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Jungbin Hwang!, Feifan Wang?
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Abstract

Robust inference in bond predictive regressions faces challenges due to strong time-series per-
sistence and unknown cross-sectional factor structures in the bond yield vector. These diffi-
culties are particularly pronounced in analyzing the spanning hypothesis, which tests whether
factors beyond the first three principal components (PCs)—level, slope, and curvature—
improve bond return predictability. To address this, we develop a novel nonparametric sieve
bootstrap approach for multivariate bond yield data with different maturities. Our method
provides accurate size and improved power performance in bond predictive regression, com-
pared to existing bootstrap inference procedures for the spanning hypothesis. Revisiting
Cochrane and Piazzesi (2005)’s return-forecasting factor, we find strong evidence of its pre-
dictive power beyond the first three PCs for bond excess returns in most sample periods
after the 1960s. However, we find that these predictive gains significantly decline when the
sample period extends to include recent years after 2019.

Keywords: Sieve bootstrap, Term structure of interest rates, Predictive regression,
Spanning hypothesis

JEL: C12, C15, E43, G12

1. Introduction

The term structure of interest rates plays a critical role in financial market analysis, of-

fering key insights into economic conditions, guiding monetary policy decisions, and shaping
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investment strategies. One of the key subjects in term structure analysis is bond risk premia,
which refers to the difference between current long-term interest rates and the expected aver-
age of future short-term rates. Therefore, obtaining reliable predictions of future short-term
rates is a crucial step in the empirical analysis of the term structure. This naturally leads
to an important question: can the current yield curve alone provide enough information to
forecast future short-term rates, or do we need to include other factors to better understand

what affects risk premia?

This question is closely tied to the spanning hypothesis, which posits that under certain
assumptions, the information contained in the current yield curve fully spans the relevant
set of factors necessary for forecasting future interest rates and estimating risk premia.
Empirical research finds that the first three principal components (PCs) of yields—commonly
interpreted as level, slope, and curvature—serve as a concise summary of the yield curve
(Litterman and Scheinkman, 1991). However, recent studies challenge the sufficiency of these
three PCs, highlighting that predictive regressions of bond returns on various predictors,
even when controlling for information in the current yield curve, often identify variables
with additional predictive power (Cooper and Priestley, 2008; Ludvigson and Ng, 2009,
2010; Bansal and Shaliastovich, 2013; Joslin et al., 2014; Cieslak and Povala, 2015).

Despite these findings, several challenges arise in achieving robust estimation and infer-
ence in predictive regressions under the spanning hypothesis. One key issue is the unre-
liability of standard t-tests for testing the null hypothesis in bond predictive regressions,
mainly due to the characteristics of bond yield data. Many studies highlight that predictors
used in these regressions, such as bond principal components, are highly persistent. This
persistence leads to finite-sample biases and size distortions, as discussed by Goetzmann
and Jorion (1993), Stambaugh (1999), Valkanov (2003), Campbell and Yogo (2006), Wei
and Wright (2013) and Bauer and Hamilton (2018). This issue becomes more challenging
when explanatory variables show trends over the sample period. Additionally, predictive
regressions often use overlapping data, such as annual excess bond returns analyzed with
monthly observations. This overlap further undermines the reliability of standard errors and

complicates the interpretation of regression R2.



In addition to the time-series dependence, the cross-sectional dependence of yield curves
across different maturities introduces further complexities, which is related to the identi-
fication and estimation of the unknown factor structure among different bond maturities.
Recent studies by Crump and Gospodinov (2022, 2024) show that, even in the absence of
strong serial correlation, certain features of maturity-ordered assets can cause standard prin-
cipal component analysis to underestimate the true dimensionality of the underlying factor

space.

To address these limitations, the literature has proposed bootstrap-based methods as
alternatives to conventional inference techniques. Bauer and Hamilton (2018) introduced a
parametric bootstrap approach to improve inference in predictive regressions under the span-
ning hypothesis. While their method addresses aforementioned challenges in bond predictive
regressions, it relies heavily on the first three PCs of yields. This reliance introduces the risk
of misspecification in dynamic settings where additional factors may influence risk premia
and bond return dynamics. A recent work by Crump and Gospodinov (2024) proposed a
model-free moving block bootstrap procedure that ensures robustness against unaccounted
time-series and cross-sectional dependencies, as well as conditional heteroskedasticity. De-
spite this robustness, their approach is highly sensitive to the choice of block size, which
can significantly affect its performance and inference outcomes. These limitations motivate
the development of a new bootstrap methodology that combines the flexibility of model-free

approaches with the theoretical rigor needed for robust inference in predictive regressions.

In this paper, we develop a novel nonparametric bootstrap method—the sieve bootstrap—
to address the econometric challenges associated with the estimation and inference in pre-
dictive regressions. The core idea of the sieve bootstrap is to approximate an infinite-order
vector autoregressive (VAR) model with a sequence of finite-order VAR models, where the
lag order increases with the sample size but at a much slower rate than the sample size. This
approach avoids reliance on a fixed finite-dimensional model by approximating an infinite-
dimensional nonparametric model using a sequence of finite-dimensional parametric models.
The sieve bootstrap method was first introduced by Biithlmann (1997), who formally estab-

lished its asymptotic theory for univariate time series. In this paper, we extend the univariate



sieve bootstrap approach of Biithlmann (1997) to multivariate time series to address both
the time-series and cross-sectional dependence in the bond yield vector. Instead of directly
resampling yields or prices, our method focuses on resampling excess returns along with a
single, longest-horizon forward rate. This approach aligns with the “deconstruction”process
of the yield curve proposed by Crump and Gospodinov (2024), which effectively mitigates

strong time-series dependence often observed in yield data.

To implement our procedure, we use the Akaike Information Criterion (AIC) to select
the lag order for the finite-order VAR model fitted to the transformed yield curve data. The
finite-order VAR coefficients are estimated using the Yule-Walker method. After estimating
the model, we compute the centered residuals and generate bootstrap samples of the whole
yield curve recursively. This sieve bootstrap procedure allows us to evaluate the properties
of predictive regressions under the spanning hypothesis while addressing both the time-series

and cross-sectional dependence without assuming any restrictive parametric structure.

We evaluate the performance of our proposed bootstrap method by replicating key fea-
tures of the Fama-Bliss data for one- through five-year zero-coupon bond prices. Specifically,
we focus on the tent-shaped pattern observed in the predictive regression of annual excess
returns on a linear combination of five forward rates, as identified by Cochrane and Pi-
azzesi (2005). Our findings show that the sieve bootstrap more effectively captures both
the dynamics of the yield curve and the cross-sectional dependence patterns essential for
excess return forecasting, while avoiding sensitivity to the choice of the tuning parameter.
Additionally, through extensive Monte Carlo simulation experiments, we show that our pro-
posed bootstrap method achieves accurate size and high power performance in finite samples
across various maturities in the bond predictive regression. Importantly, we find that the
parametric bootstrap in Bauer and Hamilton (2018) exhibits limitations in finite samples,
particularly with respect to conservative size and low power, further emphasizing the robust-
ness and precision of our approach. Also, our sieve bootstrap is less sensitive than the moving
block bootstrap in Crump and Gospodinov (2024), whose results often vary depending on

the choice of block size.

In our empirical application, We revisit the existing empirical results for the spanning



hypothesis in bond predictive regressions. Following Bauer and Hamilton (2018), we assess
the significance of the return-forecasting factor proposed by Cochrane and Piazzesi (2005)
using bootstrap procedures. Our analysis confirms that the Cochrane-Piazzesi (CP)’s return-
forecasting factor exhibits strong predictive power for excess bond returns. For example, at
60-month maturity, the R? increases from approximately 25% in a regression on the first
three PCs of yields to over 30% when the CP factor is included alongside the first three PCs
during the early part of the sample, with starting years between 1965 and 1970. However,
when the sample period is extended to include years after 2019, the predictive power of the
CP factor diminishes, as reflected in the convergence of regression lines for rolling windows
starting from 1983 onward. For instance, at 36-month maturity, the increase in R? driven
by the inclusion of the CP factor narrows from approximately 5% in 1970 to less than 2%
by 1983.

We further employ our sieve bootstrap method alongside the parametric bootstrap ap-
proach to evaluate the predictive power of the CP factor by revisiting the null hypothesis that
the first three PCs fully encompass all relevant predictive information. Our findings show
that the sieve bootstrap effectively captures the predictive dynamics of bond returns, par-
ticularly at longer maturities, and remains robust even during periods of structural change,

outperforming the parametric approach in scenarios of evolving data characteristics.

This paper makes two key contributions. First, compared to parametric bootstrap meth-
ods, our sieve bootstrap does not require prior knowledge of the correct factor structure or
the true pricing model that generated the data. This enhances its flexibility and applicability
across a wide range of settings. Additionally, our method is robust to unaccounted forms
of the time-series and cross-sectional dependence as well as the presence of conditional het-
eroskedasticity. Compared to nonparametric bootstrap methods such as the moving block
bootstrap of Crump and Gospodinov (2024), our approach offers several practical advan-
tages. Practically, the lag order in our model can be selected using information criteria such
as AIC or BIC, providing a data-driven mechanism for model selection. Moreover, our sieve
bootstrap can be implemented by the classical Yule-Walker method, which ensures the sta-

tionarity of the approximate VAR process in finite samples. This is an advantageous feature



over moving block bootstrap methods in practice, which often require additional procedures

to maintain stationarity in the bootstrapped data, e.g., Politis and Romano (1994).

Second, our empirical analysis provides a more accurate statistical inference for the
spanning hypothesis by investigating the relevance of the Cochrane-Piazzesi (CP)’s return-
forecasting factor—a linear combination of forward rates—which was not fully addressed in
Crump and Gospodinov (2023, 2024). We find that the CP factor exhibits strong predictive
power for excess bond returns and provides significant information beyond the first three
PCs of yields. Furthermore, incorporating the CP factor consistently improves predictive
accuracy, particularly for longer maturities. However, we also observe a notable decline
in its effectiveness during the post-1983 period through 2024, a result not emphasized in
prior studies. These findings underscore the importance of exploring additional predictors

to enhance the robustness and accuracy of predictive regressions in bond markets.

The remainder of this paper is structured as follows. Section 2 explores the empiri-
cal motivation for revisiting the spanning hypothesis and its implications for bond market
analysis. Section 3 discusses the econometric challenges of bond predictive regressions and
the limitations of the parametric bootstrap approach. Section 4 introduces our sieve boot-
strap methodology and provides details on how to implement it for multivariate bond yield
data. Section 5 presents Monte Carlo experiments to highlight the advantages of our sieve
bootstrap approach. Section 6 applies the sieve bootstrap to reexamine the CP factor, un-
covering new insights into its gains in predicting bond excess returns beyond the level, slope,
and curvature of the yield curve. Section 7 concludes and discusses directions for future

research.

2. Empirical Motivation: Spanning Hypothesis

We first provide empirical motivation for our robust term premia analysis and formulate
the corresponding statistical hypothesis. Let P,; denote the log price of a pure discount
bond with n maturities at date t. For our analysis, we use the Fama-Bliss data set, which
is available from the CRSP database. This data set provides monthly observations of zero-

coupon bond prices P, ; for maturities ranging from one to five years n € {12, 24, 36,48,60}.
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The associated log yield, denoted by Y, satisfies the simple relationship P,; = —nY, ;.
Also, we define the log forward rate, f,;, which corresponds to a one-period investment

between dates t +n — 1 and ¢t +n as:

fn,t = Pn—l,t - Pn,ta (1)

and the log forward rate f,, 5, for an h-period investment from ¢t +n —h to t +n :

fn,hﬂf = Pn—h,t - Pn,t- (2)

Given that Fy; = 0 by construction, the one-period rate Y7 is equal to fi;. Using the

recursive nature of and the definition of bond yields, we can also write that

n n

Pn,t = _Zfi,ta Yn,t = %Zfi,t-

i=1 i=1

Following Cochrane and Piazzesi (2005, 2008), we define real risk-premia of n-maturity long

bond as the excess h-period holding return:
TTnhith = Ponisn — Py + Py (3)

Note that, with A = 12, rz,, 41, can be interpreted as borrowing at the one-year spot rate,
buying a long bond with n-maturity, and sell it in one year. Thus, the use of rz, 51
effectively removes the effects of inflation and the level of interest rates, allowing us to focus

directly on real risk premia within the nominal term structure.

Our empirical question is grounded in the spanning hypothesis, a foundational theoretical
argument in the term premia literature (Duffee, 2013). This hypothesis posits that, under
certain assumptions about financial markets, the current yield curve fully spans the informa-
tion set relevant for forecasting future interest rates and estimating risk premia (Bauer and

Hamilton, 2018). To formalize the spanning hypothesis in an empirical context, our analysis



employs the following bond predictive regression:

TTh ht+h = Bon + B Fi + By For + tpin, (4)

for n € {24,36,48,60}, where F}; € RE1 and Fy; € RE2.

The conventional spanning hypothesis assumes that the level, slope, and curvature of the
yield curve encapsulate all the information available to investors at time ¢ for predicting bond
yields and excess returns across different maturities in future periods. Consequently, the first
three PCs of the yield curve, captured in F}; span the relevant information and are sufficient
to model the dynamics of bond prices and yields. However, some studies suggest that the first
three PCs of observed yields may not fully capture the relevant information. These studies
argue that the first three PCs, Fj;, may not fully span all the relevant information and
suggest that there may be an additional predictor, Fy;, that can improve forecasts of future
yields and estimates of bond risk premia. This motivates the null hypothesis of interest: for
each n € {24,36,48,60},

Hop @ Bon =0 . (5)

What additional factor Fy; could be used for bond excess return prediction in ? A well-
known finding related to testing the spanning hypothesis is provided by Cochrane and Pi-
azzesi (2005, 2009, hereafter CP). The striking result in CP (2005) is that a single linear
combination of the forward rates vector f, := (Yiay, foants - - -, foo.nt), which is unrelated to
Fy;, can predict a substantial portion of ra,, 14 for all maturities. Specifically, CP (2005)

run the following monthly predictive regressions with h = 12 :

!
TThhith = Yoft + Unhash = Yo + V1.0 Y124 + YonSoant + - + VsnSeont + Unpitn-  (6)

In Figure , we plot the estimated coefficients from @ for two time periods. The first
period, 1964-2003, is the same as CP (2005), and the corresponding results in the left
panel of Figure [I| replicate their findings. The second period, 1985-2019, shown in the right
panel of Figure , follows Bauer and Hamilton (2018) but extends their sample to include



Figure 1: Coefficient Estimates for Tent-shaped Regression

(a) Replication of CP (2005): 1964-2003 (b) Extended Sample: 1985-2019
Regression Coefficients Regression Coefficients
50 < n=24 50 < n=24
n=36
n=48
< n=60
£ =
5] [}
m m
\
-2.5
1 2 3 4 5 1 2 3 4 5
Maturity Maturity

Notes: This figure displays the estimated coefficients 4; ,, across different maturities n € {24, 36, 48,60} in
tent-shaped regressions. The left chart of this figure represents the replication of the tent-shaped pattern
reported by CP (2005) for the period 1964-2003, while the right chart of this figure shows the estimated
coeflicients for the period 1985-2019.

observations from 2016 to 2019. In both periods, we can check common patterns in the
regression coefficients vector v, for all n € {24,36, 48,60}, where a clear ‘tent-shaped’ pattern
is evident in the first period, 1964-2003. CP (2005) argue that the presence of common
patterns in @ strongly supports the relevance of higher-order principal components, such

as the fourth and fifth, and they can play a significant role in predicting bond returns.

Motivated by the common pattern in the estimated regression coefficients in @, CP
(2005) propose a single factor Fy, to summarize the expected excess returns across all ma-

turities. Specifically, the single-factor regression can be written as:

TZp ht+h = OnLor 4 Up bt

where Fy, = ag + a1Y124 + -+ + asfeone. By construction, the coefficients b, and a =
(ap, . . .,as) are not uniquely identified. To address this, CP (2005) impose the normalization

condition that the average value of b, equals one, i.e., (1/4)3.°_, b, = 1. This indicates that



the return forecast factor Fy can be simply estimated by running the following regression:

5
1
TXhith = 1 g TTp htth = Qo+ a1Y124 + a2 foapns + - + a5 fe0,nt + Uhtths (7)

n=2
from which we obtain Fy = g +a1Yi24+- - -+ a5 feont. Plugging the estimated CP factor Fy,
into the original bond predictive regression in , we obtain the following bond predictive
regression:

P pirh = Bon + BinFie + By Fot + Ussn (8)

for n € {24,36,48,60}. CP (2005) show that including the return-forecasting factor signif-
icantly increases the R? of the predictive regression in the first sample period (1964-2003).
However, Bauer and Hamilton (2018) find that the R? gain from higher-order PCs diminishes
notably in the second sample period (1985-2016), arguing that the predictive gain from CP’s
return-forecasting factor depends on the sample period. Readers are referred to Section [6]

which provides detailed results for R? in regression ().

A natural question now arises to complete the empirical analysis on the spanning hy-
pothesis: are the estimated coefficients B2n statistically significant? This question can be
addressed by testing the null hypothesis of . Unfortunately, the standard ¢-test cannot be
used to evaluate this simple null hypothesis within our bond predictive regression framework.

The reasons for this limitation will be discussed in detail in the next section.

3. Econometric Issues on Bond-Predictive Regressions

3.1. Challenge in bond predictive regression inference

To illustrate the limitations of the standard t-test approach, we consider the case K; =
K, = 1. Then, the standard t-statistic for testing [, in the (infeasible) bond predictive

regression can be expressed as:

R B% — Bon _ Zthl Ut+hﬁ2t
T .— —
- T -
\/Se(ﬁ%) \/52 Zt:1 F22t
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where Fy = Ey — ApFy with Ap = (31, FoFy) (O F2) 7Y, By = Fy — Fy, and Fy =
Fy—F. s is the standard error of regression which is computed as (T — K; — Kg)_1 Zf:_lh (renpesn—
Bon — Blnﬁ’lt — Bgnﬁgt)2, and i, and Bgn are ordinary least squares (OLS) estimates from
(4). The validity of the standard Wald inference depends on whether ¢7 approximates well
standard normal N (0, 1) distribution in finite-samples. This can be guaranteed if the time
series data 1@, b ¢n, Fit, and Fy are stationary and ergodic, and thus the estimate AT con-
verges to the population value A = E[Fy(Fy, — E[Fyu))|(E[(Fi: — E[Fyu))?])~!. Below, we
discuss the key characteristics of bond predictive regression that drive the poor finite-sample

performance of the standard ¢-test under normal approximations.

The first point closely follows those presented in Bauer and Hamilton (2018, Section
1), which point out that bond principal components and original bond yield data are highly
persistent. The persistent predictors, F; and Fy;, result in poor finite-sample approximations
for the standard first-order normal approximation of t7. Motivated by this issue, Bauer and
Hamilton (2018) derive a more accurate finite-sample approximation for ¢ by using a local-
to-unity specifications, e.g., Phillips (1988) and Cavanagh et al. (1995). Specifically, assume
that h = 1 and u;y; is a white noise and consider the case where F1; € R and Fy € R follow

the local-to-unity AR(1) processes:

c
Frop =+ (1 + %) Fiy+ 141 ;
c
Fopp1 = po + (1 + %) Foy + €941,
where ¢; and ¢y are local-to-unity parameters. Assuming that (g1, £9;)" is martingale differ-

ence sequence (m.d.s.) with cov(ey, e9) = 0, and ey, are independent of w1, Bauer and

Hamilton (2018, Appendix A.2) show that

Y (Fu—B) (Fu—F) _ oa )y CI<A NENEAY
AT - — 2 = = J— A7
Z(FQt_FQ) 01f0 Jcl 01
where Var(e;) = o3, and JE(-) = J,(°) fo ., (r)dr are demeaned Ornstein-Uhlenbeck

(OU) processes with J.,(r) = ¢; [; exp(ci(r — s))W;(s)ds + W;(r) for i € {1,2}, where W(-)

are Wo(-) are independent standard Brownian motions. This result implies that even with
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a very large sample size T', the random variable AT, which is a component of the multiple
regression coefficient an, does not converge to its true value A. Instead, it converges to a
random variable (o5 /01) A which is associated with the spurious regression coefficient between
two independent I(1) processes Fy; and Fy;. Consequently, the finite-sample null distribution
of the t-statistic can be very different from the standard normal random variable, as the

local-to-unity asymptotics leads to
tr = 5Z1(Cl7 Co, A) +v1-— 52207

where § = corr(uiy1,€1¢), Zo ~ N(0,1), and Zi(c1, ¢, A) is a functional of J£ (-), J (), A,
and Wi(+). As long as § # 0, i.e., the innovation of current yield curve’s main PCs, Fy,, are
correlated with the forecast error u;, 1, the limiting behavior of t; can be largely deviated
from N(0,1). The result implies that the ¢-test for spanning hypothesis is prone to over-
rejection in small samples, even when the null hypothesis Hy : S = 0 is true. Bauer and
Hamilton (2018) show that the over-rejection of the null hypothesis can increase when the
additional predictor Fy; has non-zero trending o # 0. This non-zero trend can substantially
amplify the aforementioned small-sample issues, leading to poorly sized tests and spurious

rejections of the spanning hypothesis.

Another important issue in empirical bond predictive regressions arises from the use of
overlapping data when studying annual excess bond returns with monthly observations. This
issue applies to and @, which investigate one-year excess returns with A = 12, leading to
E (ugus—y) # 0 for v € {0,..., h — 1}. The overlapping observations introduce an MA(h — 1)
structure in the error terms of and (6). In the presence of highly persistent Fy, the
product variable ut+hﬁ2t will derive a more complex limiting distribution for ¢7, as shown
by Miiller (2014) and Xu (2020). The issue can leads to substantially misleading empirical
conclusions such as false rejection of the null hypothesis, even after applying the well-known

heteroskedasticity and autocorrelation consistent (HAC) correction to the denominator.

In addition to the time-series dependence in the yield data, the cross-sectional dependence
between rz,, ;45 for different maturities n can complicate the accurate identification of the

true factor structure in the term structure of interest rates. Recent studies by Crump

12



Figure 2: The Failure of Standard ¢-Test

n=24 n=36
~ ~ ]
=} —— Dala =} —— Dala
o _| = = Standard Mormal o _| = = Standard Mermal
o o
o | o |
=} =}
P S = =
B ° n ® ©
c c
& o | (A & o
=] o (=] o
1\
oy oy
a I s
[
- | -
=1 =1
LI
<o —— SR——— <
= T T T T T T T T = T T T T T
15 =10 5 0 5 10 15 20 4 2 0 2 4
Values Values
n=48 n =60
~ ] ~ ]
=} —— Data =} —— Data
o = = Standard Normal o = = Standard Normal
o o
v v
=] =]
= =
g S £ 3
c c
(4] (4]
& 2 & 2
o o
=] =]
- -
o o
= = —_
=4 | | T I =4 | | T T
4 2 0 2 4 -4 2 0 2 4
Values Values

Notes: This figure illustrates the simulated standardized t-statistics from the predictive regression specified
in (8) across four maturities n € {24,36,48,60}. The blue line depicts the empirical distribution of the
simulated t-statistics under the null hypothesis Hy : Bgms = [2,. The red dashed line represents the
standard normal distribution for comparison. The simulations were conducted with S = 1000 replications.

and Gospodinov (2022, 2024) reveal that, even without strong serial correlation, certain
characteristics of maturity-ordered assets may cause standard principle component analysis
to underestimate the true dimensionality of the underlying factor space. Indeed, as we
illustrate in the next subsection, imposing the true factor structure in the bond yield data
may fail to reliably summarize the true cross-sectional dependence pattern in bond predictive

regressions analysis.

To quantify these challenges in bond predictive regression inference, we conduct a Monte

Carlo simulation using the data generating process (DGP) specified later in Subsection 5.1}
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The goal of this simulation is to assess the finite-sample properties of the standard ¢-statistic
under a setting where B% is close to its true value f5,. We estimate the bond predictive
regression model in for maturities n € {24, 36, 48,60} using a large-sample setting with
T = 105. The OLS estimates of 32,, which are nonzero, obtained from this large sample are
treated as the population parameters for subsequent analysis. Next, we conduct S = 1000
Monte Carlo replications, each with a sample size of 7' = 800. For each replication s, we
compute the OLS estimate BQW. The studentized t-statistic is then computed for the four

maturities using the standard formula:

_ 6271,5 B BQTL
t2n78 - T /4 N -
se <B2n,s>

Figure 2| presents the empirical distribution of the simulated t-statistic ¢, ; for maturities
n € {24,36,48,60}. The red dashed line represents the standard normal distribution, serving
as a visual benchmark for comparison. For the 24-month maturity, the t-statistics exhibit
extreme deviations, ranging from —15 to 20 and a heavy right tail extending to —20. This
reflects significant positive skewness, consistent with the non-normal limiting distribution
derived under local-to-unity asymptotics. The distortions diminish for longer maturities: the
36-, 48-, and 60-month panels show tighter ranges (—4 to 4), though residual excess kurtosis
persists. Notably, the 60-month maturity still deviates visibly from the standard normal
benchmark, particularly in the tails, underscoring the pervasive finite-sample distortions

even for longer horizons.

The challenges discussed in this subsection—persistent predictors leading to non-standard
asymptotics, overlapping observations inducing autocorrelated errors, and cross-sectional de-
pendence complicating factor identification—undermine the reliability of standard ¢-tests in
bond predictive regressions. Our simulation results confirm that conventional normal approx-
imations fail to characterize the empirical distribution of ¢-statistics, resulting in systematic
over-rejection of the null hypothesis. The severity of these distortions varies by maturity, with
shorter maturities exhibiting more extreme deviations due to stronger persistence and local-

to-unity behavior. Even for longer maturities, residual excess kurtosis and tail distortions

14



persist, indicating that standard inference methods remain problematic across different bond
horizons. These findings align with the theoretical results of Bauer and Hamilton (2018) and

emphasize the need for more robust inference methods in bond return predictability studies.

3.2. Limitation of parametric bootstrapping

As an alternative econometric procedure to address the limitations of conventional t-
statistic-based inference, the literature on bond predictive regression has proposed the boot-
strap method (e.g., Bauer and Hamilton, 2018; Crump and Gospodinov, 2024). Since both
the outcome variable (7, 5 1n) and regressors (Fi;, Fy) in the analysis are transformations
of the original bond yield vector, Y; = (Y124, ..., Ys01)', the bootstrap methods aim to repli-
cate these characteristics by carefully generating resampled yield vectors (Yy5,,..., Y5 ,),
which are then transformed to obtain bootstrapped versions of (rz;, , ,.,) and (Ff}, Fy;). As
a result, running bootstrapped versions of regressions provides a closer approximation of
the true finite-sample properties of estimates from the original bond predictive regressions.
The approach differs from the conventional bootstrap approach used in this literature, where
resampled data are generated under the assumptions of the expectations hypothesis, e.g.,

Ludvigson and Ng (2009, 2010), and Greenwood and Vayanos (2014).

We describe the parametric bootstrap approach proposed by Bauer and Hamilton (2018).
This method begins by computing the three principal components of the observed yields,
denoted as Fy; = (PCy,PCy,PCs,)" using the weighting vector W, le, Fi = WY,, where
W is a 3 x 5 matrix with rows corresponding to the first three eigenvectors of the sample

covariance matrix of Y;. The eigenvectors are normalized such that WW' = I5. Next, a

VAR(1) model is estimated for F}; using OLS:
Fiy = pir+ qA)Fl,tfl + &1y (9)

for t € {1,...,T}. To generate bootstrapped samples of F},, Bauer and Hamilton (2018)

employ a residual bootstrap. The bootstrapped values FY; recursively:

* oA T Tk *
Fl,t = pp + q)Fl,tfl + €1

15



where €7, are bootstrap residuals drawn independently from the set {é14}], with replace-
ment. The bootstrap process is initialized with F}" = Fj, the initial value of the observed

sample. The bootstrapped yields are then derived using the relationship:
Yy = WFL, + ;. (10)

for t € {1,..., T}, where u} ~iid N(0,62), and 62 is the sample standard deviation of the
errors 4. After obtaining the bootstrapped yield (price vector) Y;* (P;) fort € {1,...,T}, we
can obtain the bootstrapped versions of rz;, ,, ., as well as (F};, F;). These bootstrapped
samples are then used to evaluate the properties of regression statistics in (4f) under the

spanning hypothesis in (|5)).

In Bauer and Hamilton (2018)’s setting, the generated data samples assume the spanning
hypothesis holds, meaning no variables other than the PCs are used for prediction. This
method addresses the first three econometric challenges outlined in the previous sections,
including persistence, presence of trend and serial correlation problems. To evaluate the
robustness of the parametric bootstrap method, we apply it to the bond data with maturities

ranging from one to five years and run the bootstrap version of the regression in @, ie.,

* Ak 2k * 2k * A * Ak
TThhirh = Yon + VinYie T Vantoane + -+ Vsnfoont T Onpiin: (11)

A robust bootstrap method is expected to replicate the characteristic tent-shaped pattern
observed in Figure [I However, our findings in the left panel of Figure [, which plots 399
bootstrapped coefficients of the vector (&i“’n, cee &;}n)’ , indicate that the parametric bootstrap
fails to capture this distinct pattern. Furthermore, the right panel of Figure (3| shows that

even increasing the number of PCs from three to five does not resolve this issue.

Our replication of the parametric bootstrap approach raises concerns about the robust-
ness of the procedure in Bauer and Hamilton’s (2018) method. The method relies on a
three-factor model as the true structure. However, using overlapping data induces cross-
sectional dependence, complicating the identification of the true factor structure in the term

structure of interest rates (Crump and Gospodinov, 2024). If the true factor structure differs
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Figure 3: Resampling the Tent Shape using Bauer and Hamilton (2018)

(a) 3-factor Parametric Bootstrap (b) 5-factor Parametric Bootstrap

Regression Coefficients Regression Coefficients
5.0

Average Beta
Average Beta

Maturity Maturity

Notes: This figure presents results using the parametric bootstrap method proposed by Bauer and Hamilton
(2018), applied to the same dataset as CP (2005). The black line represents the tent-shaped pattern, while
the multi-colored lines depict the bootstrapped coefficients of the vector (’?in, %5 ,) . Atotal of B = 399
bootstrap replications were conducted.

from the one imposed in , their method may lack robustness and perform poorly in finite
samples. Moreover, the parametric bootstrap approach assumes VAR(1) models to describe
the dynamics of the factors. This assumption introduces additional concerns: even if the
true model is a three-factor model, any deviation from VAR(1) factor dynamics in (9)) would

result in misspecification and further weaken the method’s performance.

4. Sieve Bootstrapping for Yield Data

4.1. Sieve bootstrap approach

To precisely address the factor structure and issues related to the time-series and cross-
sectional dependence in bond yield data, this section introduces a sieve bootstrap method and
demonstrates its application to bootstrapping the bond predictive regression. The approach
begins by transforming the original yield vector (Yiay, Yaay,. .., Ye0+) into less persistent
stationary data. The process can be described as the “deconstruction” process of the yield

curve in Crump and Gospodinov (2024). Specifically, we obtain Z; = (Zy4,...,Zs;)" for
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te€{2,...,T}, where

Zig = Pig — Booy = fe0,12,t

Z2,t = P36,t - P48,t - (P48,t—1 - Pﬁo,t—l) = f48,12,t - f60,12,t—1;
Zsy = Payy — Psgy — (Past—1 — Page—1) = f36,120 — fag12,4-1;
Zyy = Proy — Posy — (Paag—1 — Psgp—1) = foa124 — f36,124-1;

Zsy = —Piay — (P12,t71 — P24,t71) = Y124 — foa124-1-

By construction, each component of Z;, except for the first, is formulated by taking the
time-series difference between two neighboring forward rates. This ensures that the vector-
valued stochastic process {Z; }1cz, where Z is the set of all integers, is strictly stationary and
preserves the original factor structure without relying on any parametric assumptions. The
first component, Z1; = feo,12., is less persistent than the original yield or price data, but
it may still exhibit significant persistence depending on the data set and time period. In
such cases, the prewhitening method, as in Andrews and Monahan (1992), can be applied
to variables with strong serial correlation to improve the effectiveness of the bootstrap, e.g.,
Davison and Hinkley (1997) and Niebuhr et al. (2017). The detailed process of prewhitening

Z1+ in our bootstrap procedure will be discussed later.

To proceed with the sieve bootstrap approach, we denote
E[Zt] - (E[Zl,t]; E[Zg’t], ey E[ZN,t])/

or equivalently p = (p1, ft2, - -+ , uv)’. The notation N represents the number of yield vectors,

which equals 5 in our Fama-Bliss data. The autocovariance matrix functions are given by
F(kj) = COV(Zt, Zt—k) =F [(Zt — /L)(Zt_k — /UL)/} (- RNXN_

By construction, the symmetry I'(k) = I'(—k)’ holds for all £ € Z. From the multivariate

Wold decomposition theorem, the process {Z;},., can be written as an infinite-order causal
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vector moving average (MA) process, i.e.,
Zt — U= @(L)et = Z @@Et,g, (12)
=0

where ©(2) = 3200 ©,2¢ with Oy = Iy, and 3250, [|©]|° < oc. Here, {e;},., is a white noise
process with covariance matrix Ele;e;] = 3, where ¥ is invertible. The MA(co) representa-

tion allows us to express the autocovariance function as

T(k) =Y 0,56},
=0
We assume that the process {Z,},., is invertible so that it admits the following infinite-order

vector autoregressive process:
ALNZ =) = (Ze =) = Y AdZie = 1) = e, (13)
=1

where A(z) = In — >0, Ayz*. By construction, the moving average and autoregressive lag
polynomials are related through the equation A(z)©(z) = I, which holds for all z. More-
over, each ©, can be expressed in terms of the coefficients {@g_i}le and the autoregressive

coefficient matrices {A;}¢_;:
¢
O =Y A0, forl>1.
i=1

Assumption 1. {Z,;} is a strictly stationary and purely nondeterministic stochastic process,
where its autocovariance matriz function {T'(k)}32 _ satisfies that >~ (1+]k])"[|T (k)| <

oo for some r > 0. Additionally, there exists a constant ¢ > 0 such that the spectral density

matriz f7(-) of {Z:},e, satisfies Amin(fy (X)) > ¢ for all frequencies A € (—m, 7].

Assumption 2. ¢; = (61571,61572,...,6157]\7)/ is an N-dimensional sequence of i.1.d. random
vectors such that Ele] = 0, Elee;] = ¥ € RNN with ¥ > 0, and E||e, e jeri60]] < 0o for

alli,jl,s€{l,...,N} and t € Z.
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Assumption [1]is analogous to Assumption (A) in Meyer and Kreiss (2015). The constant r
in Assumption [I|determines the convergence rate of the VAR sieve approximation. The short
memory condition in Assumption guarantees that the spectral density fz(-) is continuously
differentiable and uniformly bounded from above and below for all frequencies A € (—m, 7).
Meyer and Kreiss (2015) show that any process satisfying Assumption (1| admits the one-
sided representations of and , where {e;}ie7 is a strictly stationary, uncorrelated
white noise process with a positive definite covariance matrix Eleie;] = X. Additionally,

Assumption m guarantees that

det(©(z)) #0 for all |z] <1 and i(l + )]0 < o0 (14)
=1

det(A(z)) #0 for all [z] <1 and i(l + 0)"|Ag]| < o0 (15)
=1

for r > 0, from Assumption Therefore, the conditions in Assumption [I| ensure that
©(z) and A(z) are convergent for |z| < 1 and that the process {Z;}:cz is invertible, i.e.,

07 1(2) = A(2).

The central idea of the sieve bootstrap method is to approximate an infinite-order VAR
model with a sequence of finite p-order VAR models, where p = p(T') increases with the
sample size T, such that p(T) = o(T'). Instead of relying on a fixed finite-dimensional
model, the sieve method approximates an infinite-dimensional nonparametric model using a
sequence of finite-dimensional parametric models. This contrasts with the parametric boot-
strap approach, such as that of Bauer and Hamilton (2018), which may be susceptible to
misspecification in the dynamics of the factors. The sieve bootstrap approach was initially
introduced by Bithlmann (1997), who established the consistency of the bootstrap for uni-
variate time series. Here, we extend the single-dimensional sieve bootstrap to multivariate
time series Z, € RY, as defined at the beginning of this section. By doing so, the sieve boot-
strap approach can effectively handle both the time-series and cross-sectional dependence

without assuming any restrictive parametric structure.

To extend this method to the multivariate context, we define A(p) = (A1, A4s,..., 4,) €

RY*PN a5 the matrix of the first p autoregressive parameter matrices in the VAR repre-
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sentation. The estimated p-order vector autoregressive coefficient matrix, denoted A(p) =
[A1p, Agp, ..., Ay ], can be obtained by fitting the observed data {Z;}%, using the Yule-
Walker method (see Liitkepohl, 2005). Let T(p) be a (pN) x (pN) matrix defined as

A

ro) - I'p—1)
T(p) = [['( — i)1<ijep = : : ,

A

I(—p+1) --- T(0)
where f‘(k) represents the k-th order sample autocovariance matrix:

L ST M2 — 2)(Zopr — Z), for k>0,

f‘(k): T—k Lat=2
A ST (2~ 2)(Ziw — 2), for k <0,

and Z = (T —1)"'3.[_, Z is the sample mean of Z;. The Yule-Walker estimate A(p) is

then calculated as

~ A

Ap) = [Arg, Az, Ay = [P, D) [T

It is well established in time series literature that the VAR process generated by A(p) using
the Yule-Walker method is almost surely stationary. In addition, any finite-order VAR
process generated by the Yule-Walker estimator is causal and invertible in finite samples.
For further details and formal proof of the stationarity result, refer to Proposition 1 of Sun
and Kaplan (2010), as well as Brockwell and Davis (1987, Chapter 8.1), Liitkepohl (2005,
Chapter 3.3.4), and Reinsel (1993, Chapter 4.4).

Let ¢é,; denote the residuals from the fitted VAR(p) model, defined as
— p ~ —
bpa= (%= 2) =3 Aey (Zie = 2),
=1

fort € {p+1,p+2,...,T}, with Z = (T — 1)_12322 Z;. The covariance matrix X is
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estimated as

5! :

= — €,+€
P T — p,tCpto
p t=p+1

. . ~ A ~ . = 1 T A~
where the centered residuals are given by €, = é,, — €y, with é, = (T'—p)™ >_,_ . €y

The sieve bootstrap is then carried out as follows:

Step 0. (Prewhitening) Prewhiten the first component of Z;, feo 12,4, by fitting an AR(1) model

and collecting the residuals f607127t :

f60,12,t = foo12+ — (fbf + prfeoaze—), fort=2,...,T,

where pr is a bias-corrected OLS coefficient, as suggested by Kilian (1998). Replace

. rs . rs /
f60,12,t with f60,12,t in Z;, and resample Z; = (f60,12,ta Z2,t> cee Z5,t) .

Step 1. Fit the p-order VAR model using the AIC criterion, and estimate A(p) = [Ay,, Ay, ..., Ay,
following the Yule-Walker method. Compute the residuals of this model é,, for t €
{p+1,p+2,...,T} using the formula for é,, above.

Step 2. Center the residuals from Step 1, i.e., €,; = €, — ép, and draw i.i.d. samples e; from
the following empirical distribution function:

~ 1

FE,T(J;) = 7"—_p 1[ép,t S l’]

t=p+1

Step 3. Given initial values for {Z;}7_,, such as setting them equal to Z, generate bootstrap

replications of Z; using the formula
— p A —
Zi—7=> A (Zi i~ Z) +¢; (16)
=1

fort e {p+1,p+2,...,T}. After generating a sufficiently large number of time peri-
ods, e.g., 107", discard the initial burn-in samples and use the last (7' — 1) observations
as the VAR sieve bootstrap samples {Z;}L,. After the bootstrap procedure, the boot-

strapped series fg(),m is used to recursively reconstruct (“re-whiten”) the bootstrapped

22



Step 4.

Step 5.

forward rate fg, 5, as follows:

feoaos = iy + Drfeo12s1 + feoze, forte{2,...,T},

where the initial value is set to fgy 101 = fe0,12,1- The rewhitened fg, 15, then replaces

fﬁoju’t in the first component of Z;.

Given the initial bond price vector (Pia1, Pas1, .- -, Pso1)’, the bootstrapped prices can
be recursively reconstructed using the bootstrapped sample {(Z,, Z3,,..., Z%,)' }—.
Specifically, we generate the bootstrapped prices {(Pfy,, Psy s Pag1s Pisye: Pioy) e as
follows: Let (Pl 1, P5yqs---, Fio1) = (Pi21, Poayts - - -, Peon)’- For each t € {2,...,T},

we calculate:

_P6*0,t = (Zit +eet Z;,t) + (P1*2,t4 - Pgo,tfl)
PIS,t = Zit + PG*O,t;
Pgﬁ,t - Z2*,t + (P4*8,t—1 - Pg(),t—l) + szs,t
2*4,t = Z;,t + (P?:kG,tfl - PIs,tq) + P§6,t§

Py =24+ (Poyy 1 — Pigy 1) + Poyye

From the reconstructed bootstrapped prices in the previous step, we compute for-
ward rates {f; 5, }i—; for n € {24,36,48,60}, and 12-period holding excess returns
(1@ 194412) for the entire bootstrapped sample using equations ,, and compute
bootstrapped data of testing factors F7, and Fy,. These bootstrapped samples are then
used to evaluate the properties of regression statistics in under the spanning hy-

pothesis in (|5)).

Our sieve bootstrap approach, summarized in Steps 1-5, resamples the transformed se-

ries Z;, which effectively avoids strong time-series dependence commonly observed in yield

data. By taking advantage of a flexible higher-order multivariate VAR(p) process in the

bootstrapped process defined in , our approach is model-free and effectively mimics key

properties of the data, including unknown factor structures, the time-series persistence, and
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cross-sectional dependence. This also allows our procedure to relax the strict assumptions of
standard model-based bootstrap methods, such as Bauer and Hamilton’s (2018) parametric

bootstrap method.

As discussed earlier, a key feature of our bootstrap method is its reliance on only one
persistent object—the longest-horizon forward rate, {fn;}._, in the transformed yield data
Zy = (Zigy...,Zny)'. When the maturities in bond price vector has no gaps, ie., P =
(Pit, Pag,...,Pyr), Crump and Gospodinov (2024) note that the way how we transformed

Z; can be rooted in the following identity:

Ly = (fN,t+1, er,t-{-la ‘e >dTN,t+1),

fort € {1,...,T — 1}, where

dTn,t+1 = Pn—l,t+1 - Pn,t - Pn—2,t+1 - Pn—l,t = fn,t - fn—l,t+1-

[\ [\

~~ ~~
=Tn,t+1 =Trn—1,t+1

By construction, dr, ;41 is the difference return (or excess return), which can be obtained
through a long-short trading strategy between periods ¢t and ¢ 4+ 1, an n-maturity bond is
purchased, and (n — 1)-maturity bond is shorted. Crump and Gospodinov (2024) propose
resampling the economically motivated transformed data (drasi1,...drye41)’, which pos-
sesses more appealing statistical properties, such as stationarity and moderate time-series
dependence, along with a single, far-in-the-future forward rate fy;1;. The effectiveness
of our transformed Z; in the presence of gaps in maturities is confirmed in our empirical

application in the next subsection.

4.2. Reuvisiting the tent-shape: a comparison of different bootstrap methods

To highlight the advantages of our proposed bootstrap method, we apply it to reexamine
the tent-shaped predictive regression in @ of Section [2| For comparison, we also implement
the alternative bootstrap approach proposed by Crump and Gospodinov (2024), which em-
ploys the moving block bootstrap method for the transformed vector Z;. For the choice of

block size M, we follow their suggested rule-of-thumb formula M = (T'N)?/®, which gives
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Figure 4: Revisiting the Tent Shape

(a) CG's Moving Block Bootstrap (b) Sieve Bootstrap
Regression Coefficients Comparison Regression Coefficients Comparison
w w
— Tent-Shape d Tent-Shape
= Average Boolstrap Coefficients /1 === Average Bootsirap Coefficients

Average Coefficients
Average Coefficients

Maturities Maturities

Notes: This figure presents results using the same dataset as described in subsection The solid black line
indicates the tent-shaped pattern, while the black dashed line represents the average value of the bootstrap
coefficients. The multi-colored lines show the bootstrap estimates of the average regression coefficients for
different maturities. The analysis is based on B = 399 bootstrap replications, with 7' = 480 and N = 5.

M = 22 for our sample period 1964-2003 with monthly observations 7" = 480 and N = 5.
In our proposed method, we set the order of the VAR model to 10, which is consistent with
popular data-driven criteria in VAR model such as AIC and BIC.

In addition to reporting the tent-shaped estimated regression coefficients for each boot-
strap replication, we calculate the average value of the bootstrap coefficients, represented as
a black dashed line in our graphs. The average line is compared with the tent-shaped line
estimated from the original data, depicted as a solid black line, to evaluate the consistency

and effectiveness of the methods.

In Figure [d] we observe that, compared to the parametric bootstrap approach presented
in subsection the nonparametric bootstrap methods, including our sieve VAR bootstrap
and the moving block bootstrap of Crump and Gospodinov (2024), produce a similar contour
to the original tent shape. Similarly, Figure in the Appendix illustrates the observed

and sieve bootstrapped time series for yields, forward rates, and excess returns, showing that
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the sieve bootstrapped series closely align with the observed data. These findings indicate
that our method more effectively captures the dynamics of the yield curve. Additionally,
we modify the moving block size to 81, to replicate the result presented in Crump and
Gospodinov (2023). With this adjustment, the performance of the moving block bootstrap
improves compared to when the block size is set to the previous choice of M = 22. We find
that our sieve VAR bootstrap approach induces similar results with tent-shaped patterns
for flexible choices of p ranging from 7 to 12. These results further demonstrate that our
method more effectively captures both the dynamics of the yield curve and the cross-sectional
dependence patterns for excess return forecasting, without being sensitive to the choice of

tuning parameter p.

In contrast to Crump and Gospodinov’s (2024) moving block bootstrap, our method offers
several practical advantages. Practically, the order of the VAR model, p, is easier and more
straightforward to choose using popular methods such as AIC and BIC rules. Biihlmann
(1997) shows that these data-dependent tuning parameters can have optimal properties
depending on the true structure of the autoregressive process in the data. Biihlmann (1997)
points out that selecting lag orders for an approximate VAR (p) process is more approachable
for practitioners compared to choosing an optimal block length, which depends not only on
the true dependence structure but also on the specific structure of the estimator to be

bootstrapped.

Another advantageous feature is that the sieve VAR bootstrap approach employs the
Yule-Walker method, which always ensures the stationarity of the approximate VAR(p)
process in finite samples. This contrasts with moving block bootstrap-based methods, which
require additional schemes to guarantee stationarity in the bootstrapped data, e.g., Politis

and Romano (1994).

5. Monte Carlo Simulations

In this section, we present Monte Carlo simulation results to evaluate the performance of
our proposed bootstrap method in bond predictive regression analysis. We compare it with

existing approaches, such as the moving block bootstrap of Crump and Gospodinov (2024,
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hereafter CG) and the parametric bootstrap of Bauer and Hamilton (2018, hereafter BH).
Our analysis begins by designing a data generation process for bond price data that closely
aligns with the observed empirical patterns discussed in the Sections[2]and [3] All tables and

figures in this section are included in the Appendix.

5.1. Data generation and calibration of population parameters

To begin our simulation analysis, we outline how to simulate the DGP of P, = (Piay, ..., Psot)
to closely align with the empirical patterns of real bond data. The bond price data P, is
generated by first drawing the transformed variable Z;, which follows a VAR(12) model:

12

Zy— E[Z) =) A2 (Ziy — E|Z)]) + s, (17)
=1

where each Ay 12 is 5 X 5 VAR coefficient matrix, E[Z;] is the population mean of Z;, and
n; are i.i.d. Gaussian errors with variance-covariance matrix X,. The parameters {A;12}/2;,
E[Z;], ¥, from the Fama-Bliss data, which corresponds to CP (2005)’s sample period of
1964-2003 with monthly observations. After drawing simulated values Z; from , we
convert them back into simulated bond price vector P, and the recursive relation shown in
Step 4 of subsection Note that the first element in Z;, denoted as f§f 1, is the residual

of the forward rate fg 12, which satisfies that

Jeo,124 = pp + prfeoaze—1 + f6%,12,t7 (18)

where the parameters piy and p are calibrated using the same Fama-Bliss data.

To obtain the population parameters of the coefficient vector v, = (1,0, Y2,ns - - - ,75771)/ for
the tent-shaped regression specified in @, we simulate the time series vector P; as described
above and use them to compute the dependent variable rx,, , 1112 along with the regressors
(Yiout, foa124, - - -5 foo12:) for each n € {24,36,48,60}. Using a sufficiently large number of
T, e.g., T = 10°% in Monte Carlo samples, we run predictive regressions and treat the OLS
estimates as the population parameters derived from the calibrated data generation process

described in @ and . Table presents the population parameters for the DGP used
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in our simulation analysis. To save space, we report only the first lag’s coefficient matrix
Aj 15 from the VAR(12) model. The population parameter vector 7, in Table indicates

that our DGP closely replicates the tent-shaped feature observed in the original sample.

The tent-shaped pattern of the population parameter -, is an advantageous feature
of our Monte Carlo design, differentiating it from the approaches in BH (2018) and CG
(2024). Their methods of simulating bond yield data rely on a simpler VAR(1) process that
assumes a true three-factor structure. In contrast, our DGP does not assume a specific factor
structure but instead incorporates more realistic bond yield dynamics within a VAR(12)
framework. Consequently, our design reproduces the tent-shaped pattern in bond yield

regressions, closely aligning with the empirical data.

5.2. Simulation evidence

Based on simulated samples for the tent-shaped regression @ with 7" = 800, this section
investigates the size and power properties of bootstrap inferences. The number of Monte
Carlo replications is S = 1,000. For each s-th simulated samples, we compute the OLS

estimates for v, ,, denoted by 4, ,, s, and the corresponding studentized ¢-statistic:

fA}/i,n,s - f)/i,n
ti,n,s = T 1 N
se (Yin,s)
fori € {1,2,...,5}, where se (%) is the Newey-West HAC standard error with a truncation
lag parameter 12. Conditional on each simulated sample, we generate B = 399 bootstrap
draws, where the corresponding studentized bootstrap t-statistic for the b-th replication is

computed as:

*

,?Znys(b) - ’%,n,s
lins(h) = i

Se(ﬁ/i*,n,s(bﬂ
The p-value for the symmetric percentile-t bootstrap method can be then calculated as:
1 Z
p‘ii,n,s| = E Z 1{|t;k,n,s(b)| > |ti7’n,8|}7

b=1

where 1{-} denotes the indicator function.
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Empirical size and power are computed as follows. Note that the test statistic ¢;,, 5 is
centered around the non-zero population value of 7;, presented in Table [A.2] Thus, the
finite-sample size is defined as the proportion of simulations in which the bootstrap p-value,
calculated using the non-zero population value 7; ., exceeds the pre-specified nominal level
«. The power, on the other hand, is defined as the rejection rate of the false null hypothesis
Hy : v, = 0, where the bootstrap p-value, with v;,, = 0, exceeds the nominal level a. To
save space, we present results only for the o = 10% nominal significance level, and results

for a = 5% are provided in the Appendix.

Table shows the size performance of three bootstrap methods: the parametric boot-
strap approach introduced by BH (2018), the moving block bootstrap method developed
by CG (2024), and the sieve bootstrap proposed in this paper. The results show that the
sieve bootstrap yields empirical sizes close to the nominal 10% level across various maturities
n € {24,36,48,60} and regressors (Yias, foa12¢,-- -, feo,124) in the tent-shaped regression.
For instance, the sieve bootstrap achieves empirical sizes ranging from 0.077 to 0.092 when
testing the parameter «; , corresponding to Yja;, which are close to the nominal level. In
contrast, the moving block bootstrap exhibits under-rejections, with empirical sizes often
far below the nominal level; for example, the empirical size for testing v;, at the 3-year
maturity (n = 36) is 0.003. The parametric bootstrap is overly conservative in finite sam-
ples, exhibiting more under-rejections than nonparametric bootstrap methods, particularly
for parameters corresponding to regressors with long term interest rates, such as fs6 12, and

f60,12,1, where empirical sizes are almost zeros.

In Table [A.3] we report the finite-sample power performance of the three bootstrap
methods. Consistent with the size results, the sieve bootstrap demonstrates superior per-
formance, achieving high power across most maturities and test variables. For instance, the
sieve bootstrap attains power close to or equal to 1 in several cases, including testing param-
eters corresponding to Yo, and fig 12 at 2-year maturity. This indicates that our bootstrap
approach exhibits favorable finite-sample properties for detecting true signals in bond predic-
tive regression. The moving block bootstrap performs successfully in some cases (e.g., fas 12+

at 2 years) but shows substantially low power for other parameters (e.g., feo,12,+ at 2 years).
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The parametric bootstrap exhibits the weakest power among the three bootstrap methods,
with values of finite-sample power significantly lower than those of moving block bootstrap
approach in CG (2024) and the sieve bootstrap. We also simulate the empirical size and
power results using the unstudentized t-statistics, and the results are reported in Tables
[A4 and [A.5] These results indicate similar findings, further reinforcing the finite-sample

evidence of the favorable size and power properties of the sieve bootstrap method.

Overall, the nonparametric sieve bootstrap proposed in this paper demonstrates suc-
cessful finite-sample performance, considering both size and power. The alternative moving
block bootstrap and parametric bootstrap exhibit limitations in finite samples. For the para-
metric bootstrap, the size is severely under-rejected because its validity crucially depends
on the assumption of the true structure of the factor space and the time-series dependence.
Specifically, it assumes a three-factor structure and VAR(1) time series dynamics, so any
deviations from this assumption are expected to result in poor performance. Our numerical
results from Monte Carlo simulations confirm that these misspecifications in the parametric

bootstrap lead to a substantial loss of finite-sample power.

Our findings also indicate that the moving block bootstrap proposed by CG (2024) can
improve the performance of the parametric bootstrap, but its performance is highly sensitive
to the choice of block size. In Tables and [A.TT] of the Appendix, we present results for
different block sizes and observe that changes in block size can lead to significant variations
in both size and power. The sensitivity to block size remains as the sample size increases.
We also find that in some cases, the computation of the optimal block size suggested by the
literature can exceed the available sample size T', further complicating its implementation
in our bond yield data. In contrast, Table in the Appendix shows that our sieve
bootstrap approach delivers consistent size performance across various lag orders p. This
result indicates that the sieve bootstrap offers a simpler and more accessible approach to
selecting the order of the VAR model, such as the AIC formula, consistently yielding more

robust and reliable results.
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6. Revisiting Spanning Hypothesis

In their application of the parametric bootstrap approach, BH (2018) present empirical
analysis of the spanning hypothesis by revisiting the work of CP (2005). They argue that
CP’s return-forecasting factor lacks significant predictive power outside the specific periods
chosen by CP (2005) and conclude that the CP factor is primarily driven by the first three
PCs of yields, which capture all the relevant information for predicting bond returns. While
their findings suggest that the level, slope, and curvature of the yield curve fully capture the
predictive content of term structures, with no additional bond excess return prediction from
the CP factor, their parametric bootstrap approach has limitations in bond predictive re-
gressions. Specifically, the parametric bootstrap approach critically relies on the assumption
of three PCs and VAR(1) dynamics for bond yields, which may not fully incorporate CP’s
return-forecasting factor in its bootstrap inference, raising concerns about the generalizabil-

ity of the conclusions.

In this section, we first apply our sieve bootstrap method to reevaluate CP (2005)’s work
on the empirical test of the spanning hypothesis. All tables and figures in this section are
also included in the Appendix. Using monthly Fama-Bliss data from 1964 to 2024, with a
39-year rolling window starting in 1964, we first conduct a rolling R? analysis to evaluate
the significance of CP (2005)’s return-forecasting factor. Figure presents the rolling R?
results across four maturities (n € {24, 36, 48,60}) for regression (§)), comparing models with
and without the inclusion of the CP factor ﬁ’Qt. Our analysis shows a consistent increase in R?
with the inclusion of the CP factor. For example, at n = 60, the value of R? rises from around
25% ((blue line, 3PCs only) to over 30% (red line, 3PCs + CP factor) during the early part
of the sample, with starting years between 1965 and 1970. Also, Figure indicates that
R? values increase with longer maturities, reaching their highest levels at n = 48 and n = 60,
where R? consistently exceeds 30% during the late 1960s and early 1970s. Importantly, the
predictive gains of the CP factor diminish over time, as evidenced by the convergence of
the red and blue lines for rolling windows starting after 1983. For instance, at n = 36, the
increase in R? driven by the inclusion of the CP factor narrows from approximately 5% in

1970 to less than 2% by 1983. Lastly, the green line in Figure [A.6] representing regressions
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with only CP factor and a constant, highlights its standalone predictive power. During most
rolling window periods with starting years between 1964 and 1980, we find that the R? values
for the single CP factor dominate those for the three PCs, confirming CP (2005)’s original
findings. However, the R? of the single CP factor regression begins to decline for starting
years after 1983, which aligns with our earlier findings on the decreasing relevance of the CP

factor in forecasting excess bond returns in more recent periods.

Following the rolling R? analysis, we employ the sieve bootstrap method, along with
asymptotic t-inference and the parametric bootstrap method, to assess the predictive power
of the CP factor. This allows us to revisit the null hypothesis in that the first three
PCs capture all the relevant predictive information. In Panel A of Table [A.13] we report
the results of HAC inference for the regression using Newey-West standard errors with
the truncation lag 12, over the same sample period as CP (2005): 1964-2003, The results
imply that CP (2005)’s factor is highly statistically significant across all maturities, strongly
rejecting the spanning hypothesis.

To obtain robust inference regarding the relevance of the CP factor, we also present re-
sults using bootstrap inferences in Panel A of Table [A.T3] For each bootstrap method, we
perform B = 399 replications and report both studentized and unstudentized bootstrapped
p-values under . The results indicate that the sieve bootstrap approach consistently pro-
duces statistically significant results for p-values constructed under both studentized and
unstudentized statistics. This confirms the relevance of the CP factor during the sample pe-
riod of CP (2005). In contrast, while the parametric bootstrap yields statistically significant
p-values for Fy, with studentized statistic, we find that those with the unstudentized statistic
are not statistically significant, indicating potential limitations of this method in providing

robust inference.

In Panel B of Table [A.13] we report the results for the later sample period, 1985-2019,
revisiting the findings in BH (2018) with their parametric bootstrap approach. During this
time, the predictive power of the regressions across different n, as indicated by R? values,
generally decreases compared to the earlier sample in Panel A. However, the inclusion of

the CP factor still improves predictive power, as reflected in the higher R? values across all

32



maturities when the CP factor is included. In this later sample, the results of the parametric
bootstrap show that neither the studentized nor unstudentized p-values are statistically
significant across all maturities. In contrast, the sieve bootstrap method continues to deliver
statistically significant results for both studentized and unstudentized p-values across all

maturities, aligning with the R? gains from the CP factor.

To check whether our findings remain stable over different sample periods, we also com-
pute bootstrap p-values, along with the differences in adjusted R? values, using the same
rolling sample periods as those in Figure The results in Figure [A.7] show that the p-
values using the studentized statistic exhibit distinct patterns between the parametric and
sieve bootstrap methods, with the red dashed line representing the 5% nominal significance
level. Specifically, the parametric bootstrap shows greater variation over time and is statisti-
cally insignificant (at 5% nominal size) p-values more often. On the other hand, the p-values
obtained from the sieve bootstrap approach imply consistently highly significant CP factor
until the starting period around 1983, after which the CP factor substantially lose statistical
significance as the rolling data period approaches more recent years. This result aligns with
our previous R? analysis and suggests that better captures the dynamics of return-forecasting
factor beyond the first three PCs. The unstudentized p-values in Figure provide similar
insights. The parametric bootstrap p-values remain statistically insignificant throughout the
entire rolling sample period, thus conflicting with the studentized statistic. In contrast, the

sieve bootstrap follows a pattern similar to that of the studentized p-values.

In Figure [A.9] we present the (adjusted) R? differences (green line) for regressions of
excess bond returns (rax,, 12¢412) on the three PCs of the yield curve, with and without the
inclusion of the CP factor, across maturities (n € {24, 36,48,60}). The black line represents
the bootstrap mean values for the R? difference. By construction, the R? difference close to
0 indicate that the CP factor has limited predictive power in the bond predictive regression.
For the parametric bootstrap (top panel of Figure , the bootstrap means remain close
to 0, failing to follow the sample pattern, which suggests potential limitations in its ability
to capture the underlying structure. In contrast, the sieve bootstrap (bottom panel of

Figure [A.9)) aligns more closely with the sample patterns, providing more reliable measures
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of sampling uncertainties in the R? difference estimates over time.

Given the strong predictive power of the CP factor for excess bond returns observed in
most sample periods, we further investigate the reliability of the sieve bootstrap in capturing
its predictive content by conducting a Monte Carlo simulation based on the bond predictive
regression framework given in (), which incorporates three PCs and the CP factor. The
simulation setup follows the description of the failure of standard ¢-test in Subsection [3.1}
After generating simulated samples, we select one simulated sample, with its corresponding
OLS estimate denoted as B}wel, where T = 800, for further analysis. Both the BH and sieve
bootstrap methods are applied to this selected sample, using B = 1000 replications. The

sieve bootstrap method employs a lag order of p = 20.

The studentized t-statistics for the sieve and BH bootstrap methods are defined as follows:

Hxsieve A
t*sieve _ 2”75(17) B?n,sel

2n,s(b) — A sieve )
Vi
56 < 2n,s(b))

and

2«BH 1
t*BH 62»”75([,) B?n,sel

2n,s(b) — ~
v S€ < f?(b))

In this context, the null hypothesis states that the bootstrapped estimates B;n,s(b) are
close to the simulated estimates Bgn,sel. For comparison, we also report the results of the
unstudenized tests for both bootstrap methods. Figure illustrates the distributions of
the bootstrapped estimates B;n,s(b) across maturities n € {24, 36,48,60} under studentized
tests. The top panel shows the distributions obtained using the BH bootstrap method, while
the bottom panel presents those derived from the sieve bootstrap method. The solid blue
lines represent the bootstrap distributions, while the dashed red lines correspond to the

simulated distributions for Bgms, as described in Subsection

The BH bootstrap distributions exhibit greater dispersion, particularly in the tails, in-
dicating increased variability in the estimates. For instance, at n = 24, the BH bootstrap

distribution demonstrates a pronounced right tail, suggesting a higher probability of ex-
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treme estimates. Similarly, at n = 36, the distribution appears less concentrated around
the mean, with substantial spread in both tails. This increased dispersion suggests that the
BH bootstrap is more sensitive to deviations from its underlying assumptions, such as the
reliance on three PCs and a VAR(1) model for bond yields. Conversely, the sieve bootstrap
distributions are more tightly centered around the simulated sample distributions, indicating
greater stability and robustness. At n = 24, the sieve bootstrap distribution is symmetric
and closely follows the simulated sample, exhibiting minimal tail dispersion. Likewise, at
n = 36, the distribution remains well-clustered around the mean, showing little deviation

from the simulated sample.

Figure [A.11] presents the distributions of the bootstrapped estimates B;‘n’s(b) under un-

studentized tests. Similar patterns emerge, with the BH bootstrap distributions displaying
greater variability and divergence from the simulated sample. For example, at n = 24, the
BH bootstrap distribution exhibits noticeable skewness, while at n = 36, it remains less
centered and shows pronounced tail behavior. In contrast, the sieve bootstrap distributions
exhibit lower variability and improved consistency, closely following the simulated sample
distributions across all maturities. These results underscore the sieve bootstrap’s superior

ability to approximate the true DGP.

In conclusion, our analysis confirms that, in most sample periods between 1964 and 2024,
the CP’s return-forecasting factor has strong predictive power for excess bond returns and
thus provides significant information beyond the first three PCs of yields. This is supported
by our R? analysis for rolling sample periods, which shows that incorporating the CP factor
consistently improves predictive accuracy, particularly at longer maturities. However, its
gains for bond return prediction substantially decline in sample periods starting in the years
after 1983. The nonparametric bootstrap approach proposed in this paper further validates
the statistical significance of the CP factor in most sample periods, including BH (2018)’s
sample period (1985-2016) and CP (2005)’s (1964-2003). Our findings emphasize the im-
portance of factors beyond the first three PCs in the current yield curve and the advantage
of applying our robust sieve bootstrap methods to capture their dynamic predictive power

for bond excess returns over time.
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7. Conclusion and Future Research

In this paper, we develop a sieve bootstrap approach as a robust and flexible approach
to addressing challenges in the analysis of bond risk premia, particularly under the spanning
hypothesis framework. By employing a nonparametric approach, we show that the sieve
bootstrap effectively captures key data properties, such as cross-sectional dependencies and
time-series dynamics, without relying on restrictive parametric assumptions. Our method
overcomes limitations associated with existing bootstrap approaches, such as those of BH
(2018) and CG (2024), by leveraging the Yule-Walker method to ensure stationarity and

using data-driven criteria for model selection.

Our empirical findings confirm that the sieve bootstrap consistently delivers robust and
statistically significant results, even in periods of structural change. Through Monte Carlo
experiments, we validated its superiority in maintaining accurate empirical sizes and high
power performance compared to alternative methods. Additionally, we reexamine the CP
(2005)’s return-forecasting factor and found it to have strong predictive power across matu-

rities, though its relevance diminishes in more recent periods.

While our analysis focuses on bond yield data with one- to five-year maturities at a one-
year horizon, further extensions of the sieve bootstrap approach could include all maturities
and varying investment horizons. Accommodating high-dimensional bond yield data, along
with other relevant predictors such as macroeconomic or monetary fundamentals, could

complicate bootstrap inference in finite samples. We leave this as a subject for future study.

36



Appendix A. Figures and Tables

Figure A.5: Observed Sample versus Bootstrapped Sample
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Notes: The left column presents the observed time series of yields, forward rates, and excess returns based

on the Fama-Bliss discount bond data for the sample period 1964:Q1-2003:Q4. The right column displays
the corresponding sieve bootstrapped time series for the same variables.
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Figure A.6: Rolling R? Analysis Across Maturities
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Notes: This plot illustrates the rolling average R? values for regressions of excess returns on the first three
principal components (PC1-3) and CP’s return-forecasting factor across four maturities n € {24, 36,48, 60}.
The red line represents the regressions that include both PC1-3 and CP’s factor. The blue line represents
the regressions that include only PC1-3. The green line represents the regressions that include only the CP’s
factor and a constant. The analysis covers the period from 1964 to 2024, using a rolling window of 39 years.
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Figure A.7: Rolling Bootstrapped p-values for Studentized Tests
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Notes: The top row presents rolling studentized p-values from the BH bootstrap method, while the bottom
row presents the corresponding results from the sieve bootstrap. The analysis spans the period 1964 to
2024, using a rolling window of 39 years and based on B = 399 bootstrap replications. The red dashed line
indicates the 5% nominal level, and the p-values are expressed in percentage units.
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Figure A.8: Rolling Bootstrapped p-

values for Unstudentized Tests

(a) BH Bootstrap
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Notes: The top row presents rolling unstudentized p-values from the BH bootstrap method, while the bottom
row presents the corresponding results from the sieve bootstrap. The analysis spans the period 1964 to 2024,

using a rolling window of 39 years and based on B = 399 bootstrap replications.
indicates the 5% nominal level, and the p-values are expressed in percentage units.
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Figure A.9: Rolling Adjusted R? Differences Across Maturities
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Notes: These plots illustrate the rolling differences in adjusted R? values across maturities n € {24, 36, 48,60}
for the BH and sieve bootstrap methods, respectively. The black line represents the bootstrap mean of the
adjusted R? differences, while the green line shows the sample value differences. The dashed blue and red
lines indicate the 95% and 97.5% quantiles of the bootstrap distribution, respectively. The shaded gray area

represents the full range of bootstrap samples. The analysis spans the period 1964 to 2024, using a rolling
window of 39 years and based on B = 399 bootstrap replications.
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Figure A.10: Bootstrap Distributions Across Maturities under Studentized Tests

(a) BH Bootstrap
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Notes: The figure illustrates the distributions of the bootstrapped estimates an,s(b) across maturities n €
{24,36,48,60} under studentized tests. The top panel presents the distributions obtained using the BH
bootstrap method, while the bottom panel shows the corresponding distributions derived from the sieve
bootstrap method. The dashed red lines depict the distributions from the simulated sample, as described
at the end of subsection [3.I] whereas the solid blue lines represent the empirical bootstrap distributions.
Both bootstrap methods rely on the same simulated sample, with 1,000 bootstrap replications. For the sieve
bootstrap method, the lag order is set to p = 20.
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Figure A.11: Bootstrap Distributions Across Maturities under Unstudentized Tests

(a) BH Bootstrap
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Notes: The figure depicts the distributions of the bootstrapped estimates B;ms(b) for maturities n €
{24, 36,48, 60} under unstudentized tests. The top panel illustrates the results obtained using the BH boot-
strap method, while the bottom panel shows those generated by the sieve bootstrap method. The dashed
red lines correspond to the distributions from the simulated sample, as outlined at the end of subsection [3.1]
while the solid blue lines represent the bootstrap distributions based on the empirical data. Both bootstrap
procedures utilize the same simulated sample, with 1,000 replications. For the sieve bootstrap, the lag order
is set at p = 20.

43



Table A.1: Population Parameters for DGP in Section

Parameter | Dimension Values
[y 1x1 0.14851
Py 1x1 0.980026
—0.5179 0.2617 —0.0215 0.3684 —0.1798
—0.8640 0.3834 0.2681  0.2107 —0.0849
VR 5% 5 0.0912 —1.0020 0.4395 0.4532 —0.0882
0.0754 —0.0151 —0.9245 0.7920 0.2115
—0.0486 —0.1334 —0.1320 —0.6271 1.0467
E[Z,] 1x5 1.3943 x 107, 0.0214, —0.1947, —0.2975, —0.4476
—0.9978 —1.7303 —2.4512 —2.9902
0.7031  0.5823  0.8599  1.0906
Y 5 x4 1.1233  3.0541  3.7149  4.3816
0.2323  0.2969  1.1545 1.1058
—0.9198 —1.9197 —2.8336 —2.9633
0.2241 0.0654 0.1058 0.1180 0.1101
0.0654 0.1936 0.1190 0.1296 0.1080
X 5% 5 0.1058 0.1190 0.1847 0.1478 0.1529

0.1180 0.1296 0.1478 0.1928 0.1653
0.1101 0.1080 0.1529 0.1653 0.2503
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Table A.2: Size: Studentized t-Statistics at the 10% Nominal Level.

Sieve Bootstrap CG Bootstrap BH Bootstrap

Maturity | Yia, f24,12m fsﬁ,lz,t f4s,12,r fﬁo,lz,t Yioy f24,12,t f36.12,t f4&12,t f6[),12,t Y12,t f24,12,t f:ss,lzt f48,12,t f60,12¢
2y 0.092 0.076 0.078 0.095 0.067 |0.018 0.083 0.053 0.023 0.002 | 0.035 0.007 0.057 0.009 0.016

3y 0.077 0.084 0.071 0.077 0.096 |0.003 0.017 0.067 0.054 0.021 | 0.003 0.022 0.005 0.044 0.008
4y 0.091 0.076 0.084 0.070 0.077 | 0.017 0.002 0.014 0.061 0.055 | 0.011 0.002 0.014 0.005 0.047
oy 0.080 0.097 0.076 0.092 0.071 | 0.059 0.020 0.001 0.012 0.046 | 0.063 0.009 0.009 0.014 0.003

Notes: This table presents the size results for three bootstrap methods with a sample size of T' = 800. For the
moving block bootstrap method proposed by Crump and Gospodinov (2024) (CG), a block size of M = 28
is used. For the sieve bootstrap, a VAR order of p = 12 is employed for the bootstrapping procedure. Each
column provides results for the ¢-test, while each row corresponds to bond returns at a specific maturity.

Table A.3: Power: Studentized ¢-Statistics at the 10% Nominal Level.

Sieve Bootstrap CG Bootstrap BH Bootstrap
Maturity | Yio:  fosi20  Sfaeaos  Sasaoe  feouzd | Yioe  Sfosgos  faeaze  fisaze  Seoaos | Yiew  faanze  faenze  Sfasaos  Seoazs
2y 0.990 0.976 0.108 1.000 0.220 |0.736 0.974 0.084 0.866 0.016 | 0.694 0.016 0.018 0.347 0.347
3y 0.486 0.989 0.992 0.567 0.997 |0.365 0.711 0.989 0.576 0.803 | 0.425 0.606 0.035 0.426 0.426
4y 0.961 0.201 0.991 0.996 0.407 | 0.425 0.055 0.739 0.991 0.384 | 0.071 0.056 0.572 0.055 0.055
5y 0.169 1.000 0.212 0.992 0.974 |0.128 0.909 0.025 0.709 0.903 | 0.026 0.443 0.029 0.521 0.521

Notes: This table presents the power results for three bootstrap methods with a sample size of T = 800.
For the moving block bootstrap method proposed by Crump and Gospodinov (2024) (CG), a block size
of M = 28 is used. For the sieve bootstrap, a VAR order of p = 12 is employed for the bootstrapping
procedure. Each column provides results for the ¢-test, while each row corresponds to bond returns at a
specific maturity.

Table A.4: Size: Unstudentized t-Statistics at the 10% Nominal Level.

Sieve Bootstrap CG Bootstrap BH Bootstrap
Maturity | Yig¢ f24,12,t ,f36,12‘t f48,12,t .f60,12,t Yigu .f24,12,t fas,u,z f48,12,t f60,12,t Y12,t f24‘12,t f36,12.t ,f48,12‘t f60,12,t
2y 0.105 0.091 0.079 0.100 0.081 |0.039 0.053 0.047 0.046 0.077 | 0.044 0.005 0.046 0.002 0.036
3y 0.098 0.101 0.096 0.077 0.102 | 0.067 0.033 0.052 0.051 0.040 | 0.002 0.034 0.002 0.024 0.002
4y 0.106 0.095 0.090 0.097 0.079 |0.043 0.060 0.022 0.044 0.053 | 0.003 0.002 0.019 0.001 0.022
o5y 0.089 0.103 0.086 0.088 0.093 | 0.046 0.042 0.059 0.022 0.033 | 0.060 0.002 0.023 0.014 0.001

Notes: This table presents the size results for three bootstrap methods with a sample size of T' = 800. For the
moving block bootstrap method proposed by Crump and Gospodinov (2024) (CG), a block size of M = 28
is used. For the sieve bootstrap, a VAR order of p = 12 is employed for the bootstrapping procedure. Each
column provides results for the ¢-test, while each row corresponds to bond returns at a specific maturity.
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Table A.5: Power: Unstudentized ¢-Statistics at the 10% Nominal Level.

Sieve Bootstrap CG Bootstrap BH Bootstrap
Maturity | Yior  foanox  fasa2s  fasaos  Sfeonzs | Yiow  foanos  faeaor  Sfasaoe  Seoaz | Yisd  foanon  Sfseaze  Sfasaze  Sfeoazd
2y 0.996 0.993 0.142 1.000 0.247 |0.991 0.987 0.101 1.000 0.236 |0.894 0.003 0.003 0.119 0.002
3y 0.577 0.994 1.000 0.630 1.000 | 0.647 0.990 0.997 0.639 1.000 | 0.611 0.810 0.006 0.498 0.008
4y 0.987 0.228 1.000 1.000 0.462 |0.963 0.326 0.991 0.999 0.455 | 0.000 0.067 0.713 0.006 0.170
Sy 0.214 1.000 0.249 0.997 0.991 | 0.140 1.000 0.287 0.989 0.971 |0.008 0.784 0.008 0.609 0.002

Notes: This table presents the power results for three bootstrap methods with a sample size of T = 800.
For the moving block bootstrap method proposed by Crump and Gospodinov (2024) (CG), a block size
of M = 28 is used. For the sieve bootstrap, a VAR order of p = 12 is employed for the bootstrapping
procedure. Each column provides results for the ¢-test, while each row corresponds to bond returns at a
specific maturity.

Table A.6: Size: Studentized t-Statistics at the 5% Nominal Level.

Sieve Bootstrap CG Bootstrap BH Bootstrap
Maturity | Yior  foanoe  fasa2s  fasgos Sfeoaow | Yiow  fosnos  fasaon  Sfasaoe  feoaze | Yizx  fosnon  Sfseaze  Sfasaze  Sfeonzs
2y 0.052 0.029 0.037 0.046 0.028 | 0.010 0.050 0.026 0.009 0.000 | 0.020 0.006 0.030 0.006 0.005
3y 0.034 0.046 0.029 0.038 0.048 | 0.000 0.009 0.043 0.024 0.008 | 0.001 0.015 0.004 0.024 0.006
4y 0.045 0.036 0.045 0.028 0.036 | 0.011 0.000 0.004 0.037 0.023 | 0.006 0.002 0.010 0.003 0.025
5y 0.036 0.047 0.033 0.041 0.029 | 0.027 0.008 0.000 0.005 0.028 | 0.033 0.005 0.002 0.008 0.001

Notes: This table presents the size results for three bootstrap methods with a sample size of T' = 800. For the
moving block bootstrap method proposed by Crump and Gospodinov (2024) (CG), a block size of M = 28
is used. For the sieve bootstrap, a VAR order of p = 12 is employed for the bootstrapping procedure. Each
column provides results for the ¢-test, while each row corresponds to bond returns at a specific maturity.

Table A.7: Power: Studentized ¢-Statistics at the 5% Nominal Level.

Sieve Bootstrap CG Bootstrap BH Bootstrap
Maturity | Yio:  fosi20  Sfaeao:  Sasaoe  feouzd | Yioe  Sfosgos  faeaze  fisize  Sfeoaos | Yiew  faaaze  faeaze  Sfasaos  feoa2s
2y 0.964 0.922 0.052 0.992 0.134 | 0.528 0.914 0.042 0.644 0.006 | 0.545 0.008 0.004 0.215 0.002
3y 0.343 0.960 0.969 0.406 0.990 |0.210 0.518 0.934 0.405 0.530 | 0.265 0.451 0.007 0.262 0.152
4y 0.900 0.117 0.978 0.988 0.258 | 0.204 0.020 0.541 0.946 0.250 | 0.036 0.024 0.414 0.027 0.101
5y 0.083 0.997 0.132 0974 0.912 | 0.060 0.754 0.011 0.532 0.734 | 0.010 0.308 0.008 0.381 0.002

Notes: This table presents the power results for three bootstrap methods with a sample size of T = 800.
For the moving block bootstrap method proposed by Crump and Gospodinov (2024) (CG), a block size
of M = 28 is used. For the sieve bootstrap, a VAR order of p = 12 is employed for the bootstrapping
procedure. Each column provides results for the ¢-test, while each row corresponds to bond returns at a
specific maturity.

Table A.8: Size: Unstudentized ¢-Statistics at the 5% Nominal Level.

Sieve Bootstrap CG Bootstrap BH Bootstrap
Maturity | Yior  foanox  fasa2s  fasaos  Sfeonzs | Yiow  foanos  faeaos  Sfasaoe  Seoaz | Yisx  foanor  Sfseaze  Sfasaze  Sfeoazd
2y 0.055 0.051 0.045 0.054 0.035 | 0.020 0.028 0.023 0.024 0.031 | 0.026 0.003 0.022 0.001 0.012
3y 0.049 0.050 0.056 0.042 0.054 |0.019 0.019 0.023 0.021 0.027 | 0.000 0.022 0.002 0.006 0.002
4y 0.042 0.044 0.045 0.051 0.043 |0.017 0.022 0.013 0.021 0.027 | 0.001 0.000 0.009 0.001 0.006
Sy 0.047 0.051 0.041 0.044 0.051 |0.027 0.022 0.023 0.013 0.015 | 0.025 0.001 0.005 0.006 0.001

Notes: This table presents the size results for three bootstrap methods with a sample size of T' = 800. For the
moving block bootstrap method proposed by Crump and Gospodinov (2024) (CG), a block size of M = 28
is used. For the sieve bootstrap, a VAR order of p = 12 is employed for the bootstrapping procedure. Each
column provides results for the ¢-test, while each row corresponds to bond returns at a specific maturity.
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Table A.9: Power:

Unstudentized ¢-Statistics at the 5% Nominal Level.

Sieve Bootstrap

CG Bootstrap

BH Bootstrap

Maturity le,t f24,12.t f36,12¢ f48,12,t .f60,12,t Yo .f24,12,t .f36,12,t f48.12,t f60,12,t Y12,r f24‘12.t f36,12.t f48,12¢ f60,12,t
2y 0.993 0.980 0.073 1.000 0.167 | 0.955 0.958 0.034 1.000 0.125 |0.811 0.001 0.001 0.020 0.000
3y 0.457 0.991 0.996 0.508 0.999 | 0.576 0.947 0.994 0.510 0.999 |0.490 0.677 0.001 0.273 0.001
4y 0.962 0.148 0.993 1.000 0.339 |0.864 0.209 0.959 0.998 0.339 | 0.000 0.011 0.566 0.002 0.059
5y 0.127 1.000 0.169 0.993 0.985 | 0.0564 1.000 0.159 0.956 0.915 | 0.002 0.396 0.001 0.456 0.000

Notes: This table presents the power results for three bootstrap methods with a sample size of T' = 800.
For the moving block bootstrap method proposed by Crump and Gospodinov (2024) (CG), a block size
of M = 28 is used. For the sieve bootstrap, a VAR order of p = 12 is employed for the bootstrapping
procedure. Each column provides results for the ¢-test, while each row corresponds to bond returns at a

specific maturity.

Table A.10: CG Bootstrap Results for Different Moving Sizes (M = 28, M = 75), 10% Nominal Level.

Size (M = 28) Size (M = T75)
Maturity | Yio;  foa12:  faea2e  Jasaoe  Seonow | Yiew  foanow  faenos  fasaze  feoa2d
2y 0.018 0.083 0.063 0.023 0.002 | 0.061 0.102 0.077 0.061 0.044
3y 0.003 0.017 0.067 0.054 0.021 | 0.055 0.058 0.095 0.075 0.060
4y 0.017 0.002 0.014 0.061 0.055 | 0.062 0.0560 0.049 0.093 0.072
oy 0.059 0.020 0.001 0.012 0.046 | 0.087 0.060 0.044 0.048 0.082

Notes: This table reports the size results for two moving block sizes M = 28 and M = 75. The moving block
bootstrap method is based on Crump and Gospodinov (2024) (CG). Each column provides results for the
t-test, while each row corresponds to bond returns at a specific maturity.

Table A.11: CG Bootstrap Results for Different Moving Sizes (M = 28, M = 75), 10% Nominal Level.

Power (M = 28) Power (M = T75)
Maturity | Yio;  foa12:  faea2e  Jasaze  Seonow | Yiew  foanow  faenos  fasaze  feoa2d
2y 0.736 0974 0.084 0.866 0.016 | 0.961 0974 0.125 0.985 0.134
3y 0.365 0.711 0989 0.576 0.803 | 0.470 0.956 0.990 0.558 0.980
4y 0.425 0.055 0.739 0991 0.384 | 0.921 0.157 0964 0.989 0.380
oy 0.128 0.909 0.025 0.709 0.903 | 0.186 0.990 0.150 0.958 0.957

Notes: This table reports the power results for two moving block sizes M = 28 and M = 75. The moving
block bootstrap method is based on Crump and Gospodinov (2024) (CG). Each column provides results for
the t-test, while each row corresponds to bond returns at a specific maturity.

Table A.12: Sieve Bootstrap Results for Different Lags (p = 12,p = 15,p = 20), 10% Nominal Level.

Size (p =12) Size (p = 15) Size (p = 20)
Maturity | Yior  foanos  fasa2s  fasaos  Sfeonzs | Yiow  foanos  faeaos  Sfasaoe  Seoaze | Yisd  foanos  Sfseaze  fasaze  feoazd
2y 0.092 0.076 0.078 0.095 0.067 |0.098 0.077 0.078 0.095 0.071 | 0.094 0.077 0.075 0.084 0.067
3y 0.077 0.084 0.071 0.077 0.096 | 0.070 0.088 0.070 0.078 0.092 | 0.073 0.086 0.070 0.076 0.089
4y 0.091 0.076 0.084 0.070 0.077 | 0.095 0.069 0.091 0.070 0.075 | 0.095 0.074 0.088 0.075 0.081
S5y 0.080 0.097 0.076 0.092 0.071 |0.082 0.095 0.070 0.092 0.070 |0.080 0.092 0.073 0.093 0.076

Notes: This table reports the size results for three lag lengths p = 12, p = 15, and p = 20. Each column
provides results for the ¢-test, while each row corresponds to bond returns at a specific maturity.
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Table A.13: Statistical inference in excess return regressions

A. Original sample, 1964—-2003

n=24 n=36
g Fo ¢ R? Fy ¢ Foq R?
PC1 PG2  PC3  CP factor PCl1  PC2  PC3  CP factor
Coefficient 0.0329 0.106 -0.689 0.398 0.257 -0.003 -0.259 -0.049 0.911 0.239
HAC p-value 0.000 0.457 0.622 0.000 0.320 0.576 0.578 0.991 0.000 0.338
BH p-value 0.000 0.005
0.617 0.559
Sieve p-value 0.000 0.000
0.000 0.000
n=48 n=60
Py Fo R? Pyt Foy R?
PC1 PC2 PC3  CP factor PC1 PC2 PC3  CP factor
Coefficient -0.024 -0.267  0.797 1.317 0.262 -0.006 0.420 -0.058 1.374 0.267
HAC p-value 0.238 0.750 0.915 0.000 0.371  0.722 0.738 0.996 0.000 0.346
BH p-value 0.000 0.000
0.536 0.564
Sieve p-value 0.000 0.000
0.000 0.000
B. Later sample, 1985-2019
n=24 n=36
Py Foy R? Pyt Foy R?
PC1 PC2 PC3 CP factor PC1 PC2 PC3 CP factor
Coefficient 0.018 -0.218 -0.209 0.460 0.178 0.018 -0.156 -0.150 0.817 0.158
HAC p-value | 0.000 0.486 0.910 0.000 0.204 0.000 0.898 0.984 0.000 0.180
BH p-value 0.409 0.383
0.539 0.539
Sieve p-value 0.023 0.028
0.033 0.040
n—48 n=60
Iy Foy R? Fyq Foy R?
PC1 PC2  PC3  CP factor PCl1  PC2  PC3  CP factor
Coeflicient -0.029 -0.286  -0.895 1.432 0.171  -0.007 0.660 1.254 1.290 0.172
HAC p-value | 0.000  0.900 0.952 0.001 0.204  0.648 0.850 0.959 0.075 0.189
BH p-value 0.321 0.281
0.549 0.599
Sieve p-value 0.008 0.023
0.005 0.040

Notes: This table presents the sample and bootstrapped regression results of annual excess bond returns on
the first three principal components (PCs) of yields and CP’s return-forecasting factor across four maturities.
The null hypothesis tests whether the first three PCs encompass all relevant predictive information. Panel
A data align with CP’s original paper. HAC p-values are computed with Newey-West standard errors using
12 lags. Unadjusted R? values are reported for sample regressions with and without the CP factor. For
the bootstrap methods, both studentized and unstudentized p-values are presented, where unstudentized
p-values are listed in the second row of each method. p-values less than 5% are highlighted in bold.
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