data, with mean zero and variance G?. Hence, the wild bootstrap preserves heteroskedasticity but destroys
cross sectional (or space-time) dependence.
Our goal in this paper is to generalize the regular wild bootstrap method so as to preserve cross sectional
or space-time dependence and heterogeneity with a general form. As usual, we require that E* (n;) = 0 and
Var* (n;) = 1 for all i. However, we do not generate 7n; independently across i. Instead, given a potentially mis-
measured distance d j between observations, we generate {n; : i = 1,...,n} such that their covariance structure
is given by .
Cov* (n;,m;) =K* (Z'j) forall (i, j), (5)

n
where K* (-) denotes a real valued kernel function and d;; is a bandwidth parameter. The choice of K* and d;;
is discussed below, where formal assumptions on these quantities will be introduced. We will also provide an
algorithm on how to generate n; such as to verify (5). Before we do so, let us provide some intuition for why

this bootstrap method can be robust to cross sectional dependence. Let

n -1 n
B = (Z XiX§> Y xiyi
i—1 i—1

denote the bootstrap OLS estimator. Using the bootstrap data generating process above, we can easily show

that the bootstrap covariance matrix of \/n (fi* — B) is
Var* (ﬁ ([3* - B)) = QArTlJAboot,nQArTla

where

n * 1 ¢ * 1¢ * 14 ~ ~ 18 * dh}J YAV
Jboot,n = Var %;Xiui ZHZXiCOV(HJ HZ:, iGixjd;Cov* (n;,n;) = HZK 4 Vivj,

ij=1 ihj=1

given that Cov* (ni,nj) = K* (d”> by (5). This shows that the spatial dependent wild bootstrap algorithm
induces a bootstrap covariance matrix Jﬁboot,n which is just an example of a spatial HAC covariance estimator,

where the kernel function is K* and the bandwidth parameter is d. Given the link to the spatial HAC covariance



matrix estimator, we can expect this bootstrap method to be valid under conditions similar to those used in the
spatial HAC literature.

Next, we describe our requirements on the bootstrap spatial kernel function K*. To do so, we introduce
the notion of “pseudo-neigbhors”. Given the bandwidth parameter d:, an observation j is defined as a pseudo-

neighbor of i if its measured distance to i is less than d;. More specifically, let
.~ 4 . 1
Bin={idij<dp}, Go=)Y 1{je B} and ;= HZE{n. (6)
j=1 i=1

Then, %, is the set of pseudo-neighbors that unit i has based on dy, £, is the size of ;, and £ is its average.
Note that ", is a random set due to measurement error in d~ij, implying that both £, and ¢ are random
sequences.

The following condition specifies the requirements on the spatial kernel K*.

Assumption 1 (i) The kernel function K* : R —[—1,1] satisfies K* (0) = 1, and K* (z) = K*(—z) forall z €
R. (i) & supiE (zwﬁn K* (%) )) =0(1) and & sup;Ljez;, |K* (%)) — Op (1); (iii) The matrix

K = [K* (dij/dg)] inj:l is symmetric and positive semi-definite for all n, almost surely.

Part (i) is a standard assumption in the HAC literature which is satisfied by standard kernels such as the
rectangular, Bartlett, Parzen and Quadratic Spectral (QS) kernels. Parts (ii) and (iii) are new to our context.
Assumption 1 (ii) is automatically satisfied by truncated kernels for which K* (z) = 0 for |z| > 1, regardless
of the distance used. It allows for kernels that do not truncate provided the tails of K* decay sufficiently
fast. Providing more primitive conditions for general distances is difficult, but we can do so for the Euclidean
distance. For instance, with locations indexed on the line (such as a time series) and assuming away the presence
of measurement error in distances, this condition is satisfied if [~ |K* (u)|du < . Standard kernels used in
time series analysis satisfy this condition, including the QS kernel and the exponential (Gaussian) kernel. Shao
(2010) excludes these kernels by assuming a truncated kernel. Similarly, if we map locations into a two-
dimensional lattice, a sufficient condition for part (ii) is that [=_ [ ‘K* (\/m) ) dxdy < e or equivalently

fol r|K*(r)|dr < oo, a condition that is satisfied by the Gaussian kernel.

Part (iii) is a high level condition that requires the matrix of weights K; = [K* (d},—/d,ﬁ)]:jzl to be sym-
metric and positive semi-definite. The reason why we impose this condition is that K, is the bootstrap variance
matrix of 7 = (ny,...,n,) and therefore needs to satisfy these conditions. When distances correspond to
Euclidean distances between points in R?, a sufficient condition is that the kernel K* be positive definite.
Bochner’s Theorem provides a necessary and sufficient condition for a kernel K* to be positive definite in
R*: the Fourier transform of the kernel function K* is weakly positive. For example, with locations indexed on

the line, [~_K* (u)e~"""du > 0 for all r € R. This well-known condition is met by a number of kernel functions



such as the Bartlett kernel or the Parzen kernel. Shao (2010) imposes this condition, see his equation (2), when
studying the properties of the dependent wild bootstrap for the one-dimensional dependent context. In higher

dimensions, an analogous condition applies; K* (x) is positive definite if it is of the form:

o0 (T [ 2\ (:-2)/2
0=r(3) (rx> Je-2)2 (M) F (), x> 0, 7)
where F is a probability distribution function on [0,) and J(;_) > (+) is a Bessel function of order (7 —2) /2.
This characterization follows from simplifying the integrals in the Fourier transform via polar coordinates to
exploit the radial symmetry of K* (x). Discussions of positive definite kernels can be found in, e.g., Conley
(1999), Chen and Conley (2001), Gneiting (2002), or Kelejian and Prucha (2007), see Yaglom (1987) for a
textbook characterization of this class of functions.

The set of positive definite kernels depends on the dimension 7 and it shrinks as © grows, implying that a
kernel which is positive definite in T dimensions will be positive definite in any smaller number of dimensions.

An example of this class of kernel functions from Kelejian and Prucha (2007) is:

v [ =%)"Y, 0<x<1
KV (X) - { O, X > 1 (8)
where v > (t+1) /2. This is similar to the sharp (or steep) origin kernel in Phillips, Sun and Jin (2007).
The set of kernels that are positive definite in any dimensional Euclidean space (7 = <) can be represented
as:
K* (x) :/ exp(—x2r?)dF (r), x > 0. 9)
0

An example kernel in this class is
K* (x) = exp(—x%), (10)

which is a Gaussian kernel (see e.g. Stein (1999), p.44). Choosing a kernel that is positive definite in any
dimensional Euclidean space avoids the need to know the dimension 7. When distances are non-Euclidean, we
do not know if there is a class of kernels guaranteed to be positive definite; we discuss one strategy to overcome
this issue in Section 3.3.

A recent paper by Kojevnikov (2021) also considers a modification of the dependent wild bootstrap kernel
function that satisfies Assumption 1(iii) in the context of a network dependent model. His weighting function
depends on the topology of the network and requires a structure of locations, which we do not require.

Under Assumption 1, K}, is symmetric and positive semi-definite, which implies that there exists &, such
that

K} = ®pAn®),



where A, is a diagonal matrix with the nonnegative eigenvalues of K;; and the columns of &, are the associated

orthonormal eigenvectors (@ P, = I,). We can write

Ay 0 - 0
01k 0 1
On=[¢y,...,9p] With o = | and Ap = 2 with A; > 0 for all i.
L0
(pnk 0 ... 0 ln

Thus, we can generate n; as follows. Letting L, = CI>nA,11/ 2, we set

m
n=|: |=L-v v~iid(01l), (11)

nx1 e
where 1; is the it element of 1. This algorithm implies that E* () = 0 and Var* (n) = LyL, = K.

An attractive feature of our bootstrap method is that it contains several existing methods as special cases.
The simplest example is the wild bootstrap with K}, = I, and L = I,,.

A more complex example is the cluster wild bootstrap proposed by Cameron, Gelbach and Miller (2008).
This method is very popular in applied work and its theoretical properties have been recently studied by Djog-
benou, Nielsen and MacKinnon (2019). The usual way of describing the cluster wild bootstrap is as follows.
Suppose we can partition the sample of n observations into G groups of observations, so that the n x 1 vector
{ can be partitioned as 0 = (s, ...,0g)’, where for each g, g = (Glg, .. .,Ongg)', andn = 25:1 ng. The cluster

wild bootstrap generates residuals as follows:
Ujg = Ujg - &g,
where g is a common shock to all observations in cluster g.
One way to map this setup to ours is to order the observations by cluster. The weighting matrix K}, has
typical element given by K (I,m) = 1 (I and m belong to same cluster), that is the (I,m) element is 1 if the two

observations belong to the same cluster and O otherwise. This results in a block diagonal K}, with matrices of

ones of dimensions ng x ng along the diagonal. In other words,

Ki, O 0
0 K3

K; = BT
0 0 Kg,

where Kg , = lnglgg, with 1p, = (1,...,1) for each g = 1,...,G. The eigendecomposition of K} is equal to
LnLy,, where L, is a block diagonal matrix with Lg, on the main diagonal and L, is an ng x ng matrix whose
first column is a vector of ones and the remaining columns are zero. Thus, setting n = Ly, -v where v~/ (0, 1))
is equivalent to generating an n x 1 vector of shocks partitioned as n = (n},..., ng)’, where for each g cluster,

Mg = (€g;---, &)’ contains the same shock .



3.2 Bootstrap distribution consistency

In this section, we examine the properties of our bootstrap procedure. To establish the asymptotics, we as-
sume that the p x 1 vector of scores V; has a linear array representation. In particular, we make the following

assumption.

Assumption 2

(i) Fora=1,...,p,
Vi@ =Y e, (12)
=1

where Vi(a) is the a-th component of V;, e, is a random innovation, and ri(,a) is a nonstochastic weight.

(i) e~ (0,1) and there exists a constant M < co such that E (ef') < M.

(iii) Foreachl, Y, ‘ri(,a) <M, and for each i, ¥j° ’ri(,a) <M, foralla=1,...,p.

Assumption 2 is sufficient for proving that a central limit theorem applies to the scaled average of the
scores, i.e. that Jy “/2n~42 ¥ v —4 N (0, lp). A linear transformation of i.i.d. random variables is often
employed in the literature to characterize spatial (or spatiotemporal) processes. See, for example, Kelejian and
Prucha (2007), Kim and Sun (2011, 2013), Robinson (2011), Robinson and Thawornkaiwong (2012), Lee and
Robinson (2016) and Hidalgo and Schafgans (2017). In particular, our linear array model in (12) is the same
as in Robinson (2011) (see also Hidalgo and Schafgans (2017) for a panel extension of this model), with the
difference that we impose the linear array representation directly on the score vector rather than assuming that
the error term u; is a linear array.

As in the time series context, an alternative to a linear array representation would be to assume some
mixing-type conditions in the cross sectional dimension, as e.g. in Conley (1999). This is also the approach
of Shao (2010), who considers the one-dimensional (time series) case. Although mixing assumptions have the
advantage of allowing for nonlinear forms of dependence, this type of conditions are harder to deal with in the
cross sectional context than in the time series context and in particular more difficult to apply without directly
indexing observations in Euclidean space as in Conley (1999). The linear array representation is general enough
to cover most spatial models used in economics, including in particular the class of spatial autoregressive (SAR)
models as a special case.! Because the coefficients ri(,a) are a function of i, we allow for heterogeneity in the

second and higher order moments of {V;}.

1Distance construction can be problematic for some SAR specifications. While SAR models are linear processes they do not
necessarily have a covariance structure that can be characterized by a set of distances. In particular, simple graph distances in some
SAR models will not fully characterize the implied covariance structure, see Martellosio (2012). We leave the characterization of SAR
models for which an array of distances can be constructed for future work.



A key requirement for bootstrap validity is that the asymptotic bootstrap variance of \/n ([3* — [3 ) replicates
the asymptotic variance of \/n <[3 — B). This entails showing the consistency of the bootstrap variance J},oot,n
towards Jn. For this result, we need to impose further restrictions on the cross sectional dependence of {V;}.
Define

L 1K ()

and let g5 = max {q: K < o} be the Parzen characteristic exponent of K* (z). For instance, g3 = 1 for the
Bartlett and Kelejian and Prucha (2007) kernels and q; = 2 for the QS, Parzen, and Gaussian kernels. Larger
values of g imply smoother kernel functions at 0 and a smaller asymptotic bias for the HAC estimator, ce-
teris paribus (see Andrews (1991) for the time series HAC estimator and Kim and Sun (2011) for its spatial
analogue).

As in the HAC literature, the asymptotic bias of the bootstrap variance estimator depends on the decaying
rate of spatial dependence as a function of the distance metric and gg. Our next assumption follows Kim and
Sun (2011, 2013) and is used to control this bias.

Assumption 3 There exists a constant Cq: < o such that Iy, Yi_1lE (vivj') Hdiqu*J < Cg;, for all n, where

||-|| denotes the Euclidean norm of a matrix.

Assumption 3 requires the degree of cross sectional dependence between V; and V;j to decrease as a function
of the “true” distance d;j (and the degree of smoothness of the kernel function at zero as dictated by qg). In
the time series context, this assumption is implied by a standard smoothness condition on the spectral density
function of {V;} evaluated at zero: fj_w ||E (vtvt;j) I |j|% < oo (see Andrews, 1991, eq. (3.4)).

Our next assumption imposes conditions on the measurement error &; j that imply that the presence of

measurement error in d~ij does not change this absolute summability condition.
Assumption 4 (i) {&;; } are independent of {e;} and {x;}; (ii) |&;;| <c foralli,j=1,...,n.

Assumption 4 assumes that measurement errors are bounded, which is standard in the spatial HAC literature,
see e.g. Conley (1999) and Keleijan and Prucha (2007). The independence assumption implies that {éij} is
independent of {V;}, greatly simplifying the proof.

Our next assumption controls the number of pseudo-neighbors that a given observation i is allowed to have
and corresponds to Assumption 5 in Kim and Sun (2011). In particular, we require that each observation i has
at most cE ¢}, pseudo-neighbors, where c is an arbitrary (large) constant and E ¢}, is the expected average number

of pseudo-neighbors.

Assumption 5 Forall i, é;jn < cE/;, a.s., for some constant ¢ > 0.

10



Assumption 5 rules out the possibility that most observations are concentrated around some locations and
not others. Note that in the time series context with regularly spaced observations £;, < 2d; (with equality
for all i € [dy,n—d; +1] if d is an integer) and E/; > dy, and this implies that ¢, < 2E/{; for all i. Thus,
Assumption 5 is automatically satisfied in this case. We can also see that E/;; and d;; are related to each other
and both parameters can be thought of as bandwidth parameters. This is true more generally, with EZ;; clearly
increasing with d;;. More specifically, as discussed by Kim and Sun (2011, p. 354), for locations on a regular
lattice, it is natural to assume that EZ;, is proportional to d;*, where 7 is the dimension of the space. When
7 = 1, this implies that E¢ is proportional to d*, as discussed above, whereas for T = 2 we obtain E£ = ad;?
for some constant oc. Since E/¢}; (and d;}) plays the role of the bandwidth parameter in the usual time series HAC
literature, we will let E{;;, — oo as n — oo but at a slower rate than n when deriving our results. This is because
we will show that (as usual) a larger E¢;; (and hence a larger d;;) reduces the asymptotic bias but increases the
variance of the bootstrap variance estimator at the rate O (E¢};/n).

The final assumption imposes regularity conditions on the regressors. Note that Assumption 1 implies that

a similar moment condition holds for the scores Vi, i.e. E [[Vi||* < M.

Assumption 6 (i) There exists a constant M < oo such that E Hxi||4 < M; (i) 71 YN xix! N Q, a positive

definite matrix.

Theorem 3.1 Suppose Assumptions 1-6 hold. If d;*,E.¢x — oo such that E£:/nY/2 = 0(1) and E* |vi|* < M, then
we have

sup
XERP

Pr(VA(B"-B) <x) P (vh(B-B) <x)|=0p¥

asn — oo,

Theorem 3.1 states the consistency of the bootstrap distribution of \/n ([3* — B) . The proof of Theorem
3.1 is in the Appendix. It follows by showing that JAboom —Jy—F0and

(QMnQY) P VA(B - B) —* N(O1p),

in probability, see the Appendix for the definition of —9 in probability.

The rate condition on the bandwidth parameter E¢;;//n — 0 is stronger than the rate E/;;/n — 0 used for
showing the consistency of the (spatial HAC) variance estimator JAbOOLn (analogously Theorem 1 of Kim and
Sun (2011) and the proof of Lemma A.2). The stronger rate condition on EZ;, is used to prove that a bootstrap
central limit theorem holds for the scaled average of the bootstrap scores, n=1/2¥"  Vi* =n=Y2y0  vin,.

For the one-dimensional context, Shao (2010) proves the validity of the dependent wild bootstrap for smooth
functions of sample means of stationary mixing time series data that are possibly irregularly spaced in time. His

rate condition on the bandwidth parameter (which is given by ¢; rather than E ¢}, since there is no measurement
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error) is more stringent than ours, requiring that E;;/nl/3 — 0 as n — . He also assumes that the external
random variables n; are /;-dependent, an assumption we do not make. As he remarks after his Theorem 3.1,
this assumption makes the proof of the bootstrap central limit theorem easier as he relies on a blocking argument
that exploits the ¢;-dependence of the process n;. Our method of proof is different from his. In particular, we
use the eigendecomposition of K to write n; = Y,_, (\/Tmik) Vk, Where Ay and ¢, are the k' eigenvalue and
eigenvector of K*, and vy ~ i.i.d.(0,1) independently of the original sample. It follows that n—1/2 Y,V can
be written as n~/2Y._, wyvk, where conditionally on the original sample, @, = v/AV’9, is a known function
and vi ~ i.i.d.(0,1). Hence, we apply Lyapunov’s CLT for independent heterogeneous arrays and rely on the
rate condition E£%/n'/2 — 0 as n — oo to verify the Lyapunov’s condition. Note that despite the (conditional)
independence of the array wyv, the conditional bootstrap variance of n—1/2 Y, Vi is still robust to spatial
dependence. Indeed, we can show that this variance is equal to
n n n dii
ntY of =V’ (n—l ) Ak¢k¢{<> V =n"V& APV =n"VKIV = n—l_Z K* <d”) ViV{ = Jboot.n,

k=1 k=1 ij=1 n
a spatial HAC variance estimator. Although this estimator is infeasible as it is based on V; = x;u;, we show
in Lemma A.2 (ii) that the difference between this estimator and its feasible version JAboot’n is asymptotically
negligible under our assumptions.

We now provide an algorithm to compute valid bootstrap percentile intervals.

Algorithm: Bootstrap percentile intervals

(i) Compute
ﬁ = (ZXME) inyi, Ui =i —Xgﬁ, and \7i =xilj,i=1,...,n.
i=1 i=1

n
i,j=1
its eigendecomposition K} = ®,A,®},, where A, is a diagonal matrix with the nonnegative eigenvalues

of K, and the columns of &, are the associated orthonormal eigenvectors. Let L, = CDnA,l/ 2,

(i) For a given bandwidth choice d;; (to be discussed later), compute the matrix K = [K* (dij/dy)] and

(iii) Generate an n x 1 vector v ~ (0, 1,). We recommend using a sequence of standard normal variables, but
other distributions like independent Rademacher random variables (+1 or —1 with equal probability)
could be used. Then generate a sequence of random variables {n;:i=1,...,n} by multiplying this
vector v by Ly:

n — LnV

(iv) Let

yi =X B +uf, where uf = Gin;,

12



and compute the bootstrap OLS estimator

R n 1
B = (Z Xixf> Y xiyi.
i=1 i=1
(v) Repeat steps (iii)-(iv) B times. Symmetric (1 — o) confidence intervals can be obtained as:
[B —Gi-a, B+ %—a} :
where §1_¢ is the (1 — o) quantile of the distribution of )B* — B ‘ If preferred, equal-tailed intervals can
be obtained as:
|:B - ﬁlf(x/bB - ﬁa/2i| )

where f > and P;_q o are, respectively, the /2 and 1 — a/2 quantiles of the distribution of ([3* — B) .

3.3 Extension to bootstrap kernels that are not positive semi-definite

The asymptotic validity of the spatial dependent wild bootstrap described in the previous section depends cru-
cially on the positive semi-definiteness and symmetry properties of K, (cf. Assumption 1(iii)). These assump-
tions guarantee that the bootstrap covariance matrix of the external random vector 1 is non-negative definite,
thus ensuring that the bootstrap measure is a valid measure. Although the symmetry property of the distance
metric (which we assume for d~ij) implies the symmetry of K, the assumption that K, is positive semi-definite
can fail when d~ij is non-Euclidean. In this case, choosing K* as a non-negative definite function (as e.qg., letting
K* be the Gaussian kernel) does not guarantee the non-negative definiteness of K.

In this section, we provide an alternative bootstrap method that does not require K, to be positive semi-
definite?. The idea is to transform K into a positive semi-definite matrix M* and choose 1 such that E* (nn’) =

M. For example, if we assume that\?’K’,;\? is positive definite, we could choose:
M =KV (VK ) VK.

Note that this matrix has rank equal to the rank of V, which is p. The next theorem implies the validity of

/

percentile confidence intervals constructed using the previous algorithm by defining L, = dnAL %, where Ay is

a diagonal matrix with the eigenvalues of M on the diagonal and &, is the matrix of associated eigenvectors.

In addition, in this case, the external variables must be generated from the standard normal distribution.

Theorem 3.2 Suppose the assumptions of Theorem 3.1 hold but K}, is not necessarily positive semi-definite.
Suppose V/K;V is positive definite and define M = KV (V/K:V) ' V/KE. 1fv ~ N (0, Iy),

Pr(VA(B"-B) <x) P (vh(B-p) <x)|=0p¥

asn — oo and d; — oo such that E¢;;/n — 0.

sup
XERP

2\We thank Andrés Santos for this suggestion.
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This result proves the consistency of the bootstrap distribution of \/n ([3* —B) thus justifying the con-

struction of bootstrap percentile intervals for B even when K} is not positive semi-definite.

Remark 1 Assuming that \7’K;§\7 is positive definite is weaker than assuming that K;, is positive definite. In
practice, it is possible to ensure that \7’K;§\7 is a positive definite matrix by replacing its negative eigenvalues
by € > 0, a small positive constant, as suggested by Politis (2011) (see also McMurry and Politis, 2010). Since
under our remaining assumptions, n‘1\7’K;\7 converges in probability to J,, and J, is assumed to be positive

definite uniformly in n, this regularization is asymptotically negligible.

The Gaussianity assumption on v is crucial for proving Theorem 3.2, as we explain here. For simplicity,
assume that p = 1, i.e. that V; = x;(; is a scalar. Then, n"V/K:V is a scalar and K*V is n x 1, which implies

that the rank of M, is 1. This implies that

n == LnV =V )Ll¢1V17

where A1 is the only non-zero eigenvalue of M, and ¢, is its corresponding eigenvector. It follows that n; =

VA19;ve, foralli=1,... n. Since uf = G;jn;, we have that
Ui = Giny = (V A10;,0i)v1,

implying that the bootstrap scores V;* = xju;" = (\7i\/7Ll¢i1)v1 are all proportional to vi. The implication is that
n-Y2y" , V* does not satisfy a bootstrap central limit theorem. To obtain a Gaussian distribution, we need to

generate v1 as N (0,1). Under this condition, conditionally on the original sample,
n
N2y V= (YA VA1)V ~ N (0,0 VMV )
i=1
where by construction,
nil\’/\/M:\’] — nil\’]/K;\’] = in)oot,n.
Thus, conditionally on the data,
R* 05 N IR LI A-17 A1
V(B =B) =00 5 LW ~ N (0.0 Moo Q)

Theorem 3.2 follows because Q;, “Jpoot.nQ5 * — Cn = 0p (1), where C, = Q13,Q~* (apply Lemma A.2, noting
that it does not require the positive definiteness assumption on K3).
When p > 1, the same argument applies except that the rank of M is now p > 1, implying that we can

write

n p
nfl/Z ZVI* _ Z(nfl/Z\']/\/Tk¢k)vk’
i=1

k=1
in which case the joint Gaussianity of (vi,...,v,) determines the Gaussianity of the scaled average of the

bootstrap scores.
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4 Hypothesis testing

The previous results justify the construction of bootstrap percentile confidence intervals. These are based on
the bootstrap quantiles of the unstudentized statistic /n (B* — [3) In this section, we consider bootstrap tests

based on studentized statistics. Specifically, we consider testing
Ho:RB =rovs Hy : RB #ro, (13)

where Risar x p matrix withr < pand rgisar x 1 vector.

For testing (13), we employ the Wald statistic given by
R " 1bA-17 A-1p 1 R
W= (RB-10) [R; MG 'R " v (RB o), (14)
a special case of which is the squared t statistic when r = 1. The Wald test statistic requires the use of a spatial
HAC estimator given by J,. Our assumption is that this estimator is of the usual form

()

Ilj

where K (-) and d,, correspond to a spatial kernel function and a bandwidth parameter that are possibly different
from the bootstrap kernel function K* (-) and the bootstrap bandwidth parameter d:.

For bootstrap testing, using restricted residuals is often preferable as this reduces the size distortions. In
this case, the bootstrap data generating process can be described as follows. Let B denote the restricted OLS
estimator of 8 obtained under Hy. We generate bootstrap data as y;' = x{ﬁ +uj, where ui = Gin;, with (; =
Yi— x{fi and n; generated as before. In what follows, we denote by [3 either B or B depending on whether we
use the restricted or the unrestricted residuals.

The bootstrap Wald statistic is then defined as
. ~ % N\ / A qnAL 1 A% .
7y =V (RB"—RB) [RO75Q:'R] Vi (RB™ —RB)

where

TR ()53

==
with V;* = xidf, GF = yi — x{B*, and 8 the unrestricted OLS estimator from regressing yi on X;.

Similarly to the Wald test statistic, the bootstrap Wald statistic also requires the choice of a spatial kernel and
a bandwidth parameter. Our approach in this paper is to use the same kernel and bandwidth for studentizing
the two Wald test statistics. Hence, our approach is similar to the naive bootstrap approach considered by

Gongcalves and Vogelsang (2011).
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To establish the asymptotic validity of the bootstrap Wald test, we need to impose conditions on K and d,.
In order to do so, we define another set of pseudo-neighbors of i using the bandwidth d,:
.- 4 . 1
Fin={Jrdij<dn}, lin=3 1{i€Bin} and by =3 fin,
=1 i=1

and make the following assumption.

Assumption7 (i) K : R — [-1,1] satisfies K(0) = 1, and K(z) = K(-z) for all z € R.
(ii) - sup;E (Z]—w;m K (ﬂ—'ﬂ’)) =0(1), g-sup; Ljgs, K (?Tlnj) = Op (1). (iii) There exists a constant
Cqp <cosuchthat Y7, ¥, ||E (VN{) Hdiqu < Cq,, for all n, where gg denotes the Parzen characteristic

exponent of K (z) .. (iv) For all i, 4, < cEZy, a.s., for some constant ¢ > 0.

Assumption 7 imposes conditions on K and dn which are similar to those imposed on K* and d;; by Assump-
tion 1 (i) and (ii), and Assumptions 3 and 5. The main difference is that we do not require the kernel function
K to be positive definite. If necessary, we can ensure that RleanglR’ (and its bootstrap analogue) is positive

definite by replacing its negative eigenvalues by € > 0, a small positive constant, as discussed in Remark 1.

Theorem 4.1 Suppose Assumptions 1-7 hold. If E*|v;|* < M and d, E £, — e and d, E £, — oo as n — oo such
that E¢,/n = 0(1) and E£;/n'/2 = 0(1), then, under Hg, as n — oo,

sup[P* (7 <X) — P (#4 <X)| = 0p (1).

xeR

Assumption 7 (along with our remaining assumptions) is used to show the consistency of JA;]k for JAboot,n =
Var* (n"Y2y! xjur). See Lemma A.4. Since Jboot.n CONVerges to Jy, this implies that J;: is consistent for J,
which together with Theorem 3.1 imply the result.

Theorem 4.1 shows that the bootstrap Wald test 7, mimics the null distribution of #; when the null is
true, irrespective of whether we use the restricted or unrestricted approach. This is sufficient to claim the
first order asymptotic validity of the bootstrap critical values under the null hypothesis. When the null is not
true, the bootstrap distribution of the bootstrap Wald test based on the unrestricted residuals still converges to
the null limiting distribution of ;. This result follows because (i) the bootstrap distribution of \/n (B* - fi)
converges to a normal distribution with mean zero and variance-covariance equal to C, = Q~%J,Q 1, and (ii)
Ji: is consistent for J,, independently of the true value of B underlying the DGP. For the restricted approach, we
can show that the same is true when the true value of B is equal to B, + 8/+/n. Hence, the restricted bootstrap
Wald test mimics the null limiting distribution of #; under a set of local alternatives. This ensures that the
bootstrap Wald test achieves the same local power as the test based on asymptotic critical values.

Next, we provide a description of the steps involved in testing Hp : RB = rg using our bootstrap method.
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Algorithm: spatial dependent wild bootstrap for testing Hp : RB =1y

(i) Compute
ﬁ = (ZXME) inyi, Ui =i —Xgﬁ, and \7i =xilj,i=1,...,n
i=1 i=1

-1

(ii) Compute #; = /n (R[S - ro)l [RéglfnéglR’] J/n (Rﬁ — ro> , Where

~ n di
Qn:}inxf and ZZK( ”>
n i=1 | 1j
for a given kernel K, a bandwidth d,, and a set of distances {d~.,} Section 6 provides a method for

choosing d;.

(iii) Compute the matrix Kj; = [K* (dij/dz)]"_, and its eigendecomposition K = ®nAq®P), where A, is

i,j=1
a diagonal matrix with the nonnegative eigenvalues of K}, and the columns of &, are the associated

orthonormal eigenvectors. Let L, = CI>nA1/ 2,

(iv) Generateann x 1 vectorv~ (0,1,). We recommend using a sequence of standard normal random variables,
but another distribution could be used. Then generate a sequence of random variables {n;:i=1,...,n}
by multiplying this vector v by L, :

n = Lyv

(v) Compute the restricted OLS estimator

- <Zx X! ) N R/ [R (i_ilxixo R’] : (RB - VO)

and the restricted residuals G; = v; —X{B, i=1,...,n Let
yi =B +u, where uf = Gj;.

-1

(vi) Compute #/* = \/n (RB* - ro), [RQ, 1xQ, 1R " vm (RB* - ro> using

-1
s n n
B =Y x| Yxvi,
i=1 i=1
bootstrap scores V;* = x;d:, and

IZ:LJZ K (dll) *V*l
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vii) Repeat steps (iv)-(vi) B times and compute the bootstrap p-value as:
(vii) Rep p p pp
I +(b)
== 1 (#" >M),
P )

“®) s the bootstrap Wald statistic in replication b and 1 (-) is the indicator function. Reject the

where 74

null hypothesis if p, is less than the chosen significance level of the test.

Finally, we note that the spatial dependent wild bootstrap based on the modified non-negative kernel M,
discussed in Section 3.3 is not asymptotically valid when applied to studentized test statistics. In particular,

suppose we consider testing Ho : B = B in a simple location model y; = B + u; by relying on a t-test
Vi (B-8,)
se (B)
where [3 y=n"1Y"  yiandse ([3) is the square root of
~ 1 n d,]] n d” ~ A
Jn:ﬁ_z K<dn> (Yi—y) ﬁ Z:, < >Vivj,

with Vi = G = y; — B Now, consider the spatial dependent bootstrap based on the modified kernel M. Specifi-

tn:

cally, lety; = B +uf, with uf = Gin;, and n = Lyv, where v ~ N (0, 1) and L, = ®nAp, as described in Section
3.3. The bootstrap analog of t,, is

where se (B*) is the square root of

52 5 k(B o ymr1=2 £k (@)

with Vi* = Gf = yi — B". We can show that Vi = uf — 0" = vy (zi — ), where we let z; = (;v/A1¢,,. With this

notation, we can write

vi(B"-B)

trT = = Zn =a1Zy,

Vi

is a discrete (Rademacher) random variable given by

where a; =

v
Vi

g — 1 with prob. 1/2
171 —1 with prob. 1/2,

. . 1 dii _ _\ 12 . .
depending on the sign of vy, and Z, = (ﬁ):ﬂjzl K (d—'n') (zi—17) (z —z)) n-1/2y0 7 is a function of the
original sample. Thus, conditionally on the data, t; has a discrete distribution function given by
1
2

~ 1
Fn(X) =P* (t; <x) =P*(a1Z, gx)zél(zn <X)+=1(-Z, <Xx).
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Since F, (x) is discrete, we cannot expect it to converge to @ (x), the limiting distribution function of t,. Al-
though the consistency of the bootstrap distribution is not necessary for the validity of a bootstrap p-value (as
recently emphasized by Cavaliere and Georgiev, 2020), we can also show that the bootstrap p-value induced by

this modified procedure has a discrete distribution and hence it cannot be uniformly distributed, as n — oo.

5 Extension to nonlinear models

In this section, we describe an extension of the score wild bootstrap of Kline and Santos (2012a) to the spatial
context. This method is a fast resampling method which can be used for inference in nonlinear models estimated
by asymptotically linear estimators such as the QMLE or the GMM estimator. The main idea of the score wild
bootstrap is to perturb the score vector evaluated at the estimated parameter of interest by an external random
variable n; with mean zero and variance one. Kline and Santos (2012a) assume that n; is i.i.d., as in the regular
wild bootstrap. Instead, here we allow for spatial dependence of unknown form in the score contributions
and generate n; such that Cov* (ni,nj) =K* (ﬂ—'ﬂ‘) For brevity, we only provide a description of the method,
omitting the proof of asymptotic validity®.

Let {Z;:i=1,...,n} denote a sample of observations on a random vector Z € R% and let § € ® C RP. For
the linear model considered previously, Zi = (yi,x!)’, but this decomposition does not need to hold in general.
The parameter of interest is denoted by 6o and we assume that its estimator 6 admits the following asymptotic

linear expansion:
R 1
VN (6 —60) = An(60) NG Y Vi(60)+0p (1),
i=1
where A, (6) isa p x ¢ matrix and V; (6) =V (Z;,0) is an ¢ x 1 vector, where ¢ > p. If
p 1 & d
An(80) — Ag and 7 i:zlv. (80) — N (0,Jo),

it follows that

Vi (8- 680) <N (0.Co).
where Cg = AgJoAyp.
Two examples of 6 that fit into this framework are the QMLE and the GMM estimator. For QMLE,
. 10
6 = argmin - i:Zlq(zi,fn,
where q (-, 0) is a quasi-log-likelihood real valued function. Assuming that q is twice differentiable in 6, we

can write

\m(é — 90) = —H{l (60) \% i;Vi (60)+0p(1),

3This could be established under conditions similar to those used by Kim and Sun (2011) (who studied the spatial GMM estimator)
by applying the bootstrap uniform law of large numbers and the bootstrap central limit theorems derived in Gongalves and White (2004).
Providing primitive conditions on the data such that a linear array representation holds for the score vector is difficult and case-specific.
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where

92q(Zi,6)
Hn(0) = 4
(0) =7 ,221 9006"
is the p x p Hessian matrix and V; (6¢) = w is the p x 1 score vector for observation i. Thus, we have that
2q(Z;,0
An(6g) = —Hn_1 (60) and Vi(6p) = 244, %) (ale 0).

A special case is the OLS estimator considered previously, where V; (6g) = —2x;uj and H, () = 2n‘125‘:1 XiX}.
For GMM estimators, assume that

E [9(Zi,00)] =0,

where g : Z x ® — R’ contains the £ moment conditions with £ > p. The GMM estimator of 8 is defined as

_argm|n< Zg (zi,0 ) n(i_ilg(zi,e)>7

where W), is a random positive definite symmetric matrix which converges in probability to W > 0. Assuming

g is differentiable in 6, we define the Jacobian matrix of the moment conditions as

Z ag Zla

00’
Under standard regularity conditions that allow for spatially dependent observations (see e.g. Kim and Sun
(2011)),

-1

V(8= 60) = — (Ga (80)' WhGn (60)) "G (90)’wn\% Y 61 (60) +0p (1),
i=1

implying that

-1

An(00) = — (Gn(00)' WnGn (80))  Gn(60) Wi, and V; (60) = gi (60) -

Following Kline and Santos (2012a), we can approximate the distribution of \/n (é — 60) by relying on the

bootstrap distribution of
vi="An(6 \f Zv

where V" = V; (8) n; and n; are such that Cov* (n;,n;) = K* (g—'n’)

This method contains the spatial dependent wild bootstrap for linear regressions as a special case. In

particular, note that for the linear model,

A

-1
An (6) ( 1Zxx> =Q; 1 and Vi = Vi (8) n; = xiim; = xiuf,
where Ui’ = Gjn;. Since y; = x{ﬁ +uj, this implies that
* NI 4 * ~q 1 4 * N n* P
vi= Qs o = Qv m Yo (v - xB) = v (B B).

20



which shows that v}, is equal to \/n (B* — B) as we considered before.

For GMM, the spatial score bootstrap simulates the critical values of
R A\ -1 R 1 Q0 R
vi=—(Gn(8)'WiGn(8)) Gn(8)Wo—Y gi(0)n,,
1= (G (8)When (8)) 6 (8)Wn 7 Y 01 (8)m,

in order to approximate the distribution of ﬁ(é — 60). Since v;, does not depend on any bootstrap GMM

estimator 6", this is a fast resampling method that does not require any optimization in the bootstrap world.

6 Monte Carlo Simulations

In this section, we consider a simulation experiment to document the properties of our proposed approach. Our

design follows Lee and Robinson (2016) and Sun and Kim (2015). The data is generated as:
Yi = o+ BXi +uj

where o« = 0 and § = 1. The observations lie within a square of dimension /n x /n where n is the sample
size. The locations s; = (Si,,Si,) are drawn uniformly within that square once and for all for each design, i.e.
we let s, ~ U [0,/n] independently of s;, ~ U [0, /n]. The distance between observations at locations s; and s;

is Euclidean:

dij = \/(Sil —5j,)2 + (si, —51,)°.

Regressor and errors have the same dependence structure. Each of z; = (xi,ui)’ and zj are drawn from a
standard normal N (0, 1) distribution but with correlation 6% between them. The parameter 6 controls the
degree of dependence among observations with a higher value of 6 leading to observations that are more highly
correlated. In our experiments, we consider values of 6 between 0 and .9 in increments of .1. We report results
for three sample sizes: n = 25, 100, and 400 as a function of 6 with 10,000 replications.

We consider rejection rates of the null hypothesis of B = 1 against a two-sided alternative at the 5% level
using the t statistic:

(6
se(B)

where se ([3) is the square root of the (2,2) element of Q;1J,Q, ! with

tn:

T LA djj AvZ:
Jn:nZZK(dn>vivj,

i=1j=1
using the Gaussian kernel, the data-based choice of d,, discussed below, and dhij = djj is the Euclidean distance

between the locations sj and sj. We will later consider the presence of measurement error in locations and the

misspecification of the distance measure.
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The choice of bandwidth is clearly important. Our suggested approach is to compute an estimate of C(dék)),
the spatial analog of the autocovariance function of the residuals for a set of potential bandwidths {dék>, k=
1,...,M}, arranged in increasing order of magnitude. We estimate C(d(()k)) nonparametrically using a local
average estimator é(dék)), following Conley and Dupor (2001) and Conley and Topa (2002). We view C(d(()k)) as
a test statistic for the null hypothesis of spatial independence at distance d(()k), and construct an acceptance region
via a bootstrap simulation imposing this null, based on bootstrap datasets with i.i.d. draws from the empirical
distribution of residuals. The bootstrap analog of é(dék)) is then constructed for each spatially independent
bootstrap sample, with their distribution providing a reference distribution for the null of spatial independence.
We identify the first distance in the ordered set {dék), k=1,...,M} for which the bootstrap test does not reject
independence and select the bandwidth as the previous value of that distance.

The next algorithm details the steps involved.

Algorithm: Bandwidth selection

(i) Compute

1
B= (ZXiX§> Y xivi, Gi=yi—xp, andV;=xili,i=1,...,n
=1 =1

!/
ii) Choose a set of potential bandwidths dy = d(l), ...,d(M) , ordered in increasing magnitude, and tolerance
0 0
level . For each k =1,...,M, compute é(dék)), the covariance between residuals at distance dék), viaa
uniform kernel regression with tolerance of € :

A 1
C(d((Jk)) = ~ Zl |dlj | < S)Giﬁlj.
Y 1(|dij — )’<8 i

(iii) Generate data using an i.i.d. bootstrap from the empirical distribution of residuals 0 for each location s;.
Foreachk =1,...,M, compute the bootstrap analog of C(dék)),

1
Zl \dij — )| < e)ar aj’.

o) = ———
Yij1(|dij — )|<€ 0

(iv) Repeat step (iii) B times and obtain a bootstrap confidence interval for C (dé”) using the 2.5% and 97.5%
quantiles of C*(d{)).

(v) We search for the first element of dg for which C (d(()k)) is within these bands and set the bandwidth as the

previous element of do.

We implement this algorithm as follows. We set d((,k> = ¢, x n/8, for ¢ between .5 and 4 in increments of

.5, which gives M = 8. From Kim and Sun (2011), the chosen rate of expansion is optimal in the MSE-sense

22



when locations lie in a two-dimensional space using the Gaussian kernel. We also set the tolerance level € as
.1 x ns. These values were arrived at with some experimentation.

We compare the test statistic to 3 different critical values. The first one is the critical value from the standard
normal distribution. The second critical value is obtained from the i.i.d. bootstrap which approximates the fixed-
b asymptotic distribution in Bester et al. (2016) that assumes that the bandwidth d, is a fixed proportion of the
sample size. As in the time series context (see e.g. Kiefer and Vogelsang (2005)), the fixed-b asymptotic
distribution in the spatial context is nuisance parameter free, but is highly nonstandard. In contrast to the time
series case, it is a complicated functional of Brownian sheets and it depends on the sampling region. Thus, for
practical purposes, it is hard to implement the fixed-b asymptotic critical values without resorting to the i.i.d.
bootstrap. Finally, the last critical value is obtained using our spatial dependent wild bootstrap (SDWB) using
the restricted residuals to obtain the bootstrap draws. We implement it using the same Gaussian kernel and
bandwidth used to compute the t statistic in the sample. We use independent standard normal random variables
as external draws and B = 399 bootstrap samples. The use of the Gaussian kernel with Euclidean distance
ensures that the matrix K is positive semi-definite.

Figure 1 reports the rejection rates for the three sets of critical values under the null hypothesis of g = 1.
The first thing to note from Figure 1 is that, as expected, size distortions increase with higher dependence
(higher value of 6). Second, the use of asymptotic normal critical values leads to sizable size distortions for
small values of n. For example, for n = 25, the rejection rate for 6 = .5 is 25.1% instead of 5%. This is reduced
to 13.7% for n = 400. The i.i.d. bootstrap critical values perform much better and reduce the size distortions
considerably. Again, for 6 = .5, the rejection rate is 12.7% for n = 25 and 7.8% for n = 400. Finally, the
spatial dependent wild bootstrap gives rejection rates closer to the nominal level, 10.9% for n = 25 and 6.5%
for n = 400.

Figures 2 to 5 explore measurement error in locations as in Lee and Robinson (2016). Hence, location i

becomes:

. 1 2

§i = (Sn +&i,si, + G )
where §; = (Cil, Cf)l is independently drawn from N (0, {1,) with § = 2 (Figure 2), { =4 (Figure 3) or £ =10
(Figure 4). In other words, the data is generated as above with the correct locations s; and using the Euclidean

distance in the data-generating process. However, when implementing all test procedures, we use the incorrect

random distance djj = \/(§i1 — s”,-l)2 + (8, — §,—2)2 arising from the mismeasured locations.

Comparing Figures 1 and 2, measurement error in locations worsens all methods. For n = 25, the i.i.d.
bootstrap performs best, but our SDWB dominates it for n = 100 and 400 though the difference is much smaller
than when the correct locations are used. Making measurement error larger reinforces these findings as shown

in Figures 3 and 4. If measurement error is large enough, distances convey no information and are discarded.
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The results with asymptotic theory converge towards the White heteroskedasticity-robust standard errors, and
our method deteriorates analogously. The i.i.d. bootstrap is obviously more robust since it relies less on the
existence of a distance measure (it still relies on it in the construction of the statistic). Nonetheless, our SDWB
performs better for larger sample size and stronger dependence.

Finally, Figure 5 considers the case where the wrong distance measure is used, This experiment generates
data as before by drawing locations uniformly in a square of dimension y/n x /n, but the distance between

observations is the maximum distance:

dij = max [[si, —sj,

Si, _SiZH .

Y

We suppose that the researcher believes that he is in the same context as for Figure 1 and uses the Euclidean
distance between observations. This is a different type of misspecification than what was considered in Figures
2-4. Here, the locations are correctly observed, but the wrong metric between them is used. Because the
Euclidean distance and Gaussian kernel are used in sample, the resulting K, matrix is still positive semi-definite.

When comparing Figures 1 and 5, we see that the misspecification worsens results for all methods, but
the effect is quite small, much less than a N (0,2) measurement error in locations. For example, with 6 = .5,
our bootstrap has a rejection rate of 11.8% for n = 25, 8.4% with n = 100 and 6.6% for n = 400 compared to
10.9%, 8.0, and 6.5% with no measurement error and 20.0%, 18.7%, and 7.9% with N (0,2) measurement error
in locations.

We conclude from these experiments that the spatial dependent wild bootstrap removes a large fraction of
the size distortions associated with the use of the normal asymptotic critical values. Its superiority is especially
pronounced with stronger spatial dependence (larger values of 8). Moreover, it outperforms the i.i.d. bootstrap

except for cases with large misspecification combined with either small sample size or weak dependence.

7 Empirical Example

In this section we present an example application to illustrate our method. This application’s goal is to under-
stand how firms are affected by import behavior in their local markets. An extensive empirical literature has
examined the role of import competition in the reallocation of manufacturing within and across industries, e.g.
Bernard et al. (2006), Autor et al. (2014), Acemoglu et al. (2016). Recent work in this literature such as Utar
(2017) and Sandoval (2020), has been concerned with the distinct effects of imports depending on their loca-
tion in the supply chain. This motivates an empirical investigation of the impact of different types of imports
upon firm outcomes. We examine a regression that provides stylized facts about the correlations between firms’
growth and the level of importing activity in their local markets, distinguishing between three types of imports.

These three categories are: final goods imports which may reflect competition facing domestic producers in
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the local market, intermediate goods imports which could reflect, e.g. the scale of operation by competitors or
the supply of inputs in the market, and capital goods imports which may reflect varying access to technology
and/or competitors’ scale of operation.

We use Canadian firm-level data from the National Accounts Longitudinal Microdata File (NALMF), con-
structed by Statistics Canada, for the years 2003 and 2007. The NALMF contains all incorporated firms in
Canada, and is mainly used to track GDP and employment of firms, and their locations. We use data from
2003 and 2007 and link wholesaler import data from Statistics Canada to the NALMF.# This provides data on
firm-level imports that include their value, country of origin and product at the level of a ten-digit Harmonized
System code. These import-linked data allow us to study how the import activity of Canadian wholesalers in
intermediate, final, and capital good markets affect manufacturing firms’ outcomes.®

Specifically, we examine the relationship between manufacturing firms’ sales growth and the level of expo-
sure to import activity in their local markets. We estimate that relation using a cross-section of firms and the

following specification:
Sales Growth; = ot + X[ " 4 yx/Intermediate | gy Capital 71y, 4 o (15)

where i corresponds to a manufacturing firm. The dependent variable, Sales Growth;, corresponds to the growth
rate of real sales between 2003 and 2007. The local market of firm i is taken to be its Economic Region (ECR)
among the 72 ECRs defined by Statistics Canada.® Importing activity variables X are defined at the ECR level
and reflect 2003 activity. We define the parameter vector as 8 = («,0,7,8,y')'.

XFinal is computed as a ratio. Its numerator is the value of all imports by wholesalers of final goods within
firm i’s ECR. Its denominator is the total value of all imports and domestic sales of manufacturing firms in firm
i's ECR. The import measures X/ntermediate anq X CaPtal are gefined analogously. See Sandoval (2020) for an
extensive discussion of the merits of these particular measures of import activity.

Our conditioning information in Z; includes 2003 data on firm age, the logarithm of real sales, and measures
of capital and skill intensity. Following Bernard et al. (2006) we measure capital intensity as the natural log
of a capital/labor ratio using the book value of tangible assets divided by firm’s total payroll, and measure skill
intensity as the ratio of the total payroll to the payments to production workers. We focus on a cross-section of
manufacturing firms with more than 20 workers in 2003, yielding a sample of 6120 firms. Approximately 88%
of Canadian manufacturing workers in 2003 worked in these sample firms.

We anticipate that spatial dependence will be present in this cross section of firms due to two main factors.

4See Sandoval (2020) for a detailed description of these linked data.

SWe classify imports according to their end-use as intermediate, final or capital goods using the correspondence tables between the
HS and Broad Economic Categories (BEC) classification.

6 Approximately 96% of the firms in our sample have single locations; for the remaining firms, we take a firm’s location as the
location of its designated headquarters.
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Firms that are close in terms of travel time will have relevant local markets that overlap. When firms’ local
markets overlap they will tend to face correlated shocks, e.g. labor supply shocks. We use physical distance
between firms as our measure of the overlap between firms’ local markets. Correlated unobservables could
also easily arise due to similarities in firms’ technology making them vulnerable to a common set of shocks or
changes to their technology. We represent firms’ technology via two characteristics that we use to generate a
"technology distance’: their capital to labor ratio and the fraction of total payroll going to production workers.

We combine our two distance measures to implement the spatial dependent wild bootstrap. For physical
distance, we use the coordinates of the centroids of the ECR in which firms are located as firm coordinates and
use straight line distance as our measure of firms’ physical distance.” Each firm’s technology is summarized by a
two-dimensional vector containing its capital/labor ratio and ratio of total payroll to production worker payroll,
both in 2003. Technology distance is calculated as the Euclidean distance between firms’ two-dimensional
technology characteristics vectors.

We add both distance measures after scaling them so neither dominates. The combined distance for firms i

and j, d~ij, is constructed by adding a scaled multiple of their technology distance to their physical distance:
di j = physical distance + scale x (technology distance).

The technology scale factor is constructed so that the median of the scaled technology distance is equal to the
median physical distance (560 km). Thus for two firms with identical measured technology, our combined
distance d~ij is equal to physical distance, providing at least some sense of units.

We use the same kernel and bandwidth for the spatial dependent wild bootstrap procedure and spatial HAC:
K*(dij/dn) = K(dij/dn) = exp(—(dij/dn)?), where dy = d;.

We present results in Table 1 using a methodology for choosing dn similar to that described in Section 6.
Specifically, we obtain C(dék)) for a range of values for dék). Figure 6 gives these estimates for an assortment
of distances, along with upper and lower ends of a 90% acceptance region for spatial independence. C(dék)))
is normalized in Figure 6 by dividing by the sample variance of residuals. Although spatial covariances can be
small relative to the variance of residuals, it is important to note that there can be a very large number of firms at
the smaller distances from each other so their covariances’ sum can still be substantial relative to their variance.
Pointwise hypothesis tests for spatial independence can be done by simply comparing the covariance estimates

(circles) to the acceptance region (between dashes). 8 Estimated autocovariances are generally decreasing and

Centroids are calculated from Statistics Canada maps of 2016 ECR boundaries.

81t is important to remember that these acceptance regions are for the null hypothesis of independence rather than zero correlation.
Rejections can occur due to differences in the sampling distribution under dependence vs independence, even if the covariance at the
given distance were zero. We anticipate that with spatial dependence rejections at smaller distances will occur largely due to nonzero
autocovariances. At larger distances we anticipate some (correct) rejections even though true covariance is zero at that distance due to
the sampling variability being larger under dependence than independence.
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Table 1: Inference for regression (14) predicting the growth of sales between 2003 and 2007

Half width of 95% confidence intervals

Clustered Clustered Spatial

A . Cluster Wild Cluster Wild Spatial Wwild

B OLS  White ECR Bootstrap Industry Bootstrap HAC Boot-

ECR Industry strap
Import Pen. Intermediate  4.342 1.666  1.799 1.833 2.048 1.696 1.746 1.838 2.074
Import Pen. Final -3.033 1584 1.454 2.164 1.465 1.344 2.063 1.557 1.695
Import Pen. Capital -0.130 1.307 1.027 1.271 1.119 1.199 1.061 1.013 1.021
Log real sales 0.013 0.017 0.016 0.014 0.010 0.031 0.019 0.021 0.023
Age -0.003 0.004 0.004 0.003 0.003 0.004 0.004 0.004 0.005
Capital intensity 0.028 0.021 0.030 0.032 0.034 0.037 0.028 0.028 0.031
Skill intensity (100s) 0.004 0.051 0.023 0.023 0.012 0.025 0.011 0.023 0.013
Constant -0.265 0.191 0.197 0.192 0.200 0.455 0.266 0.280 0.311

Notes: the import penetration variables are computed at the ECR-level and for the year 2003. The reminder of the regressors refer to firm-level data
for the year 2003. For the Wild bootstrap we compute a symmetric t-percentile confidence interval using 2,000 Bootstrap repetitions.

independence is rejected until about 500-700 units and then *borderline rejected” until about 1100 units. This
motivated our choice of a bandwidth of 560 for our reported estimates; the implied weight K is greater than .14
for only 25% of the pairs of firms. We obtained qualitatively very similar results with bandwidth choices up to
1120; at this bandwidth K is greater than .14 for 53% of firm pairs and K is greater than .61 for 25% of pairs.

We also include in Table 1 confidence intervals using different methods for computing standard errors and
critical values. Specifically, we compute asymptotic theory-based intervals that rely on different standard errors:
classical OLS, heteroskedasticity consistent (labelled White), clustered at the ECR-level, clustered at the 3-digit
industry-level, and spatial HAC. We also include three bootstrap-based intervals: cluster wild bootstrap at the
ECR level, cluster wild bootstrap at the industry level and our spatial dependent wild bootstrap using the same
kernel and bandwidth as in the spatial HAC.®

The results presented in Table 1 have several key features. The relative sizes of confidence intervals across
methods differ across elements of 3. For example, for the first element of 3, the coefficient on intermediate
goods imports, our spatial wild bootstrap Cls are the widest but for the coefficient for final goods imports, Cls
using clustering on ECR are largest.

There is evidence of substantial dependence as a function of physical distance, but its impact on inference
again varies across elements of . This can be seen by comparing e.g. White Cls with ECR cluster for the
capital imports coefficient where the length of Cls differ by 24%, but for the intermediate goods coefficient,
these Cls are nearly the same length. There is also some evidence of correlations due to similar technology,
which are partly reflected in Cls under Clustered by Industry. Cls using Industry clusters are sometimes larger

and sometimes smaller than White Cls across the three coefficients of interest. Both the spatial HAC and spatial

9We do not compare to blocking/clustering methods allowing for general dependence structures as in Bester, Conley, and Hansen
(2012) or Ibragimov and Mueller (2010) due to the difficulties in defining appropriate blocks/clusters when dependence is characterized
by multiple metrics.
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dependent wild bootstrap attempt to allow for both types of correlation.

Finally, there is evidence that using the spatial dependent wild bootstrap matters relative to a spatial HAC
estimator using the same kernel. Across all parameters the difference in length of the Cls is typically about 10%
to 20%, possibly reflecting the greater robustness of the bootstrap intervals to finite sample deviations from the

normal distribution.

8 Conclusion

This paper has proposed a method for generating bootstrap data under spatial and space-time dependence of
unknown form. It is implemented by multiplying a vector of external variables by the eigendecomposition of
a bootstrap kernel. The wild bootstrap and wild cluster bootstrap are special cases of this approach and do
not require the decomposition of a full n x n matrix, but our method can also be used to generate data with
dependence patterns for which no alternative method exists. Simulation experiments suggest that there are
gains from generating bootstrap samples that replicate the spatial patterns in the data.

Results by Zhang and Shao (2013) show that the Gaussian dependent bootstrap is second order correct for
the Gaussian location model under fixed-b asymptotics. Extending these results to the regression model with
non-Gaussian errors and spatial dependence is an open but challenging topic for future research (see Kline and
Santos (2012b) for results for the standard wild bootstrap in the i.i.d. context).

Another interesting extension of our results would be to investigate the properties of the spatial dependent
wild bootstrap when locations are randomly selected from a given population rather then being fixed, as we
have assumed here. This setup has been recently considered by Miller and Watson (2021), who propose a new
estimator of the spatial long run variance using a fixed number of principal components obtained from a “worst-
case” benchmark parametric model for the covariance structure of the error term in a location model. A critical
value is then constructed using this benchmark model under the additional assumption of Gaussianity so as to
ensure that the size of the resulting test is asymptotically correct. Contrary to our setup, Miller and Watson
(2021) assume locations to be randomly selected from a density g and show that allowing for a nonuniform
density has implications for the conventional fixed-b limiting distributions. The choice of sampling design
may also impact bootstrap validity (see e.g. Lahiri and Zhu (2006) for results on the spatial block bootstrap).
Interestingly, Shao (2010) shows that the wild dependent bootstrap is asymptotically valid when the sampling
design is stochastic with a potentially nonuniform spatial density g. It would be interesting to extend these

results to our context, where spatial dependence is not restricted to be indexed on the line.
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A Appendix

As usual in the bootstrap literature, we use P* to denote the bootstrap probability measure, conditional on the
original sample (defined on a given probability space (Q,.%,P)). For any bootstrap statistic T, we write T," =
op+ (1), in prob-P, or T; —P" 0, in prob-P, when for any § > 0, P* (|T| > 8) = op (1). We write T, = Op- (1),
in prob-P, when for all & > 0 there exists Mg < oo such that limp_... P [P* (|T,"| > Mgs) > 6] = 0. By Markov’s
inequality, this follows if E*|T;*|* = Op (1) for some g > 0. Finally, we write T —%" D, in probability, if
conditional on a sample with probability that converges to one, T, weakly converges to the distribution D under

P*, i.e. E*(f (T)) —P E(f (D)) for all bounded and uniformly continuous functions f.

A.l Auxiliary lemmas
Define

1%
Jpoot,n = Var <\/ﬁ§Vini>

and note that Jpor n differs from Jpoe o = Var* (\% Z{‘:Nini) by replacing V; with V;. Recall that dij = d; +&ij,
where dij is deterministic, and &;; is a measurement error which is independent of {e|} and {x;}. Let ¥, =

{&iji,i=1,...,n}.

Lemma A.1 Under Assumptions 1(i) and (ii), we have

sELee (G- (5)

as E¢},dy — oo such that E4;, /n — 0.

Proof of Lemma A.1. Note that
% d’]] 1 n n d|J
Kilg ) =m Z Z
dn i=1 n

where ', is a random set containing the neighbors of i using d~ij. Thus, we have that

Je(@)]-age (£ b (@) 52 ( 8 e (@)

If K* truncates, the second term is automatically zero, whereas the first term can be bounded by n2E ¥, Z e, 1=

@)

n

n~'E (n"'XiL; 6;,) = n"'E4;. When K* does not truncate, then we use Assumption 1(ii) to bound the second

)| =55 (e £ e ()] o ()
— I < SupE K*( = =0 .
(d; = | ExP Jg?; d n

Ln

term. Specifically, we obtain that

1
n2

L
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The following lemma establishes the consistency of Jyget n and Jﬂboot’n towards J,,. This is a key result for
proving the asymptotic validity of the bootstrap distribution of \/n (ﬁ* — ﬁ) and the corresponding Wald test

Lemma A.2 Suppose that the conditions of Theorem 3.1 hold. Then (i) Jyoot,n — Jn —P 0and (ii) JLoom —J, =P
0.

Our next result is an auxiliary result used to prove Theorem 3.1.

Lemma A.3 Suppose Assumptions 1 and 2 hold. Then, for any pair (i, j), conditionally on Wy = {&;; },

HM:

n
Z‘ (ViV]|¥n) 9icd k| < M,

uniformly ink =1,...,n, where ¢, is the it" element of ¢, = (@1, ..., d ), the kM eigenvector of K= <K* (d—')) L
I J I k)

S%

and where the constant M is independent of ¥,,.

Proof of Lemma A.2. Part (i) Since Jyootn — Jn —F 0 if and only if o’ Jpeotn0 — &’Jnat —" 0 for any p x 1

vector o, we consider the case that Jyoot n and J, are scalars without loss of generality. Write
. d~ij 1 n n
Jboot,n — Z Z K 9 ViVj —E (ViVj)] + ﬁ Z Z — | =1 E(ViVj) = by +b,.
| lj= n i=1j=1
For by, note that by the law of iterated expectations and the independence between {V;} and ¥, = {¢&; J}

_ii [K*(d”) (ViV; —E (ViV)) I‘Pn] ZZE[K*(d”) E (ViVj[¥n) —E (ViV)))| =0

1
n |1]

where E (ViVj|¥n) = E (ViV;) given Assumption 4 (i). Hence, it suffices to prove that Var (b;) = 0(1). We have

Var (by) = Var (i i Y K <g|”> ViVj—E (viv,-)]>

i—1j=1

= ) Xn: i Xn: E [K* <Ozl:l> K* (%)] [E (Vi,V},Vi,Vi,) — E (Vi, Vi) E (ViV}, (16)

I1:1 j1:li2:1 j2:1
using again the law of iterated expectations and the independence assumption between {V;} and ¥,. Adding

and subtracting appropriately in (16), we can bound Var (b1) by

Var (by) < bi1 +byz +byz, where

30



and

L

b, = 5 ) i Y i [K< 3:1> K* <d~('j“2ﬂ |E (ViyVip) E (Vj,Vi,)|

1
7

S

b1z =

We can show that by, and bq3 are both of order O( ) whereas by = ( ) Thus, Var (b;) = 0(1) under
our assumptions provided % =0(1). Next, we focus on the term bs, (the argument for bs3 is the same and the
proof that by; = O (%) follows by an argument similar to the one used to show that C; = O (1) in the proof of
Theorem 3.1, so we omit the details here). We can write

< AL Bek(®)

i1=1j1=1 n

Z |E VI1VI2 | Z }E Vlejz)‘

ip=1 jo=1

12;—'1 i - ‘K* <d:;ljl>‘ (sup 2, (Ve ) (SUP Ll* VCVJZ)\)

ir=1 C jp=1

IN

S

<A <A

(i) -o(5) -

=" — 0 by Lemma A.1. Note that we have used the fact that sup; ©]_; |E (ViV;)| < A under Assumption 2.

IA
B>

1
2@2

ii=1j1—1

g
m

if E/,

For by, note that

n n . B 1 .
Iby| < e ;ZHE (ViVj)|| di® (Kq6+o(1)) =0p ((dﬁ)%) as d; — oo,
because

11 4 &
jo <= AVZ % 0o
( lez |E (viv)|| >A> < Angj;lHEN'V')HE (@) —oasa—
given Assumption 4. Hence, b, = op (1), completing the proof of part (i).

For part (i), given (i) it suffices to show that Jooot.n — Jboot.n = Op (1). Since xilj = X; [Ui +X ([3 — B)} , We

can write

. 1D i i L 1.0 . dij ~\ 2 ~ .
\]boot,n_Jboot,n:ﬁZZK <d*> XiXj (uin—uin):ﬁZZK <d*) XiXj {Xin (ﬁ—ﬁ) + 2X;jU; (ﬁ—ﬁ)] =C1+Co.
n i n

i=1j=1

Because § — 8 = Op (n"1/2),

U Y| di /) L | dq '<":\,|] TAES di n



under Lemma A.1. For ¢y,

25 S () (ﬁ_g):oPa)(nlnixiK*(;;)x,u.).

| 1j =1 i=1
We have
1 1 di
ol < Op(1)= Y x2 K*<‘)xu
2 WL ALK (g )
1/2 - 2\ 1/2
18, 181 &, /di E ¢
< Op(1) <nZXj> (nZ 7nZ'K < *)x.u. =0Op n" :
j=1 j=1 i=1 n
because
181 <d}j> 11388 & <d.> <d~.
PI=Y =YK (2 )xu| >A| <25 E|K (- )K" 2’> E Vi,V
nj:Z'l nuzzi di )7 Anzglllz:"li;l dy dq E MV
n n 1. n *
< 1y v ek (%)Y M=o En).
An j=lii=1 d; C =1 n
—li— -

by Lemma A.1. Therefore, J},oot,n — Jpoot,n = Op (1) under the rate condition on EZ;;, which concludes the proof.

Proof of Lemma A.3. The proof uses the weak dependence of V; and the fact that Y ; ¢ = 1 for any
realization of Kj;. Let’s rearrange the sequence of {¢;.,i=1,...,n} as ¢|((a),a =1,...,n; for each k in a way
that ‘¢f(a) ﬁ

is the a-th largest component among {|¢;.|,i =1,...,n}. That s, ‘¢|(<1>‘ > ‘q)l(f) > > ‘(pl((n)

this, conditionally on ¥, we can rewrite

Y Y [E (V) oudyl = 3

i=1j=1 a=1b=1

i

E (VaVy) 0,79} H—

(vav)(¢k ) H+2Z Z HE Vavy) 6@ o)

a=lb=a+1

(1): diagonal part (2)
where we have used the independence of {V;} and .

It follows that
n 2 n 2
1= Y MVl (08) <sup[E (V)| Y (04) = supl|E (Vev) | < o,
a=1 ¢ a=1 c
since Y0_; (q)l((a))z = 1. Similarly,

o AVAIILS

a=1b=a+1

)

\<Z!¢k )] |of !<Z)¢k

> ‘gbk ’ with a < b. Then,

H‘%

=a+1

where the second inequality is due to ‘q)k

< (0)" 3§ el < £ (o) (s £ le ) = (s £ Jevel) <

assuming that the term in parenthesis is bounded. This last condition is slightly stronger than the usual weak

dependence Y, ¥, HE (ViVj’> H < oo, but it holds under Assumption 2.
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A.2 Proof of main results in the paper

Proof of Theorem 3.1. Let C, = Q1J,Q ! and define its square root matrix as Cl/2 131/2 , where Jl/2

2 _ 3-1/2

Q1

!/
such that Jl/2 ( %/2> = Jp and it exists by assumption. It follows that C,, Qand

—1/2\[<3 ﬁ) o \fou — 3, "2QG; ! \[qu fJ_l/Zﬁi;XiUTJrOP*(l)a

since under Assumption 6 (ii), O, —P Q. Thus, it suffices to show that

Jnl/z\[Zx.u 9N (0,1,), in prob-P, (17)

to conclude that
WZ[([} /3) —9"N(0,1,), in prob-P. (18)

Given that C, l/zﬁ <[3 - [3) —34 N (0, Ip) under our assumptions, (18) implies the result by Polya’s Theorem

and the continuity of the normal distribution. Using the definition of u;, (17) follows if

n
\%in (Gi —ui)m; =P 0, in prob-P, and (19)
In 1/2\/’2)(' imi —d N(O |p) in prob -P, (20)

as n — oo, For (19), we note that

\%ixi i —Ui) 7 ZXX.n. (B ﬁ)

—ay =0p(1)

s0 it suffices to show that a; = op- (1) in prob-P. By Markov’s inequality, this follows if E*|a;|* = op (1).

Routine calculations show that

Ly

. 1 1
E*[as)* = = =2

(xixixjxj) E* (nin;) =

n n 1. *
ZZ\tr XiXi XX ’K*<(:#>:Op<Efn)—>o7 (21)
i=1 : n

HM:

as EZ” — 0, given Lemma A.1.

Next, we prove (20). Given Assumption 1, K} is symmetric and positive semi-definite, which implies that
K} = ®,A, D), where A, is a diagonal matrix with the nonnegative eigenvalues of K and the columns of &,

are the associated orthonormal eigenvectors. Then, L, can be written as
2 2
Ln= @AY = [41%91,...40%6, |,

implying that
n— CDnAl/Z {1/2(7)17 ) 1/2¢n}v’
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where v ~ i.i.d.(0, I,). Given that V; = xju;j is p x 1, let

Vi=[Vi ... Vol

pxn
It follows that

n n n
312 1/2 312 1 1 ~1/2, 1/2 1 .
h fzx. =T v = v = o Y (e we= 2 Y2

V& N
where by definition,

Zi = 352 (;Lﬁ/zv’m) Vi

1/2 Vv q)k) isa p x 1 vector of constants conditional on the data and that vy ~i.i.d.(0,1), which

W 1/2

Note that (A
implies that Z;; is an independent heterogeneous array. We will show thatn=*2yR_, z —9" N (0,1,), in prob-P,
by applying Lyapunov’s CLT (see e.g. Proposition 2.27 of van der Vaart (1998)). First, note that conditionally

on the data, E* (Z;) =0 and

( ZZk) I e B ( Zikcwk) (37) = 3235, (377)

where

—var [ L vy L 1/2 vty /
Jboot,n—Var <\m§VIn|> = Var” ( I(Z:(Vl (Pk) ) (nkz‘,llk(qu)k)V

By Lemma A.2, Jpoot.n —Jn —" 0, which then implies that

ar* L zn:Z* P
— —
h & % p

Hence, it remains to check Lyapunov’s condition, which requires that for some v > 0,

1 L * *
o LETIZITT T (22)
k=1

Note that

: - 2+v
n1+u/2ZE lzi)* = 1+u/zZE* 2 (10, u
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24+
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<

14+v/2
_ 2 1
= [ i (maxagr?) S Z(ZZZV v ¢.k¢1k> E . (29

m=1i=1]j

We will show that the Lyapunov condition holds for v = 2 by showing that

%(mgxli) = op(1), (24)

2
n P n n
%Z <Z ), Zvi(m)vj(m)¢ik¢jk> = 0Op(1), (25)

k=1 \m=1i=1j=1
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and noting that E* \vk\“ < M by assumption. To prove (24), since Kj¢, = Aa¢,, fora=1,...,n, we have that

foreachi=1,...,n,anda=1,...,n,
n dN"
Y K (dl’:> Pja = Aadia-
=1 n

Let i =i, such that |¢; ,| = maxi|@;,|. Then, fora=1,...,n, it follows that

(d’:a] ) ‘};’Ij} i

n

A‘a ‘q)iaa‘ =< Z

< (80l o= 205 i

)

Thus, we can obtain an upper bound for {45} as follows:

supka <sup Z
a j=1

Assumptions 1 and 5 imply

( )|< sup ). 1 4sup )
N S & j¢ P,
N !
=SUp, 04 n<CEL;

andsince A, >0fora=1,...,n,

- 2 - 2
K* <di’>‘ } CEfy+sup ) |K* <d"">‘k’>’
d - n & j¢%s, dy
3 2
(G <op| (Eh 2 =op(1
dx ="\ \nif2 =or(l)

Next we prove (25). We will focus on the special case where p = 1 for simplicity, and show that

! ; (; :Zlv@ikvm,-k)z —E szf ((iilV.m)A W)] —o(),

which suffices to prove (25) given Markov’s inequality. In particular, we will argue conditionally on ¥, and

1 2 1 n
— < =
nsgp/la nsup(Z

a j:1

(CEL:)? _(EL:)?

1
< n n
s 2 n +2 n (EE*S P Z

1¢%3n

given Assumption 1(ii) and the fact that we let El—‘;g =0(1).

show that the average of the conditional expectation is bounded by a constant. This is enough to prove that the
unconditional expectation of the average is bounded. Letting Vi, = Vi¢,, we have that

n
EZE
e i—1

n ~
Y Vi

4
1 n n n n n - . - -
Tn) ==Y Y Y Y ) E(VikVixViVik|¥n) =C1+Co+C3+Cy,
M lii=1i,=1is=1is=1



where, adding and subtracting appropriately,

1 LR . E (VisViokVigkVik[¥n) — E (ViykVik | ¥n) E (VigkVigk|¥n )
C — _ - o1 2 3 4! - 1 2f - 3 41 o
' PIPIPIPIPY { E (ViskVigk|n) E (ViokVigk|¥n) — E (VikVigk|¥n) E (ViokVigk|¥n)

C2 = ikgl {iz_:lii_lE (\7i1k\7i2k|lpn)} {izn_:“zn_:lE (\7i3k\7i4kq]n)}
CS = ié{_z_&_illf (\7i1k\7i3k|lpn)} {_il_ilE (\7i2k\7i4klpn)}

Cs = % 3 {i i E(\7i1k\7i4k|‘l‘n)} {i i E(\zzkvisknpn)}.

We will now show that each of the terms C; through C4 is bounded by a constant given our assumptions. Recall

that Vi = Vi¢,,., where V; = Y./~ ricee given the linear array representation of V; (Assumption 2). We will rely

on this assumption as well as on the orthonormality of the eigenvectors ¢, = (¢, :i=1,...,n) to prove the

desired results. Write

oo

Vik = Vi = Z MilQi) Z 1 k€I, Where ijx = i@y
i=1 i=1

Using the fact that e, are i.i.d.(0, 1), it follows that

E (VisVikVigVigk[¥n) = Z Z Y Bty kFigl kFigts kil kE (€1,€1,81,€1,)
s—1ls—1l5—1

oo

~ ~ ~ 4 ~ ~ ~ ~
iyt kTl kTigl kFigl KE (e, ) + Z Fi1y kol k Z Fisly kFigly k
I=1 li=1 lo=1,l1 £l

oo oo oo oo

+ Z Fis 1y kFigl K Z Fiyly kgl k + Z Figty kFigly k Z Fiyly kTisly k
=1

= =11 #l> =1 =11 #l>
dy +dy +d3 +ds.

Now, notice that for a given pair (i, j), e.g. (i1,i2), we have that

E (ViyVik|¥n) = [(Z Figly, |<€|1> (Z Fizlz,k€|z> ‘Pn] =Y Y finkfink  E(ener,) =)
=1

=1

=0if |15£|2 and 1if 1=l

This implies that

E (ViuVipk|¥n) E (VigVigk[¥n) = Y P kfionk Y FiabkFiglok + FiglykFiglyk
=1 lh=1,l,%ly m
1=12

=1

li=11,=1 — l,=1

Fiy 1y kil k-

= (Z filll,kfizll,k> ( ) fi3|2,kfi4lz,k> + (Z Fil|l,kfizll,kfigll,kfi4ll,k)

=1 h=1,l,#l

Hence,

8

dr = (Z Filll,kfizll,k> ( Y figlz,kfmz,k) = E (ViyVisk|¥n) E (VigkVigk|¥n) — Y Pty kit kit kit k-
=1

lo=1lx#l1
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Similarly,

ds

(Z Filll,kfigll,k) < Z Figlz,kfiuz,k) =E (\7i1k\7i3k|‘1’n) E (\7izk\7i4k|‘1’n) - Z Fiy 1y kTioly kFisly kgl K
=1

=1Ll =1

and

oo

4= (Z il kgl K > ( ) figlz,kfmz,k) = E (ViyVigk|¥n) E (VigkVigk|¥n) — Y Pty kit kit kil k-

=1lb#l1

Putting everything together yields

E (VigVipkVigkVigk [Pn) — E (VigkVigk|¥n) E (VigkVigk )
—E (VikVigk|®n) E (VigkVigk|Pn) — E (VikVigk ) E (ViokVigk|¥n )
= |:Zi Fiy 1 kFiol kit kFigl KE (ef) -3 Z Fit kFiol kil kFiglk = Z Fist 1Bt i Fiat kgl k (E (ef) -3),

1=1 =1
=Ky

which then implies that

n n oo
Ci= K4* Z Z Z Y Z ZFill,krizl,kfigl,kfi4l,k-
—1i-1

k lii=li,=1liz=1

To bound this term, note that x4 < A under our assumptions and therefore

1 n n n n n oo 5 5 5 -
Co < AY 3 Y X X Y IFukfiifiifiard
k:lI1:1i2:1i3:ll4:1|:1
1 n n n n S
= Al Y Y Y X Y Iriafifiril Z |91k DikPiskDik]
i1:1I2:1i3:1I4:1|:1
1 n n n n o n 2 1/2 n 2 1/2
< ASY Y Y X ) Irafiriifial (Z (9iPik) ) <Z (9iskPik) >
i—1i—lis—Lis—1i—1 k=1 k=1
1 n n n n oo n 1/4 n 1/4 n 1/4 n 1/4
< E T Pl (Eot) (Bot) (Eot) (Zon)
i—1i—lis—lis—1i—1 k=1 k=1 k=1 k=1
1 n n n n o
S A— Z Z Z Z Z’rlllrlz|rl3|rl4|| Sup Z¢Ik
N =lir—tlis=tlis=1i=1

We know that @, is such that &, &y, = ®p®), = I, which implies that for each i, Yf_, ¢34 = 1. Write
SPURER SEvRY
Y o= oioi
k=1 k=1
Because Y'§_; ¢4 = 1 for each i, it must be the case that sup; <, |¢%| < 1. Thus

Y oi=Y 0i0i < ¥ |o&lsup|oi] < ¥ |ok] =1,
k=1 k=1 k=1 k k=1
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implying that

< A}]z“zl i (.;’“”’) (i;m) (i;1|ri4.|)SAM3iilgl_zlri1.sc:onst.

<M by Assumption 2 <M
To show that C,,C3,C,4 are also bounded by some constant that does not depend on ¥, we apply Lemma A.3.

To prove Theorem 4.1, we rely on the following lemma.

Lemma A.4 Suppose Assumptions 1-7 hold. If E* |v;|* < M and dy, E£, — oo and d, E£% — co as h — o such
that E¢y/n = 0(1) and E£;/n*/2 = 0 (1), then (i) J; — Jhootn —"" 0, in prob-P when unrestricted residuals are

used, and (ii) JA;; —JAboot,n —P" 0, in prob-P, when restricted residuals are used, and Hg is true.

Proof of Lemma A.4. We focus on the proof of (i) since (ii) follows by similar arguments because B —-B

is y/n-convergent under Hy. Without loss of generality, we take p = 1. Let
G =y —xB =i —xB+x (B—B") =ui+x (B-B").

where u;” = Gjn;. It follows that

n " " " " " 1 n n
Jn —Jbootn = (J: _Jn) + (\]n _Jboot,n) =n Z Z K (”) XiXj (U U - uluj) + (J Jboot n) A1 +A2+Az+Ag,
i=1j=1 n

where

1 n n T A

A1:ZZK(d >xxJ [ufu; —Gid]

L n

and

iii <~>xxu([s_[s*), ZZK(d”> ([3 /3) and Ag = Jy — 37

Ilj

First, note that Ay = op (1) by Lemma A.2. Next, we show that A, and Az are op- (1), in probability. For these
terms, we can use the fact that \/n ([3 - [5*) = Op- (1). Starting with Az, we can write

A~

As = [,iZZK((;’) x?x%] (vi(B-8)) =om .

in probability, since we can show that Az; = op (1) . Indeed,

1 n n d 1 n n d“‘ Ee
E|A31|§?ZZ ‘ (”)‘E(xizx?)§MnZZZE‘K<d”)‘_O(n”),
o



by Lemma A.1. Thus, by Markov’s inequality, Az; = Op (Efn> =o0p (1). For A,

Az1=0p+ (1)

since we can show that the term in square brackets is op- (1). To see this, note that

d
A21_7,ZZ < IJ) Tl. J+ZZK< > Xjui™; j_A;]i>+A(221>'

Ilj i=1]

Starting with Aéll), note that

g

IN
@)
]
N
N—
VR
Sl
L=
<
<>
~
Ay
N
/
Sl
L01=
VR
Sl
-
~
VRS
Q.‘_Q-
=) [o—
~
<
-nN
=
~___~
N
~__—
£
o N

=0p(1) —e1=0p+ (Efn/n) in prob.

where e1 = Op- (E¢,/n) in probability. For this result, it suffices to show that E (E* (|e1]2)) =O(E/n/n). But
i (1o 12 11 diy i, .
e'(lef) = JLp X .ZK<d; K gy )X (mme)

d~i1j dlz] 2.2 1o dﬁ’iliz
— | K K
o ilz—llizz—:1< dn > ( dn g dq

n n n
< LR R (%) s
=177 i1=lip=1
implying that
* | a2 I1¢-1¢ ~il' d~in 2,2
EEfer)) = XX LEK(G)|K(G)[EMX)
=1 i=1i=1 n n/ =
<1 =M
M di,j\| _~ (Efn
< wLIEk(E)=o(F)

as shown in Lemma A.1. Therefore, Agll) = Op- (E€y/n) = 0p~ (1), in probability. A similar argument im-
plies that Ag? = Op+ < Ef”) = 0p- (1), in probability. Thus, to end the proof, we show that A; = op- (1) in

probability. We can write

Alzié§K<Z'n>xx,[xxj(B [3) +2x.u,<l3 ﬁ)}n.m
SEES(E i 0
+ié;K<:>xxuuj(n,nJ—l) A11+A12 +Ass,
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where A = — (Jy — Jg,) = 0p (1), as shown in the proof of Lemma A.2. Thus, it suffices to show that A;; and
A3z are op- (1), in probability.

We can decompose Ay as Ajy = A§11> + Aﬁ), where

‘Am < iég‘nl ( )\X.Xm.m\(ﬁ—B)z
_ op(l)ii_i!xizm\( _Z (d”> \WM)
< o (tgnr) (B CERE) ) )

=0p« (1) =e;=0px (1) in prob

where E (E* (e1)) = 0(1), as shown before. Thus, Agl) = Op- (%> in prob-P. Using arguments similar to
those used before, we can show that A(ll) = 0op- (1), in probability, concluding the proof that Aj; = op- (1), in

prob-P. Finally, we show that Ajz = op- (1). We have

dii
K <d”> ViVj (nin; - 1)
n
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Sl

1= 1=

Il
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Il
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Sl
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(26)

For A§13), we prove that Var* (A(1)> =0p (1) since E* (Ai?) = 0. By Markov’s inequality, it suffices to show
that E (Var ( ) ). We have that

~ 2
1 n n d” % dlj
(i (48)) -2 e (2 B () (v (5
i=1j=1 n
= Ly y 3 E (V;,Vi,Vi.Vi ) E |[K diljl K di2j2 E* K* d’}ljl K* dh}zjz
=32 2 2 Y E(VAViViVp) - T (mmimeng) =K (5, =)
Let Lix denote the (i,k)-th element of L, such that K = LL;,. In particular, letting L,, = d)nA%/Z implies that

n n
M=) Lk =Y, <\/Tk¢ik>vk,
k=1 k=1 ——
=Lk

where vy is i.i.d.(0,1). This decomposition implies that for any pair (i, j),

d
E*(nin;) =K* < > Z Z Lik, Ljk, E™ (Vig Vi) = Z LikL jk-
dn Ki—

lky=
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Similarly, it follows that

n

n n n
E* (nilnhniznjz) = Z Z Z Z Ll1k1Li1kzLizk3szk4E* (Viy Vip Vs Vi)
1=1ko=1ks=1ks=
n
= ¥ LinLjiLiLik (E* (Vi) —3)
k=1
+ Z L'lleJlkl Z lekaszks + Z L'lk1L|2kl Z LJ1k2L12k2+ Z L'lleJ2k1 Z LJlklezkz
k=1 ks=1 ki=1 ko=1 ki=1 ko=1
n
= ¥ LikLjwLixlik (E* (%) —3)
k=1
di,j diyj i, dj, j di,j djsi
K* 1)1 K* 2)2 K* 112 K* J1)2 K* 1)2 K* J12 )
i <d:¢> (dﬁ>+ (dx d )" U d
Thus,

e (i) K (G )k (%) = ¥ Lkt (7 (04) -9
n n k=1
dii dj,j iy dj,
+K*( 12>K*< 1112>+K*< 1J2)K*( le)‘
ds ds ds ds

E (Var (A%Y))) =Bu + Bz + Bus,

Given this decomposition, it follows that

where
l n n n n dl1]1 V4
B = ) Y Y Y EMViVeVi)E [K( ZLllijlkleijzk (E* () —3)
i1=1 ji=lip=1 jo=1 n
Iv v vy diyj, dlsz dJlJz
B = ) Y Y YEIK(ZH)K E (VirVj; ViV, )
i1=1 ji=lip=1 jo=1 n
Iv vy v d~il]1 dizjz x [ Hirje * dJllz
Bis = — Y Y Y YEIK K5 K (55 )X ¢ E (Vi,Vj,Vi,Vj,) -
i1=1j1=1i=1jp=1 n n n n

Since (E* (v¢) —3

IN

M by assumption, by adding and subtracting appropriately, we can bound B1;1 by

1 n n
By < M?_Z Y [E(Vi,Vj, Vi, Vi) | E

i1=1j1=1lip=1jp=1

M:
M::

Z Lllkl—jlkl—lzkl—jzk

UL E (Vi1VJ1Vi2ij) —E (Vilvjl) E (Vizvjz) >
E
2 ilzz"l jlzzlizz::l jzzz"l < —E (Vi,Vi,) E (V,Vj,) —E (Vi,V},) E (Vj, Vi, )

IN

M

+ (}E (Vllvll) E Vlzvlz | + ’E Vllvlz) E (levjz)‘ + ‘E (Vilviz) E (leviz) ‘) E

— W g pgd_ g
= By +Byy +Byy +Byy.
To bound Bﬁ, we rely on Assumption 2 to write

E (Vi,V},Vi,Vj,) —E (Vi,Vj, ) E (Vi,Vj,) — E (Viy Vi, E (Vj,Vj,) —E (Vi Vi, E (Vi Vi) = Y it fjariafi,1 (E (ef) —3)
1=1
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by using an argument similar to the one used to study the term C; in the proof of Theorem 3.1. Also, recall that

Lix = V}Lkd’ik' Then,

n
Y LikLjkLil x| =
k=1

n

2

kPirk? ik Pik D k| -
=1

This implies that

n n n
8 < MLY Y Y Y

ARDik® i1 Pikc? ik

1 n n n n n o
S MSYELRY Y Y XYY }Fmfjllrizlszl¢ilk¢jlk¢i2k¢jzk!]
k=1 I1:1 J1:1I2:1j2:l|:l
1 & 1 &
< M- ) E [ﬁ )3 !%k\Zlfml Z P9 | Z [Fiz1 ik Z \nzl%k!]
nvne= ni=1 j1=1 i2=1 j2=1
Note that
7 Z ‘¢|1k‘z‘rlll‘ Z LonIarIm Z Viat | ik Z il |¢Jzk‘
1=1 I=1 ji=1 ir=1 jo=1
n 1/2 1/2 n n
- e (60 () () () ()
=1 i1=1 J1 1 i2:l jzil
=1 =1 <M
which implies
1) _ 614 =2

Since {A} are eigenvalues of Kj;, we have

i r(KiK;) = zn: i (K* <dl>>2 (28)

Plugging (28) into (27) yields

e <we (L (< () ) soomE Bl ()| - (5R).

‘ -

n

E
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For Bﬁ), we have

1 n n n n n
B = M5 Y Y Y Y [E(ViVi)E (VeVi) | E | Y LiiuciokL jo
=1 ji=1ir=1 jo—1 k=1
1 n n n n n 2
= 7 Z )y Z |E (Vi, Vi) E (Vi,Vj,) [E Zlk¢i1k¢j1k¢i2k¢j2k
=1 ji=1ir=1 jo—1 =1
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<M by Lemma A.3
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Using the same procedure, we can show that Bﬁf = Bgl) =O(E/;/n). Hence, By1 = O (E4;,/\/n) =0(1) given
that E/;;/v/n = 0(1). Since we can also show that the terms Bj, and Bi3 are 0 (1) by a similar argument, this
concludes the proof that A%) = 0p+ (1) in prob-P.
For A&?, the second term in (26), note that
. (di
E(AF) < ZZE%W\L« 2)) =ow.
| lj= n

as d; grows, as proved in the proof of Lemma A.2 (see term b in particular). Hence, it is sufficient to show
Var (A&?) =0(1). We have

Var(A(é)) = <iii (1:) ( (d; _1>>
”_i &

(o) () (< (%) o) (e () )]

Le
[ Vi) = E (VipVi ) E (VigVi,)]
i_ ) (d'm) (d'“z)'!E (Vi Vi, VioVip) — E (Vi,Vi, ) E (Vi,Vj,)| =0 (1)

(
<Ly

X )
Vl1
5i

i1

as showed above. Therefore, A(l? =0p (1), completing the proof.
Proof of Theorem 3.2. The proof is in the text.

Proof of Theorem 4.1. It follows from Theorem 3.1 and Lemma A.4.
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Figure 1. Rejection rate with no measurement error
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Figure 2. Rejection rate with N(0,2) error in locations
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Figure 3. Rejection rate with N(0,4) error in locations
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Figure 4. Rejection rate with N(0,10) error in locations
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Figure 5. Rejection rate, max distance in DGP, Euclidean in sample
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Figure 6. Circles are local average estimates of spatial covariances and dashed lines represent edges of a 90%
acceptance region for the null hypothesis of spatial independence. Uniform kernel with tolerance 6 = 57 for
smallest distance and ¢ = 113 for all others. Covariances are normalized by dividing by sample variance of
residuals.





